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Abstract

A real number z is called AY if its binary expansion corresponds to a AJ-set of
natural numbers. Such reals are just the limits of computable sequences of rational
numbers and hence also called computably approximable. Depending on how fast
the sequences converge, A9-reals have different levels of effectiveness. This leads to
various hierarchies of AY reals. In this paper we summarize several recent develop-
ments related to such kind of hierarchies.
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1 Introduction

We consider only the reals of the unit interval [0, 1] in this paper except ex-
plicitly stated otherwise. Thus, each real x corresponds naturally to a set A
of natural numbers such that z = x4 := 3,,c4 2~ ™Y, In this paper we iden-
tify a set with its characteristic sequence, i.e., n € A <= A(n) = 1 and
n¢ A <= A(n) =0 for all n. Thus the real x4 of binary expansion A can
also be denoted by 0.A. In this way, the computability of subsets of natural
numbers can be transferred straightforwardly to reals. For example, accord-
ing to Turing [22], a real x is computable if there is an effective procedure to
write down its binary expansion one bit after another.! In other words, = has
a computable binary expansion in the sense that x = x4 for a computable
A C N. This definition is robust because Robinson [16] and others (see [9,15])
have shown that, if we define the computability of reals by means of Dedekind
cuts or Cauchy representations, we achieve the same notion. More precisely, x
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1 Turing’s original definition in [22] uses the decimal expansion instead of binary
expansion. But they are obviously equivalent.
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is computable iff it has a computable Dedekind cut L, := {r € Q : r < z}; and
iff there is a computable sequence (x,) of rational numbers which converges
to x effectively in the sense that

(Vn € N)(zn — na| <277). (1)

Therefore the class of computable reals is denoted by EC (for Effctively
Computable). Actually, the effectivization of any representation of reals leads
to the same computability notion. This means that the computability of re-
als is independent of their representations. By a simple relativization we can
easily show that the notion of Turing reducibility of reals is independent of
their representations too (see, e.g., [5]). Here the Turing reducibility of reals
is defined as follows: x4 is Turing reducible to xp (denoted by z4 < xpg) iff
A <r B. Two reals x,y are Turing equivalent (denoted by = =7 y) if v <r y
and y <r z. The Turing degree deg,(z) of a real z is defined as the class of
all reals which are Turing equivalent to z, i.e., degp(z) := {y € R : y =1 z}.
Because of the correspondence between reals and subsets of natural numbers,
we can identify the Turing degree deg,(x4) of a real x4 and the Turing degree
deg;(A) .= {B C N: A =1 B} of the set A C N. Thus, we can say that a
degree of real is c.e. if it contains at least a c.e. set.

Unfortunately, the nice story of independence has to stop here. For stronger
computability ? the representation does play a critical role. Specker shows for
example in [21] that, the primitive recursiveness of reals based on Dedekind
cuts is strictly stronger than that based on binary expansion which is again
stronger than one defined based on the representation of Cauchy sequences.
For polynomial time computability, Ko [8] shows that, binary expansions and
Dedekind cuts lead to the same notion of polynomial time computability of
reals, but they are strictly stronger than that of Cauchy representation. More-
over, only the class of polynomial time computable reals defined based on
Cauchy sequence representation is closed under arithmetical operations.

The situation for weak computability of reals is quite similar. For instance, we
can consider the following three versions of “computably enumerable” reals:
C; consists of all reals x4 for c.e. sets A; Cy contains all reals x of c.e. left
Dedekind cuts L,; and Cjs is the class of limits of computable sequences of
rational numbers (which form, of course, c.e. sets of rational numbers). These
notions are not equivalent and we have actually C; C Cy C Cs. As a result,
both strong and weak computability of reals depend on their representations
and in general the notion corresponding to Cauchy sequence representation
has also nice analytical properties. In the preceding example, only the class

2 A notion « is stronger than 3 means that there are fewer objects of property
« than that of property 3. A notion which is stronger (weaker) than normal com-
putability is called stronger (weaker) computability.
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C; is an algebraic fields. The elements of C3 are naturally called computably
approzimable (c.a., for short) and the class Cj is hereafter denoted by CA.
Computably approximable reals is a very interesting class which shares a lot
of properties with the class of computable reals. Ho [7] shows that a real
is computably approximable iff it is 0’-computable, i.e., there exists a 0'-
computable sequence () of rational numbers which converges to x effectively
in the sense of (1). Thus, a computably approximable real has a AJ binary
expansion and hence it is also called a AJ-real. Specker [21] was the first to
show that CA is different from EC. Since then, a lot of classes of reals between
EC and CA have been introduced and investigated. They are closely related
to various hierarchies of AY-sets (cf. [20,10,11]). Especially, since c.a. reals are
limits of computable sequences of rational numbers, we can introduce various
subclasses of CA by add some extra conditions on the convergence. This leads
to a lot of hierarchies of AS-reals which classify computability levels of reals.

2 A finite Hierarchy

Let’s begin with a finite hierarchy of A9-reals in this section. As mentioned,
the class EC of computable reals is the first and the smallest subclass of AS-
real which we are really interested in. If we consider the monotone instead of
effectively converging computable sequences of rational numbers, we obtain
the classes of c.e. and co-c.e. reals which both extend the class EC. As arith-
metical closure of c.e. reals we obtain the class of d-c.e. reals which can be
further extended to its closure (the class of dbc reals) under computable total
real functions. Thus, all these classes are defined in purely analytical way and
they form a finite hierarchy of CA.

2.1 Computably Enumerable reals

In computability theory, the recursive enumerability (r.e.) or, recently more
popular after Soare [17], computable enumerability (c.e.) of sets is one of the
most important notion besides computability. For real numbers, there are two
straightforward ways to define their “computable enumerability”: A real x is
called binary c.e. or Dedekind c.e. if x = x4 for a c.e. set A or if its Dedekind
cut L, is a c.e. set of rational numbers,® respectively. Obviously, a real x is
Dedekind c.e. iff there is an increasing computable sequence (z5) of rational
numbers which converges to x. In addition, it is easy to see that any binary
c.e. real is also Dedekind c.e. But the converse does not hold in general as

3 We use rational numbers Q and dyadic rational numbers D exchangeably. They
are equivalent in general.
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observed by C. G. Jockusch (see [18]). For example, if A is a non-computable
ce. set and B := A ® A, then the real zp is Dedekind c.e. but not binary
ce., where A® B:={2n:ne€ A} U{2n+1:n € B}. Actually, if (4;) is a
computable enumeration of A, i.e., (Ay) is a computable sequence of finite sets
such that Ay = 0, A, C Ay for all s and limg Ay = A, then (v, o7 ) is an
increasing computable sequence of rational number which converges to x 4,7
These and other observations (see e.g. [19,18]) show that Dedekind c.e.'ness is
more proper than binary c.e.’ness and hence we have the following definition.

