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Abstract
Goldschmidt’s Algorithms for division and square root are often characterized as
being useful for hardware implementation, and lacking self-correction. A reexamination of these algorithms show that there are good software counterparts that
retain the speed advantage of Goldschmidt’s Algorithm over the Newton-Raphson
iteration. A final step is needed, however, to get the last bit rounded correctly.
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Introduction

Multiplicative division and square root implementations frequently employ iterative methods such as the Newton-Raphson iterations[1] and Goldschmidt’s
algorithms[2]. The latter are often characterized as being non-self-correcting
and suitable for hardware, while the former are self-correcting and more suitable for software implementation. The usual description of Goldschmidt’s algorithms reflect a hardware orientation, but the performance advantages are
difficult to realize in software. In this paper, these algorithms are reformulated to make them more “software friendly” while maintaining their latencyreducing properties. Several authors have used the “software friendly” forms
without ever mentioning the relationship to Goldschmidt’s algorithms.
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Division

The hardware and software versions of Goldschmidt’s algorithm and the Newton-Raphson iteration for division are developed below. It will be seen that
after the same number of iterations, both methods have the same relative
error, barring the effects of rounding.
2.1 Goldschmidt’s Algorithm
Goldschmidt’s algorithm for computing a0 /b0 can be described as follows. Let
Y0 be a suitably good estimate to 1/b0 . A suitably good approximation is one
such that 3/4 ≤ Y0 b0 < 3/2. For the integer n such that 3/4 ≤ |2n b0 | ≤ 3/2,
setting
Y0 = sgn(b0 )2n (2 − sgn(b0 )2n b0 )
would meet this criterion. However, the initial reciprocal guess is often determined by table lookup [3]. Then, multiplying the dividend and divisor by Y0
transforms the problem into
a0 Y0
a1
a0
=
=
b0
b 0 Y0
b1

(1)

The objective in Goldschmidt’s algorithm is to find quantities Yi by which to
multiply the dividend and divisor of Equation 1 to drive the divisor towards
unity and as a consequence the dividend toward the quotient. The relative
error of the initial guess is given by
1/b0 − Y0
1/b0
= 1 − b 0 Y0

e=

(2)
(3)

Then b1 = b0 Y0 = 1 − e. By the choice of Y0 , |e| < 1, and taking Y1 = 1 + e
as the next multiplier of the dividend and divisor would drive the new divisor
to 1 − e2 . From Equation 2, one can also write Y1 = 2 − b1 . Continuing in this
manner yields
a0 Y0 ...Yi−1
ai
ai Yi
ai+1
a0
=
=
=
=
b0
b0 Y0 ...Yi−1
bi
b i Yi
bi+1

i = 1, 2, ...

(4)

The attractiveness of this technique for hardware embodiment is that Yi =
2 − bi can be derived from bi merely by bit complementation. The quantities
bi and Yi are essentially available concurrently. As soon as ai and bi become
available, ai , bi and Yi are recycled to the multiplier’s inputs. This process
continues until bi becomes (sufficiently close to) 1, or, in practice, for some fixed
number of iterations determined by the quality of Y0 . Corresponding to the
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final bi , ai is taken to be the quotient. Here, the arithmetic has been assumed to
be exact; in practice each multiplication is rounded at some precision, and the
subtraction 2 − bi itself may also be subjected to rounding. With a pipelined
multiplier, the computations of the ai are interleaved with the bi , and the
entire iteration can take place in one multiplier cycle. If the reciprocal of b0 is
Q
required, then it can be approximated by the product yi = Yi .
In a software implementation of this description of Goldschmidt’s algorithm,
the subtraction 2 − bi cannot be hidden, so that each iteration requires two
floating point cycles. But there are simple relationships between the relative
i−1
error e, bi , and Yi . By induction, we will show that bi = 1 − e2 , and Yi =
i−1
1 + e2 . Equation 3 shows that b1 = 1 − e, and Y1 = 1 + e (or 2 − b1 ),
satisfying the ³inductive´hypothesis
³
´for i = 1. i Using the inductive hypothesis,
i
2i−1
2i−1
bi+1 = bi Yi = 1 − e
1+e
= 1 − e2 , and Yi+1 = 2 − bi+1 = 1 + e2 .
Thus, Goldschmidt’s algorithm can be rewritten as follows:
i+1

e2

i

i

= (e2 ) · (e2 )