Definition 2.1 A real z is c.e. (co-c.e.) if there is an increasing (decreasing)
computable sequence (x) of rational numbers which converges to x. The classes
of c.e. and co-c.e. reals are denoted by CE and co-CE.

C.e. and co-c.e. reals are also called left and right computable because they can
be approximated from the left and right side in the real axis, respectively. Left
and right computable reals together are called semi-computable and the class
of all semi-computable reals is denoted by SC. A real z is semi-computable iff
there is a computable sequence (z) of rational numbers which converges to x
1-monotonically in the sense that |v — 24| < |x — x| for all t > s (see [23,1]).

The c.e’ness of a real is different from the c.e’'ness of its binary expansion
but is equivalent to the strongly w-c.e'ness of its binary expansion as shown
by Calude, Hertling, Khoussainov and Wang [2]. Let’s explain the notion of
strongly w-c.e. now. According to Ershov [6], a set A C N is h-c.e. for a
function h : N — N if there is a computable sequence (A;) of finite sets which
converges to A such that Ag = () and |[{s € N : Ay (n) # As1(n)}| < h(n)
for all n € N. Ershov shows that (so called Ershov’s hierarchy theorem), if
f(n) < h(n) hold for infinitely many n, then there is an h-c.e. set which is
not f-c.e. For any constant k € N, A is k-c.e. if it is h-c.e. for the constant
function h := An.k, and A is w-c.e. if it is h-c.e. for a computable function
h. Obviously, 1-c.e. sets are just c.e. sets and the 2-c.e. sets are usually called
d-c.e. (standing for difference of c.e. sets) because for any 2-c.e. set A there
exist c.e. sets B, C such that A = B\ C'. Thus, an w-c.e. set can be constructed
in such a way that, for any n € N, the mind-changes for n (i.e., the change of
the value A4(n)) is bounded by a computable function. As a variant of w-c.e.,
A is called strongly w-c.e. if there is a computable sequence (Ay) of finite sets
which converges to A such that

(VnVs)(n € Ay — Agp1 = (Im < n)(m € Asp1 — Ay)). (2)

That is, whenever some number n leaves A, some smaller number m has to
enter A at the same time. Thus, any strongly w-c.e. set is h-c.e. for h :=
An.2™ and, by Ershov’s hierarchy theorem, not every w-c.e. set is strongly
w-c.e. One of the most important property of strongly w-c.e. sets it the binary
characterization of c.e. reals.
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Theorem 2.2 (Calude, Hertling, Khoussainov and Wang [2]) A real
x is c.e. iff x = x4 for a strongly w-c.e. set A.

The binary expansion leads naturally to an infinite hierarchy of c.e. reals. Soare
[18] called a c.e. real x stably c.e.® if its binary expansion is d-c.e. Jockusch’s
observation gives an example of stably c.e. real. Since there exists a strongly
w-c.e. set which is not d-c.e., the class of all stably c.e. reals is strictly between
the classes of binary c.e. and c.e. reals. There is no reason to stop here. In
general, a c.e. real is called h-stably c.e. for a function A if its binary expansion
is an h-c.e. set. Thus, the k-stably c.e., for constant £ € N, and the w-stably
c.e. reals can be defined accordingly [23]. By Theorem 2.2, the classes of h-
stably c.e. reals collapse to the level An.2"-stably c.e. for h(n) > 2" for all n.
For lower levels, however, we have a proper hierarchy.

Theorem 2.3 (Weihrauch and Zheng [23]) For any constant k, there is
a (k+1)-stably c.e. real which is not k-stably c.e. and there exists an w-stably
c.e. real which is not k-stably c.e. for any k € N.

Additionally, Downey [4] calls a real strongly c.e. if its binary expansion is c.e.
Moreover, Wu [24] calls a real k-strongly c.e. if it is the sum of up to k strongly
c.e. reals. All k-strongly c.e. reals are called reqular. Wu shows that, for any
k € N, a k-strongly c.e. real is 2k-stably c.e. and there is a (k + 1)-strongly
c.e. real which is not k-stably c.e. This, together with Theorem 2.3, implies
that, for any k € N; there is a (k+ 1)-strongly c.e. real which is not k-strongly
c.e. and there exists a c.e. real which is not regular.

Besides An.2"-stable c.e.’ness, there is another very useful necessary condition
of semi-computability as follows.

Theorem 2.4 (Ambos-Spies, Weihrauch and Zheng [1]) If A, B C N
are Turing incomparable c.e. sets, then the real x o5 is not semi-computable.

In particular, the previous theorem implies that any non-computable c.e. de-
gree contains a non-semi-computable real and the class of c.e. reals is not
closed under subtraction.

2.2 Difference of c.e. Reals

The classes of c.e. and semi-computable reals are introduced naturally by the
monotonicity of sequences and have a lot of nice computability-theoretical
properties. However, neither of them have nice analytical property. For exam-

4 Of course, Soare [18] uses the term “stably r.e.” In this paper we always use
“computable” instead of “recursive” after the suggestion of Soare in [17].
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ple, they are not closed under subtraction. This motivates us to explore their
arithmetical closure and leads to the following definition.

Definition 2.5 A real x is called d-c.e. (difference of c.e.) if t =y — z for
c.e. reals y, z. The class of all d-c.e. reals is denoted by DCE.