(5)

2i

(6)

Yi+1 = Yi + Yi · e

where the two operations can take place concurrently; the first to prepare for
the subsequent iteration and the second to complete the current iteration. If
it is desired to compute ai or bi , those computations can be done concurrently
with the operations shown in Equation 5 as
i

ai+1 = ai + ai · e2

(7)

2i

bi+1 = bi + bi · e

For software implementation, this formulation of Goldschmidt’s algorithm has
the advantage that the quantity 2−bi does not appear. The quantities in Equation 7 can each be computed by one fused multiply-add instruction and can
execute concurrently with the multiplication needed to evaluate Equation 5
for the next iteration. The software version thus also has a latency of one
floating point operation, on a computer with a fused multiply-add instruction
and a pipelined floating point unit. In software it is not necessary to compute the bi , nor the Yi (other than Y0 ) if they are not needed. Finally, 2 − bi
suffers from precision loss as the Goldschmidt algorithm progresses, whereas
i
the quantities e2 are computed to almost full precision. From Equations 6
Goldschmidt’s algorithm is seen to be equivalent to
1
= Y0 (1 + e)(1 + e2 )(1 + e4 )...
b0
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(8)

From Equation 2 it follows that
b0 Y0 = 1 − e,
|e| < 1
1
Y0
=
= Y0 (1 + e + e2 + e3 + ...)
b0
1−e

(9)

which can be seen to be equivalent to Equation 8.
From these developments, taking ai as a quotient approximation will have a
i−1
relative error of e2 . In software, each application of Equation 7 commits
an error as large as 1/2 ulp (the errors due to the rounding of the quantities
i
e2 may contribute a small fraction of an ulp to the final result.) After i
iterations, the error due to roundoff may be slightly over i/2 ulps, in addition
i−1
to the relative error of e2 inherent in the Goldschmidt algorithm. Using the
original hardware scheme may propagate a full 1 ulp error in each iteration,
since 2 − bi is subject to rounding, as are all the multiplications in Equation 4
Goldschmidt[2] and other authors (e.g. [5]) also showed that the algorithm
is equivalent to Equation 8 but did not use it directly, whereas [4] does use
Equation 8. An unusual implementation of Goldschmidt’s algorithm can be
found in [6]. That implementation only uses a subset of the bits of 2 − bi to
compute bi (2 − bi ) in order to reduce the depth of the multiplier. Hence each
iteration corrects for the errors of the previous iteration which did not use
all the available bits of bi , but it does not correct for accumulated rounding
errors.

2.2 Newton-Raphson Division
The Newton-Raphson iteration differs from Goldschmidt’s algorithm by referring to the initial divisor during each iteration. As before, let y0 be an
approximation to 1/b0 , and let e0 = 1 − b0 y0 . If the initial approximation
satisfies the same requirements as had been required to start Goldschmidt’s
algorithm, then |e0 | < 1, and Equation 9 holds (with y0 replacing Y0 .) Taking
only the linear approximation to 1/b0 leads to the reciprocal improvement:
e0 = 1 − b0 y0
y1 = y0 + y0 e 0

(10)

As in the case of Goldschmidt’s algorithm, the iteration can also be represented
by
p = b0 y0
y1 = y0 (2 − p)
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(11)

which gives a hardware implementation the opportunity to compute 2 − p by
means of bit complementation. Either Equation 10 or Equation 11 is repeated
either until p becomes sufficiently close to 1, or ei becomes sufficiently small,
or a fixed number of times depending on the quality of y0 . The ith iteration is


ei = 1 − b0 yi 
i≥0



yi+1 = yi + yi ei

(12)

The quotient may be developed concurrently as shown in the Goldschmidt
algorithm, or the final reciprocal yi can be multiplied by the dividend a0 to
get an approximation to the quotient. Here again, in practice the arithmetic in
Equations 10, 11 and 12 is not exact, but subject to rounding. While e0 is the
relative error of the initial reciprocal approximation y0 , the approximation y1
has a relative error of e20 . It can easily be shown by induction that yi =

i
Y

Yj ,

j=0

where the Yi are the successive multipliers of Goldschmidt’s method.
The Newton-Raphson iteration takes the most recent approximation to compute the next error ei , whereas Goldschmidt never refers back to the origi−1
inal data. Both methods inherently have a relative error bounded by e2
after i iterations, but each Newton-Raphson iteration is based on the previous
reciprocal approximation, thereby also taking into account rounding errors
accumulated during the previous iteration. After any iteration, the software
Newton-Raphson method is in error by at most 1/2 ulp in addition to the
inherent error of the method. After i iterations, the Newton-Raphson method
may have an advantage of (i − 1)/2 ulps accuracy over Goldschmidt’s method.
The methods which hardware implementations use to control errors [4,5] are
outside the scope of this paper.
Implementing Equation 12 in software or Equation 11 in hardware requires
two dependent operations. Thus the latency of the Newton-Raphson method
is twice that of Goldschmidt’s.

2.3 Division Examples
In practice, Goldschmidt’s algorithm and Newton-Raphson iteration are used
together in software division algorithms. The Newton-Raphson iteration is
used for the final (and sometimes penultimate) iteration to remove the effects
of accumulated rounding errors. However, there are several division algorithms
that use only the Goldschmidt algorithm to compute correctly rounded quotients. In the following examples, uv ⊕ w denotes that w is added to the exact
product uv before rounding takes place.
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Assume that the initial reciprocal approximation is obtained by the operation frcpa(b) as described for the Itanium[3], returning an approximation to
1/b with relative error less than 2−8.886 , and that the approximation has a
length of at most 11 bits (i.e., only the eleven leading bits of the significand
of frcpa(b) can be non-zero). Ignoring issues of zero divisors, overflows, underflows, infinities, or NaNs, (see [1] for how these special cases are accommodated
in Itanium) the following algorithm computes the single precision quotient of
the single precision quantities a and b, with all operations in double-extended
precision and rounded-to-nearest, except when cast to lower precisions, or
when using dynamic rounding to control the rounding of a result according to
any of the standard rounding modes.
y = frcpa(b)
q0 = ay;

e = 1 ª by

q1 = q0 e ⊕ q0 ;

e1 = e ⊗ e

q2 = q1 e1 ⊕ q1 ;

e2 = e1 ⊗ e1

q3 = double(q2 e2 ⊕ q2 )
Q = single, dynamicrounding(q3 )
Fig. 1. Single Precision Division

In Figure 1, calculations appearing on the same line can be carried out concurrently 1 . The quotient approximations qi contain at least 8.886 × 2i valid
bits, but q3 may only have 62 valid bits due to accumulated rounding errors,
as discussed in Section 2.1. Notice that q3 is the rounded-to-nearest approximation of the quotient to 53 bits of precision. Therefore all quotients which
can be represented exactly in single precision will be correct at this stage. It
is well known that quotients good to 2n + 1 bits will round correctly to n
bits [1], guaranteeing the final result is rounded correctly to single precision
(requiring 24 bits of precision). The computations of e and q1 , e1 and q2 , and
e2 and q3 are instances of Goldschmidt’s algorithm. Cornea et. al. discuss this
algorithm in [7]
Using underlying double-extended precision arithmetic, Figure 2 shows an algorithm for double precision division. Note that q0 is an exact computation
from the assumptions about the length of frcpa and that b is double precision.
q4 will be correct to over 70 bits before rounding, so that exact double precision quotients will be correct, and cases difficult to round to nearest will lie
halfway between two representable double precision numbers. As in the single
1