By Theorem 2.4, the class DCE is a proper superset of CE and SC, because
T eF = T24 — T2py1 is d-c.e. but not semi-computable if A and B are Turing
incomparable c.e. sets. But the difference hierarchy collapses since DCE is
obviously closed under addition and subtraction. Moreover, the class DCE is
also closed under multiplication and division and hence is a filed. This follows
from another nice characterization of d-c.e. reals as follows.

Theorem 2.6 (Ambos-Spies, Weihrauch and Zheng [1]) A real x is d-
c.e. iff there is a computable sequence (xs) of rational numbers which converges
to x weakly effectively in the sense that the sum Y oy |Ts — Tsy1]| is finite.

Because of Theorem 2.6, d-c.e. reals are also called weakly computable in liter-
atures [23,1,25]. Now it is easy to see that DCE is closed under arithmetical
operations +, —, X, + and hence it is the arithmetical closure of CE. Recently,
Raichev [12] shows that DCE is actually a real closed field.

The binary expansion of a c.e real can only be up to An.2"-c.e. in Ershov’s
hierarchy. However, the d-c.e. real can have much more complicated binary
expansion even beyond the w-c.e. sets as the next result showed.

Theorem 2.7 (Zheng [27]) There are two (strongly) c.e. reals y and z such
that the difference v =y — z does not have an w-c.e. Turing degree. That is,
there exists a d-c.e. real which has a non-w-c.e. Turing degree.

More recently, the following results about the Turing degrees of d-c.e. reals
are shown.

Theorem 2.8 (Downey, Wu and Zheng [3]) (1) Any w-c.e. Turing de-
gree contains a d-c.e. real; and
(2) There exists a AS-Turing degree which does not contain any d-c.e. reals.

Thus, the class of Turing degrees of d-c.e. reals contains all w-c.e. degrees and
some (but not all) non-w-c.e. degrees. Theorem 2.8 is proved by an interesting
finite priority construction using double witnesses technique. The main idea
will be explained in the proof of Theorem 2.12 which extends Theorem 2.8 to
a larger class.

We close our discussion about d-c.e. reals with an interesting necessary con-
dition shown by Ambos-Spies, Weihrauch and Zheng [1] as follows.
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Theorem 2.9 (Ambos-Spies, Weihrauch and Zheng [1]) For any set A,
if Xo4 is a d-c.e. real, then A is h-c.e. for h = An.2%",

By Ershov’s hierarchy theorem, there exists a AS-set A which is not An.23"-c.e.
and hence x94 is not a d-c.e. real. This implies immediately that DCE C CA.

2.3 Divergence Bounded Computable reals

The class DCE is an arithmetical closure of CE and has nice arithmetical
properties. However, it is not closed under total computable real functions
(see [29]). This leads to another class of reals which extends DCE properly.
To understand better the computability contents of these reals, we introduce
first a new class as follows.

Definition 2.10 (Rettinger et al [14]) A real x is called dbc (divergence
bounded computable) if there is a computable total function h and a com-
putable sequence (x4) of rational numbers which converges to x such that there
are at most h(n) non-overlapping indez-pairs (i,j) with |x; — x;| > 27".

The pair (¢, j) with |z; — x;| > 27" is called a 27"-jump. The class of all dbc
reals is denoted by DBC. Surprisingly, the class DBC is just the closure of
c.e. reals (and hence of d-c.e. reals) under total computable real functions.

Theorem 2.11 (Rettinger et al [14]) A real x is dbc iff there is a d-c.e.
real y and a total computable real function f such that x = f(y).

Notice that, if A is an w-c.e. but not An.23"-c.e. set, then x5, is divergence
bounded computable but not d-c.e. by Theorem 2.9. This implies that DBC
properly extends the class DCE. On the other hand, by a diagonalization we
can show that there is a AY-real which is not dbc. The next theorem shows
that, even the Turing degrees of dbc reals do not exhaust all A3-Turing degrees
and this extends Theorem 2.8.

Theorem 2.12 (Zheng and Rettinger [30]) There is a AY-Turing degree
which does not contain any divergence bounded computable reals.

Proof. We construct a computable sequence (A;) of finite subsets of natural
numbers which converges to A such that A is not Turing equivalent to any
divergence bounded computable real. To this end, the set A has to satisfy all
the following requirements.

b. and h, are total and (b.(s)) con-

e verges h-bounded effectively to x g,

}:>A7A<I>EE\/B€7A\IJA,
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where (be, he, ., W,) is an effective enumeration of all tuples of computable
partial functions b, :C N — D, h, :C N — N, and computable functionals
®,., U,.. In this proof, we use the corresponding lower case letters ¢, and v,
to denote the use functions of &, and V., which record the largest oracle
queries during the computations ®2 and ¥4, respectively. For any e,s € N,

if b.(s) is defined, then let B, be the finite set of natural numbers such that
be(s) = wp,.,. We define the length function [ as follows:

le,s):=max{z: A, | =0 [ 2 & Bey | pes(x) = \I/ég [ pes(z)}.

Thus, to satisfy R., it suffices to guarantee that I(e, s) is bounded above, if
the premisses of R, hold.

To satisfy R., we choose a witness n, large enough and let A(n.—1)A(n.) = 00
at the beginning. Then wait for a stage s such that (e, s) > n.. If this does
not happen, then we are done. Otherwise, let s; be the first stage such that
l(e,s1) > n. and let me := Ve s, (Pe.s, (Ne)). Assume w.l.o.g. that n, < m,. If
he s, (m) is also defined, then we put n. — 1 into A to destroy the agreement
and wait for a new stage so > s; such that (e, s3) > n, holds again. If no
such stage exists, then we are done again. Otherwise, we put n, into A too. If
there exists another stage s3 > so such that (e, s3) > n., then we delete both
n. — 1 and n, from A. In this case, the set Ay, 1 is recovered to that of stage
s1, i.e., Agyqy1 = Ag,. This closes a circle in which the values A(n, — 1)A(ns)
changes in the order 00 — 10 — 11 — 00. This process will continue as long
as the number of 27™<-jumps of the sequence (zp, ,) does not exceed he(me).

In this way, we achieve a temporary disagreement between A and ®5¢ by
change the values A(n. — 1)A(n.) whenever the length of agreement goes
beyond the witness n.. After that, if the agreement becomes bigger than n,
again, then the corresponding value ®5¢(n, — 1)®5¢(n,) has to be changed
too and this forces the initial segment B, [ ¢.(n.) to be changed, say, B, |
Qe,s(Ne) # Bey | @er(ne). If |xp., —xp,,| > 27™<, then (s,t) is a 27™<-jump
and this can happen at most he(m,.) times if the sequence (b.(s)) converges
he-bounded effectively.

On the other hand, if |zp, , — 2, ,| =27™ < 27 for a natural number m >
me. Then there exists a (least) natural number n < m, such that B, ;(n) #
B.i(n) because B.s | m. # Be; | m. (remember that m. > ¢.(n.)). This
implies that, B., = 0.wl0*v or B, = 0.w01*v for some w,v € {0,1}* and
k := m — n. Correspondingly, the combination ®2¢*(n, — 1)®l¢*(n,) can
have at most two possibilities too. However, in every circle described above,
A(n. —1)A(n.) takes three different forms, i.e., 00,10 and 11. In other words,
we can always achieve a disagreement A # ®F at some stages and hence the
requirement R, is satisfied eventually.
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To satisfy all requirements simultaneously, we apply a finite injury priority
construction. In this case, only elements larger than 1.p.(n.) are allowed to
be appointed as witnesses of R; for ¢ > e to preserve R, from disturbance by
lower priority R;. U

3 Ershov’s Hierarchy

Ershov’s hierarchy [6] of AY-subsets of natural numbers can be transferred to
reals straightforwardly if any real number is appointed to a set. Thus, by means
of binary expansion and Dedekind cut representations, we can introduce two
hierarchies of reals of Ershov’s type.

3.1 DBinary Computability

Since any real x corresponds naturally to its binary expansion set A in the
sense that © = x4, the Ershov’s hierarchy on sets can be transferred to the
AY-reals straightforwardly as follows.

Definition 3.1 (Zheng and Rettinger [28]) Let h be a function. A real x
is h-binary computable if x = x4 for an h-c.e. set A.

The k-binary computable for any constant k£ and w-binary computable reals
are defined accordingly. Let k-b EC (for £ € N), w-b EC and h-b EC denote
the classes of all k-, w- and h-binary computable reals, respectively. In ad-
dition, the class ey k-b EC is denoted by *-b EC. By Ershov’s hierarchy
theorem, we have an infinite hierarchy &-b EC C (k + 1)-bEC C b EC C
w-b EC C CA for all constant k. Obviously, 1-b EC is the class of strongly
c.e. reals and hence 1-b EC C CE. Furthermore, we have

Theorem 3.2 (Zheng and Rettinger [28]) (1) k-bEC ¢ SC for k > 2;
(2) CE ¢ +-bEC and +-bEC C DCE;
(8) w-b EC is incomparable with DCE.

Proof. 1.Let A, B be two Turing incomparable c.e. sets. Then the join A® B
is obviously a 2-c.e. set and hence the real x .3 is 2-binary computable. But

it is not semi-computable because of Theorem 2.4. This means that 2-b EC ¢
SC and hence k-b EC g SC for all £ > 2.

2. By Theorem 2.3, there exists an w-stably c.e. real x which is not k-stably
c.e. for any k € N. Thus, x is c.e. but not k-binary computable and hence
CE ¢ «-bEC.
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For the second part of item 2, it suffices to prove the inclusion part. Assume
by induction hypothesis that k-b EC C DCE for some k£ € N. Let A C N
be a (k + 1)-c.e. set. Then there exist a c.e. set B and a k-c.e. set C such
that A = B\ C. Obviously, the set B U C' is k-c.e. too. Then, both zguc
and x¢ are k-binary computable and hence are d-c.e. by induction hypothesis,
i.e., rpuc, rc € DCE. Since the class DCE is closed under subtraction and
TA = Tp\c = T(BUC)\C = TBUC — T, T is d-c.e. too. Therefore (k+1)-bEC C
DCE.

3. DCE ¢ w-bEC follows from Theorem 2.7. To prove w-b EC ¢ DCE, we
can choose by Ershov’s hierarchy theorem an w-c.e. set A which is not An.2%"-
c.e. Then the set 2A is obviously also an w-c.e. set and hence x5, is w-binary
computable. However x54 is not d-c.e. by Theorem 2.9. O

Thus, any class k-b EC, for £ > 2, is incomparable with the classes of CE
and SC. Moreover, since w-b EC contains CE but not its arithmetical closure
DCE, w-bEC is not closed under addition and subtraction. It is also not
difficult to see that, all classes k-b EC for £ > 0 are not closed under addition
and subtraction too.

3.2 Dedekind Computability

The Ershov’s hierarchy of AY-subsets of natural numbers can be easily ex-
tended to the subsets of dyadic rational numbers. Of course, we have to con-
sider functions h : D — N for the h-c.e. sets of dyadic rational numbers.
Thus, the Ershov’s hierarchy can be transferred directly to reals by means of
Dedekind cuts as follows.

Definition 3.3 (Zheng and Rettinger [28]) Let h: D — N be a function.
A real x is called h-Dedekind computable if its Dedekind cut L, is h-c.e.

The k- (for k& € N), - and w-Dedekind computability are defined accord-
ingly. The classes of h-, k- % and w-Dedekind computable reals are denote
by h-dEC, k-dEC, *-dEC and w-dEC, respectively. By definition, the class
1-dEC is equal to CE and any semi-computable real is obviously 2-Dedekind
computable. However, other classes k-dEC for any k£ > 2 collapse to the sec-
ond level 2-dEC.

Theorem 3.4 (Zheng and Rettinger [28]) (1) k-dEC = SC for k > 2;
(2) w-bEC = w-dEC.

Proof. 1. It suffices to prove that x-dEC C SC. Let x € *-dEC and k :=
min{n : x € n-dEC}. If k& < 2, then we are done. Suppose now that k > 2.
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By choice of k, the Dedekind cut L, := {r € D : r < z} is k-c.e. but not
(k — 1)-c.e. Let (A;) be a computable k-enumeration of L,. Then there are
infinitely many r € D such that [{s € N:r € A;;1AA}| = k where A is the
symmetric set difference defined by AAB := (A \ B) U (B \ A). Then the set
Op :={reD:|{seN:re A, 1AA}| = k} is an infinite c.e. set. If k is
even, then r ¢ L, for any r € Oy (remember Ay = () and hence x < r. Then
we can show that inf Oy = z holds and hence x is co-c.e. Similarly, if & is odd,
then x is c.e. Therefore, *-dEC C SC.