Operations of the form ab ⊕ c would be implemented by fma(a, b, c) on Itanium
or PowerPC; operations of the form c ª ab would be implemented by fnma(a, b, c)
on Itanium or nfms (a, b, c) on PowerPC.
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y = frcpa(b)
q0 = ay;

e = 1 ª by

q1 = q0 e ⊕ q0 ;

e1 = e ⊗ e

q2 = q1 e1 ⊕ q1 ;

e2 = e1 ⊗ e1

q3 = q2 e2 ⊕ q2
q4 = q3 e ⊕ q0
r = a − bq4
Q = double, dynamicrounding(ry ⊕ q4 )
Fig. 2. Double Precision Division with Goldschmidt’s Algorithm

precision example, there are three instances of Goldschmidt’s algorithm. The
computation of q4 is not a Goldschmidt iteration; it exploits the exactness of
q0 to employ Equation 9 to extend the 62 bit accuracy of q3 to a result accurate to over 70 bits before rounding. The computation of the final result Q
uses only the initial approximation to 1/b, and corrects q4 by less than 1 ulp
of the 64-bit approximation to the quotient. The code uses 11 floating point
operations, which complete in 8 floating point latencies.
Assume that the hardware has, in addition to the ability to round to double and double extended (64-bit significand) precision, the ability to round
to k-precision, for some k satisfying 55≤ k ≤ 61. Then the double precision algorithm could be shortened, beginning with the computation of q3 , as
shown in Figure 3. By rounding q3 to k−precision, exact results will be exy = frcpa(b)
q0 = ay;

e = 1 ª by

q1 = q0 e ⊕ q0 ;

e1 = e ⊗ e

q2 = q1 e1 ⊕ q1 ;

e2 = e1 ⊗ e1

q3 = (k-precision)(q2 e2 ⊕ q2 )
r = a − bq3
Q = double, dynamicrounding(ry ⊕ q3 )
Fig. 3. The shortest double precision division using Goldschmidt’s Algorithm

actly represented by q3 . In round-to-nearest, difficult to round quotients are
represented by a quantity midway between two double precision numbers. In
difficult directed rounding divisions, the k−precision quantity q3 would be representable as a double precision number. The correction will adjust the result
in the proper direction to insure correct rounding, but only by a fraction of a
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k−precision ulp. This algorithm saves one instruction and one floating point
latency from the first double precision division example.
In practice, software algorithms have the option to use both Goldschmidt and
Newton-Raphson iterations, and may use these algorithms to first develop a
high precision reciprocal instead of working directly on the quotient. Figure
4 shows the shortest double precision algorithm in terms of number of operations, using only commonly available rounding precisions (in contrast to the
special rounding mode used in Figure 3.) This algorithm can be found in [1]
and [7], but no mention is made of Goldschmidt’s Algorithm. In this version,
y = frcpa(b)
e = 1 ª by
y1 = y0 e ⊕ y0 ;

e1 = e ⊗ e

y2 = y1 e1 ⊕ y1 ;

e2 = e1 ⊗ e1

y3 = y2 e2 ⊕ y2
q = double(a ⊗ y3 )
r = a − bq
Q = double, dynamicrounding(ry3 ⊕ q)
Fig. 4. Standard Double Precision Division using Goldschmidt’s Algorithm

Goldschmidt’s algorithm is used three times to develop a reciprocal approximation y3 to over 62 bits of precision, from which an initial double precision
quotient approximation q is computed. The final computation contains over
114 valid bits before rounding, and so must round correctly to 53 bits.