2. “w-bEC C w-dEC7”: Let z4 € w-bEC. There is a computable function
h and a computable h-enumeration (A;) of A. We are going to show that
r4 € w-dEC. To this end, let Ey := {r € Dy : r < x4} for all s, where
Ds :={n-27%:n € Z} is the set of all dyadic rational numbers of precision s.
We identify a dyadic rational number r with a binary word in the sense that
r =i (i) - 270 where [(r) is the length of the word r and identify a
set A with its characteristic sequence. Then r < x4, iff r <p A, iff (V¥s)(r <p
Ay), iff (V°s)(r € Ey), iff r € E := limy ., Fs, where < is the length-
lexicographical ordering of binary words and sequences. Thus, the limit F :=
limg Ey is the left Dedekind cut of the real 4. On the other hand, for any
r€Dand any s,t € N if A; [ I(r) = Ay [ I(r), then r <p 24, <= 1 <[ x4,
and hence r € F;, <= r € F,. That is, if the membership of r to F; is
changed, there must be a numbers n < [(r) such that As(n) changes. Since
(As) is a computable h-enumeration of A, the sequence (E;) is a computable
g-enumeration of E, where g : D — N is a computable function defined by
g(r) = Xi<) h(i). Thus, z is a g-Dedekind computable and hence an w-
Dedekind computable real.

“w-dEC C w-b EC”: Suppose that x := x4 is w-Dedekind computable. That
is, there is a computable function h and a computable sequence (E;) of finite
sets of dyadic rational numbers such that (FE;) is a computable h-enumeration
of the left Dedekind cut L, of 4. Suppose w.l.o.g. that, for any s, if 0 € Fj,
then 7 € E; for any 7 such that (1) < l(o) and 7 < 0. Let s be the
maximal element of F; and Ag := {n : rs(n) = 1}, i.e., ry = x4, for any s.
Then, we have lim, o x4, = limg o s = x4 and hence limg_,,, A; = A. Since
(Ay) is obviously a computable sequence of finite subsets of natural numbers,
it suffices to show that there is a computable function g such that (Aj) is
a g-enumeration of A. Now we define the computable function ¢ : N — N
inductively as follows.

For any n € N. suppose that g(m) is defined for any m < n. To define g(n),
let’s estimate first how many times Ag(n) can be changed for different s at
all. Let o be a binary word of the length n. If there are s < t such that
Asn=A; [n=candn ¢ A; & n € A;. Then, we have ry = 24, < ol and
ol < x4, = 1. Here we regard the binary word o1 as a dyadic rational number.
This implies that 01 ¢ Fg and ol € E; by the choice of the sequence (FEj).
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Similarly, for the case n € A; & n ¢ A;, we have ol € E; and ol ¢ E;. Since
(E,) is an h-enumeration of L,, there are at most h(o1) non-overlapping pairs
(s,t). This means that, for any s < ¢, if n € A;AA; and Ay [n= A, [n=o0,
then o1 € E;AE;. Therefore, As(n) can be changed at most g(n) times where
g(n) is defined by g(n) :=>{g(m):m <n}+> {h(cl):0 € {0,1}"}. Thus,
(As) is a computable g-enumeration of A and hence A is an w-c.e. set, because
g is obviously a computable function. That is, x4 is w-binary computable. [J

In summary, the k-binary computability and the k-Dedekind computability
are incomparable, for any & > 2 or k := *. But the w-binary and Dedekind
computability are equivalent.

4 Hierarchies Based on Divergence Bounding

In the definition of binary and Dedekind computability, we looked at the
possible changes of bits in binary expansion and the changes of memberships of
a dyadic rational numbers to the Dedekind cut, respectively. These reflect the
different levels of effectivity. If we consider Cauchy sequence representation,
the effectivity levels of reals can be classified according to how fast a real be
approximated. A possible way to measure the convergence speed of a sequence
is to count its big jump. Depending on two different ways how the big jumps
are defined, we introduce in this section two hierarchies. To distinguish them
clearly, they are called (without special reason) h-Cauchy computability and
h-bounded computability, respectively.

4.1  Cauchy Computability

If a sequence (z;) converges effectively, then |z; — z;| < 27" for any i,j > n.
Thus, the pairs (4, j) with ¢, j > n such that |z; — z;| > 27" are the annoying
factor which destroy the computability of its limit. Such pairs are called big
jumps. The more big jumps a sequence possesses, the less computability its
limit has. Since 27" converges to 0 (for n — o0), there is no constant upper
bound of numbers of jumps (4, j) such that |z; — z;| > 27" for all n if the
sequence (z4) is not trivial. However, such kind constant bound seems very
important for a hierarchy of Ershov’s type. Therefore, we consider only the
jumps of sizes between 27" and 27" *! firstly.

Definition 4.1 (Zheng and Rettinger [28]) Leti,j,n € N and let (z5) be
a sequence of reals converging to x and h : N — N be a function.

(1) A pair (i, ) is an n-jump of (zs) if 27" < |x; —x;| < 27"t and i,j > n;
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(2) The sequence (xs) converges to x h-effectively if, for any n € N, the
number of non-overlapping n-jumps of (xs) is bounded by h(n);

(3) The real x is h-Cauchy computable if there is a computable sequence (x)
of rational numbers which converges to x h-effectively.

Other types of Cauchy computability can be defined accordingly and the
classes of h-, k- (k € N), % and w-Cauchy computable reals are denoted
by h-cEC, k-cEC, x-cEC and w-cEC, respectively. By definition, it is easy
to see that 0-, and w-Cauchy computable reals are just the computable and
divergence bounded computable reals, respectively, i.e., 0-cEC = EC and
w-cEC = DBC. In addition, for any rational number a and any function h,
we have x € h-cEC iff a — x € h-cEC.

Now we show a general hierarchy theorem for Cauchy computability.

Theorem 4.2 (Zheng and Rettinger [28]) If f,g are total computable
functions such that f(n) < g(n) for infinitely many n, then g-cEC ¢ f-cEC.

Proof. We construct a computable sequence (z5) of rational numbers which
converges g-effectively to a non- f-Cauchy computable real x. Thus, = satisfies
all requirements R.: “if (ve(s))s converges f-effectively to y., then x # y.”,
where (@) is an effective enumeration of all computable partial functions
ve . CN— Q.

The strategy to satisfy a single requirement R, is quite straightforward. Let
I. := [a,b] be a rational interval with length 27"<*2 for some n, € N such
that f(n.) < g(n.). Divide it equally into four subintervals I; := [a;, a;11],
for i < 4, of length 27". Let by := ag + 3 - 27"+ and by 1= ay + 2~ (2,
Notice that, 27" < 27" 4 2=t — |p — by| < 27"*! Define z, := b
as long as the sequence (. (s))s does not enter the interval I;. Otherwise, if
©e(s) enters into the interval I; for some s > n,, then let z; := by. Later
on, if p.(t) enters I3 for some ¢ > s, then let x; := b again, and so on. If
(pe(s))s converges f-effectively, then (z5) can be changed at most f(n.)+1 <
g(n.) times. This guarantees that the sequence () converges g-effectively and
limz, # lim, p.(s). To satisfy all the requirements simultaneously, we use a
finite injury priority construction U

Thus, we have an Ershov-type hierarchy that k-cEC C (k 4+ 1)-cEC C
x-cEC C w-cEC for any k € N. In addition, any k-Cauchy computable real
(for k € N) is d-c.e., because any k-effectively convergent sequence converges
weakly effectively too. On the other hand, all classes k-cEC (k > 0) are not
comparable with CE and SC according to the following theorem.

Theorem 4.3 (Zheng and Rettinger [28]) The class k-cEC is incompa-
rable with the classes CE and SC for any k > 0.

204



Proof. It suffices to show that 1-cEC Q SC and CE gZ *-cEC.

Let A and B be Turing incomparable c.e. sets and let (Ay) and (B;) be their
computable enumerations, respectively. Suppose w.o.l.g. that Ag = By = 0,
Ags = Agsy1 & |Bagy1 \ Bas| = 1 and |Aggio\ Aosi1| = 1& Bagy1 = Bago for all
s. Let 2, := 2, o5 for any s € N. Then (z,) is a computable sequence of ra-
tional numbers converging 1-effectively to z 4.5 which is not semi-computable
by Theorem 2.4. That is, z 4,5 € 1-cEC \ SC.

For CE ¢ *-cEC, we construct an increasing computable sequence (z;) of
rational numbers whose limit z := lim, x, is not k-Cauchy computable for any
k € N. That is, = satisfies, for all i, j € N, the requirements R jy: “if (¢i(s))s
converges j-effectively y., then x # y.”, where (g;) is an effective enumeration
of all computable partial functions ¢; :C N — Q.

To satisfy a single requirement R, for e = (i, j), we choose a rational interval
[a; b]. Let n be the minimal natural number such that 2" > 3(j + 1)/(b — a).
Define a; := a +4-27" for i < 3(j + 1) and az(j+1)41 = b. Then the intervals
I; == [a;; a;i41] have length 27" for any ¢ < 3(j+1). We define x, as the middle
point of the interval I;. If ;(s) enters I; for some s > n, then define z, as
the middle point of the interval I,. If there is a ¢ > s such that ¢;(t) € Iy,
then define x; as the middle point of the interval I7, and so on. In general,
if xs, € I3p11 and p;(sy) € Igr41 for some sy > s, then redefine x,, as the
middle point of I3;y4. If (;(s))s converges j-effectively, then we can always
find a correct = which differs from the limit lim; ;(s), because ¢;(s1) € Igr11
and @;(s2) € I344 implies that 27" < |p;(s1) — i(s2)| < 27" F2. To satisfy
all requirements, it succeeds to apply the above strategy to an interval tree
and use the finite injury priority construction. We omit the details here. [

We have seen that both classes 0-cEC and w-cEC are fields. However, the
next theorem shows that all other classes of Cauchy computable reals are not
closed under addition and subtraction.

Theorem 4.4 (Zheng and Rettinger [28]) There are x,y € 1-cEC such
that x — y ¢ x-cEC. Therefore, k-cEC and x-cEC are not closed under addi-
tion and subtraction for any k > 0.

Proof. We construct two computable increasing sequences (xs) and (y,) of
rational numbers which converge 1-effectively to x and y, respectively, while
their difference z := x — y is not *-cEC. That is, 2z satisfies all requirements
R gy “if (pi(s))s converges j-effectively to y;, then y; # 27, where (¢;) is an
effective enumeration of all partial computable functions ¢; :C N — Q.

To satisfy a single requirement R, for e := (i, j), we choose two natural num-
bers n. and m, large enough such that n. < m, and m, — n. > 7 + 3. Let’s
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begin with z, = y, = 2z, = 0. Whenever |z, —p;(t)| < 272 (for z, = z,—ys,)
holds for some t > my, we increase (x,y,) by (27"t 4 3. 27 (met1) 9=(ne+1))
or (27 (et 9=(net1) 1 3.9=(met+1)) glternatively so that |z, — zey 1| = 3/2-27™.
We need at most j + 1 times of such action to satisfy R., if (;(s)) converges
j-effectively. O

Similar to the binary computability, Cauchy computability leads also to an
infinite hierarchy by Theorem 4.2. However, they are not equivalent in almost
all levels.

Theorem 4.5 (Zheng and Rettinger [28]) (1) w-bEC C w-cEC; and
(2) k-bEC C k-cEC for any k > 1 or k = x.

Proof. 1. Since w-cEC is closed under arithmetical operations but w-b EC
not, it suffices to prove the inclusion w-b EC C w-cEC. For any x4 € w-b EC,
there is a computable function h and a computable h-enumeration (Ay) of A.
Notice that, if A; | n = A; | n, then |z4, — z4,| < 27" for any s,t and n.
This means that, the computable sequence (z;) defined by xs := x4, for all
s converges to x4 g-effectively, where g is a computable function defined by
g(n) =<, h(i). Thus, 4 € w-cEC.