3

Square Root

√
√
Goldschmidt’s algorithm
√ to compute b0 and 1/ b0 starts with an initial
approximation Y0 to 1/ b0 . The objective is to find a series of Yi which drive
2
to 1. Then the products
yn = Y0 Y1 ...Yn will
the product √
bn = b0 Y02 Y12 ...Yn−1
√
approach 1/ b0 and gn = b0 Y0 Y1 ...Yn will approach b0 .
√
Let Y0 be a suitably good approximation to 1/ b0 , such that 1/2 < b0 Y02 <
3/2. Such a Y0 is usually obtained by table lookup or a special hardware
instruction
[3]. Set y0 = Y0 , and g0 = b0 y0 (note that
√ g0 is an approximation
√
to b0 with the same relative error that y0 has to 1/ b0 ). For i > 0, compute
2
. Then if e = 1 − bi , 1/bi = 1/(1 − e) = 1 + e + e2 + ..., and
bi = q
bi−1 Yi−1
Yi = 1/bi = 1 + e/2 + 38 e2 ... or Yi ≈ (3 − bi )/2, with quadratic convergence.
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Each Goldschmidt square root iteration consists of computing
2
bi = bi−i Yi−1
Yi = (3 − bi )/2

(13)
(14)

Update the square root and/or the reciprocal square root approximations by
gi = gi−1 Yi
yi = yi−1 Yi

(15)
(16)

Equation 13 involves two dependent multiplications in the computation of bi .
In a hardware implementation, Yi can be computed from bi by bit inversion and
shifting, and is available almost at the same time as bi . In software, Equation
14 requires a fused multiply-add instruction. The evaluations of Equations 15
and 16 can occur concurrently with the next Goldschmidt iteration. Thus, the
Goldschmidt algorithm requires at least three multiplications in each iteration,
two of which are dependent.
Rewriting Equations 13, 15, and 16 in terms of b0 gives
2
bi = b0 Y02 Y12 ...Yi−1
gi = b0 Y0 Y1 ...Yi
yi = Y0 Y1 ...Yi

(17)
(18)

Iteration stops when bi = b0 yi2 is sufficiently close to 1, or a fixed number of
iterations depending on the quality of the initial approximation y0 . Observe
from Equations 17 and 18 that gi−1 yi−1 = bi . This leads to an alternative to
Goldschmidt’s formulation, in which the bi ’s are never computed. From the
discussion at the beginning of this section
Yi = (3 − bi )/2 = 1 + (1 − bi )/2
= 1 + (1 − gi−1 yi−1 )/2
= 1 + ri−1
using our observation that gi−1 yi−1 = bi , and setting ri−1 = 1/2 − gi−1 yi−1 /2.
With this expression for Yi , the computations for gi and yi can be rewritten
as
gi = gi−1 + gi−1 ri−1
yi = yi−1 + yi−1 ri−1
The computations of gi and yi can take place concurrently, and both take the
form of fused multiply-add operations. Only the computation of ri−1 is not
quite in proper form for a fused multiply-add. To remove the division by two,
let us track hi = yi /2 instead of yi . We state the full software alternative to
Goldschmidt’s algorithm:
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√
Let y0 be a suitably good approximation to 1/ b0 , such that 1/2 ≤ b0 y02 ≤ 3/2.
Set g0 = b0 y0 , and h0 = y0 /2. Each iteration then computes



ri−1 = 0.5 − gi−1 hi−1 




gi = gi−1 + gi−1 ri−1  for i > 0




hi = hi−1 + hi−1 ri−1 

(19)