2. We prove only the inequality and it suffices to prove 1-cEC € «-bEC. We
will construct a computable sequence (z,) of rational numbers which converges
1-effectively to a non-+-cEC real x4, i.e., A is not k-c.e. for any constant k and
hence satisfies all requirements Ry; jy: “if (Ws)sen is a j-enumeration, then
lim,_,oo Wi s # A”, where (W) is a computable enumeration of all c.e. subsets
of N and (W, ) is its uniformly computable approximation. The strategy to
satisfy a single requirement R, for e = (i, j) is as follows. We choose an interval
I. = [ne,me| of natural numbers such that m. — n. > 2j. This interval is
preserved exclusively for the requirement R.. At the beginning, let xq := 27"
(ne is put into A). If at some stage sg, n. enters W, 4, then define 4,1 =
Tgy — 27 (n, leaves A) and let m, := m, — 1. If at a later stage s1 > s¢, ne
leaves W, then define xg, 11 := x5, +27™¢ (n, enters A) and let m, := m, — 1,
and so on. We take this action at most j times. Thus, if (W, )sen is a j-
enumeration, then R, will be satisfied eventually. The sequence (x5) defined
in this way converges obviously 1-effectively. O

4.2 h-Bounded Computability

The Cauchy computability discussed in Subsection 4.1 leads to an Ershov-type
hierarchy. However, the definition of n-jumps in Definition 4.1 seems quite
arbitrary. There is no reason to consider only the number of jumps between
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27" and 27", More naturally, we can count all the jumps larger than, say
27", This leads to another Cauchy computability in this subsection. In this
case, we can also show a general hierarchy theorem and a lot of nice analytical
properties. Nevertheless, the Ershov-type hierarchy does not hold any more.

Definition 4.6 (Zheng [26]) Let h : N — N be a function, C' be a class of
functions, and (xs) a sequence of rational converging to x.

(1) (zs) converges to x h-bounded effectively if there are at most h(n) non-
overlapping index-pairs (i,j) such that |x; — x;| > 27" for all n;

(2) x is h-bounded computable (h-bc) if there is a computable sequence of
rational numbers which converges to x h-bounded effectively;

(3) x is C-bounded computable (C-bc) if it is h-be for some h € C.

The classes of h-bc and C-bce reals are denoted by A-BC and C-BC, respec-
tively. Obviously, if C' is the class of all computable functions, then C-BC =
DBC. Thus, divergence bounded computable reals are also called w-bounded
computable, or simply w-bc (w-BC for the class). On the other hand, if
liminf h(n) < oo, then only rational numbers can be h-bc, i.e., -BC = Q.
Therefore, we cannot anticipate an Ershov-type hierarchy in this case. Ac-
tually, even the class EC cannot be characterized as C-BC for any class C'
of functions. Notice that, although any computable real is id-bc, i.e., EC C
1d-BC for the identity function ¢d, there is an h-bc real which is not com-
putable for any unbounded nondecreasing computable function h.

Moreover, if there is a constant ¢ such that |f(n) — g(n)| < ¢ for all n, then
f-BC = ¢-BC. This means that a general hierarchy theorem like Theorem
4.2 does not hold neither. Nevertheless, we have another version of hierar-
chy theorem as follows which implies, e.g., f-BC C ¢-BC if the computable
functions f, g satisfy f € o(g).

Theorem 4.7 (Zheng [26]) If f,g : N — N are computable and satisfy the
condition (V¢ € N)(3m € N)(c+ f(m) < g(m)), then g-BC ¢ f-BC.

Proof. We construct a computable sequence () of rational numbers converg-
ing g-bounded effectively to some real z which satisfies all requirements R.: “if
(pe(s)) converges f-bounded effectively to y., then y. # =", where (p.) is an
effective enumeration of the partial computable functions ¢, :C N — Q. That
is,  is not f-bc. The idea to satisfy a single requirement R, is as follows. We
choose an interval I and a natural number m such that f(m) < g(m). Choose
further two subintervals I.,.J. C I which have at least a distant 27". Then
we can find a real x either from I, or J. to avoid the limit y. of the sequence
(pe(s)) if it converges f-bounded effectively. To satisfy all the requirements
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simultaneously, we use a finite injury priority construction. U

Almost all classes of Cauchy computability hierarchy discussed in subsection
4.1 are not closed under addition and subtraction. However, by the next the-
orem a lot of classes C-BC are closed under the arithmetic operations.

Theorem 4.8 (Zheng [26]) Let C be a class of functions f : N — N. If, for
any f,g € C and c € N, there is an h € C such that f(n+c)+g(n+c) < h(n)
for all n, then C-BC 1is a field.

Proof. Let f,g € C. If (z5) and (y,) are computable sequences of rational
numbers which converge to x and y f- and g-bounded effectively, respectively.
By triangle inequations the computable sequences (x5 + ys) and (zs — ys)
converge hi-bounded effectively to z4y and x—y, respectively, for the function
hy defined by hi(n) :== f(n+ 1) + g(n + 1).

For the multiplication, choose a natural number N such that |x,|, |y,| < 2V
and define ho(n) := f(N+n+1)+g(N+n+1) forany n € N. If |z, —x;| <27
and [y; —y;| < 277, then |zyy; — sy < |l |y —y;|+y;lloi— ;] < 28277 =
2-("=N=1) This means that (x,y,) converges ho-bounded effectively to xy.