In the modified iteration, there are three fused multiply-adds, of which the
second two are independent. They can be computed concurrently on machines
with two fused multiply-add units, or can be started one cycle apart on a
pipelined floating point unit. If the reciprocal square root is required, the
final hi can be doubled. As with the division algorithm, when using hardware
floating point arithmetic, there are accumulated rounding errors which prevent
the final few bits of gi and hi from being trustworthy. A correction to the final
iteration of Equation 19 is required.
Goldschmidt’s square root algorithm can only be used to come within 3 or 4
ulps of the machine precision. Ideally, if there were no rounding errors, the
ratio gi /hi = 2b0 would be maintained, as can be seen from Equations 17
and 18. As round
q errors creep into the gi and hi , the algorithm drifts towards
producing gi ≈ gi−1 /(2hi−1 ). The g’s and h’s may independently drift by as
much as an ulp in each iteration, and the target of convergence by as much as
an ulp. In a double-extended precision implementation, it is not reasonable to
expect more than 62 correct bits using only Goldschmidt’s algorithm.
3.1 Square Root Example
Figure 5 demonstrates a double precision square root program.
Assume that
q
the operation frsqrta(b) returns an approximation to 1/b with a relative
error less than 2−8.831 , as in [3]. We again ignore treatment of arguments which
are negative, zeros, infinities, or NaNs. All operations are assumed to be in
double-extended precision and round-to-nearest mode, except when cast to
lower precision or using dynamic rounding. A description of this algorithm
appears in [1], but the author was unaware at the time that he was applying
Goldschmidt’s algorithm.
Figure 5 contains two instances of Equation 19, the alternative Goldschmidt
algorithm, each written in two lines (computing r, g1 , h1 and r1 , g2 , h2 ) to
show that the computations on the same line are independent and can be computed concurrently. The quantities g1 and h1 contain over 17 valid bits, and
g2 and h2 over 33 valid bits. A third application of Goldschmidt’s algorithm
to reach 66 bits is not possible, since the computations of g2 and h2 contain
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y = frsqrta(b)
g = by;

h = 1/2 · y

r = 1/2 ª hg
g1 = gr ⊕ g;

h1 = hr ⊕ h

r1 = 1/2 ª h1 g1
g2 = g1 r1 ⊕ g1 ;

h2 = h1 r1 ⊕ h1

d = b ª g2 g2
g3 = h2 d ⊕ g2
d1 = b ª g3 g3
S = double, dynamicrounding(h2 d1 ⊕ g3 )
Fig. 5. Double Precision Square Root using Goldschmidt’s Algorithm

accumulated rounding errors affecting the last two bits of their 64-bit results.
Therefore a traditional self-correcting Newton-Raphson iteration is used to
compute g3 , exploiting the fact that h2 contains a 33+ bit representation of
1/(2g2 ). As in the case of the division algorithms, when g3 is produced (and
rounded to double-extended precision), exact results are already correct, and
difficult to round results will be represented by values midway between representable double precision values, or by double precision values in the directed
rounding modes. The final calculation computes S, the correctly rounded double precision square root of b, by modifying g3 by less than a double-extended
precision ulp. This adjustment serves to move inexact results a tiny fraction in
the appropriate direction before rounding. The algorithm runs in 10 floating
point latencies and requires 13 floating point instructions.

4

Conclusions

For both division and square root, Goldschmidt’s algorithms have different
preferred representations for hardware and software implementations. Hardware tends to exploit the ability to compute 2 − x or (3 − x)/2 by bit complementation. The algorithms have been restated in terms of fused multiply-add
operations. In their restated form, the algorithms are suitable for software
implementation, and the latencies of the modified algorithms are the same as
that of the original hardware oriented forms of Goldschmidt’s algorithms.
We have shown that, except for propagation of errors due to rounding, Goldschmidt’s division algorithm and Newton-Raphson division produce identical
results. Both versions of Goldschmidt’s algorithms retain the property that
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the first operation for the subsequent iteration can overlap the last operation of the current iteration. The modified versions also involve intermediate quantities that retain almost full precision. The reformulated square root
algorithm may be useful for hardware implementation. Nevertheless, neither
Goldschmidt method can compensate for the buildup of rounding errors. While
the algorithms shown here tend to only use the (modified) Goldschmidt algorithms, in practice the best results are usually achieved by starting with
Goldschmidt’s algorithm and then switching to the self-correcting NewtonRaphson iteration, as in Figures 4 and 5, when the desired precision is about
to be achieved and correct rounding is required.
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