Now suppose that y # 0 and w.l.o.g. that y, # 0 for all s. Let N be a
natural number such that |z, |ys] < 2V and |y,| > 27V for all s € N. If
|mi—x;] < 27" and |y;—y;| < 27", then |z/yi—x;/y;| = [(@iy;—x5:) / (yiy;)] <
(lzillys — sl + lyjlles — 251) /([gay;]) < 22V - 2771 = 273D That is, the
sequence (z5/ys) converges hs-bounded effectively to (x/y) for the function
hs : N — N defined by hg(n) := f(3N +n+ 1) + g(3N + n + 1). Since the
functions hq, he, hg are bounded by some functions of C, all z + y,z + vy, zy
and z/y are C-bc and hence the class C-BC is closed under arithmetical
operations +, —, X and —+. U

As examples of class C' which satisfy the condition of Theorem 4.8, we have
Lin := {\n.(c-n+d) : ¢,d € N}; Log® := {\n.(clog"(n) +d) : ¢,d € N};
Poly := {\n.(c-n?) : ¢,d € N}; Exp; := {\n.(c-2") : ¢ € N}, etc. Notice that,
the classes Lin-BC, LogF-BC and Poly-BC are all fields which do not even
contain all c.e. reals. On the other hand, Exp,-BC is a field which contains
CE and hence DCE. The next theorem shows that there is a smaller class
0(2")-BC which contains DCE properly. If 0.(2") denotes the class of all
computable function f € 0(2"), then 0.(2")-BC does not contain CE any
more.

Theorem 4.9 (Zheng [26]) SC ¢ 0.(2")-BC and DCE C 0(2")-BC.

Proof. To prove SC SZ 0.(2")-BC, we construct an increasing computable
sequence () of rational numbers converging to x which satisfies all require-
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ments R.: “if ¢; and ¢; are total functions and ; € o(2") and (p;(s)) con-
verges ;-bounded effectively to y; then x # y;”, where (¢.) and (¢.) are
effective enumerations of all partial computable functions ¢, :C N — Q and
Y. :C N — N, respectively.

To satisfy a single requirement R, (e = (i, 7)), we choose a rational interval
I. 1 of length 271 for some natural number m. ;. Then we look for a
witness interval I, C I,_; of R, such that each element of I, satisfies R,. At
the beginning, the interval I._; is divided into four equidistant subintervals
J! for t < 4 and let I, := J! as the (default) candidate of witness interval of
R.. If the function v, is not a total function such that v, € o(2"), then we
are done. Otherwise, there exists a natural number m, > m._; + 2 such that
2(1);(me) +2)-27™e < 2-(me=1+2) I this case, we divide the interval J? (which
is of length 27(me-1%2)) into subintervals I! of length 27™« for ¢ < 2me~(Mme-142)
and let I, := I} as a new candidate of witness interval of R.. If the sequence
(i(s)) does not enter the interval I! at all, then it is a correct witness interval.
Otherwise, suppose that o;(sq) € I! for some sy € N. Then we change the
witness interval to be I2. If ¢;(s;) € I? for some s; > s, then let I, := I, and
so on. This can happen at most 1;(m,.) times if the sequence (¢;(s)) converges
yj-bounded effectively. To satisfy all the requirements R. simultaneously, a
finite injury priority construction suffices.

The inclusion DCE C 0(2")-BC follows immediately from the fact that any
bounded increasing sequence converges h-bounded effectively for some h €
0(2"). To show that DCE # 0(2")-BC, we construct a computable sequence
(x5) of rational numbers and a (non-computable) function i € o(2") such that
the sequence (z5) converges h-bounded effectively to a real  which satisfies all
requirements R.: “if @, is a total function, and Y.y |@e(s) — pe(s + 1) <1,
then lim,_. o pe(s) # x”, where (¢) is an effective enumeration of all partial
computable functions ¢, :C N — Q. The strategy to satisfy a single require-
ment R, is quite simple. Namely, we choose two rational intervals /. and J.
such that they have a distance 27 for some natural number m.. Then we
choose the middle point of I, as z whenever the sequence (¢.(s)) does not
enter the interval I.. Otherwise, we choose the middle of J, which can be
changed later if the sequence (¢.(s)) enters the interval .J., and so on. Be-
cause of the condition Y .oy |pe(s) — we(s + 1)] < 1, we need at most 2™«
changes. By a finite injury priority construction, this works for all require-
ments simultaneously. However, the real x constructed in this way is only a
2"-bounded computable real. To guarantee the o(2")-bounded computability
of z, we need several m,’s instead of just one. That is, we choose at first a
natural number m, > e, two rational intervals I, and J., and implement the
above strategy, but at most 2™<7¢ times. Then we look for a new m., > m,
and apply the same procedure up to 2 ~¢ times, and so on. This means that,
in worst case, we need 2°¢ different m,’s to satisfy a single requirement R.. We
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can see that the finite injury priority technique can still be applied. U

By Theorem 4.9, we have DCE ¢ o.(2")-BC, However, it is not clear yet,
whether 0.(2") € DCE hold.

5 Monotone Computability Hierarchy

The convergence speed of a sequence can also be measured by comparing the
absolute error-estimation at different stages. This leads to another hierarchy
of AY-reals.

Definition 5.1 (Rettinger and Zheng [13]) Let h: N — R be a function.
A real x is called h-monotonically computable (h-mc) if there is a computable
sequence (x) of rational numbers which converges to x h-monotonically in the
sense that

(Vn,m € N)(n <m = h(n)|x —x,| > |z — xpn|). (3)

If h = An.c for a constant ¢ € R, then any h-mc reals are called c-mc. We
call a real monotonically computable (mc) if it is c-mc for some constant ¢ and
w-monotonically computable (w-mc) if it is h-mc for a computable function

h : N — N. The classes of h-mc, ¢-mc, mc and w-mc reals are denoted by
h-MC, c-MC, MC and w-MC, respectively.

5.1 ¢-MC and Dense Hierarchy

By definition, we have obviously 0-MC = Q, 1-MC = SC and ¢-MC = EC
for 0 < ¢ < 1. Moreover, ¢;-MC C ¢,-MC hold for any constants cs > c¢;.
The next theorem shows that this inclusion is proper if ¢ > ¢; > 1.

Theorem 5.2 (Rettinger and Zheng [13]) For any real constants c; >
C1 Z 1, Cl-MC g CQ-MC.

Proof. Because of the density of Q in R, it suffices to consider the rational
numbers ca > ¢; > 1. We construct a computable sequence (xg) of rational
numbers which converges co-monotonically to a non-c;-mc real x. That is,
x satisfies all requirements R.: “if (¢c(s))s converges to y. ci-monotonically,
then x # y.”, where (. ) is a computable enumeration of computable functions
v; : N — Q. To satisfy a single requirement R., we choose a rational interval
I and divide it into seven subintervals I; for 7 < 7 such that
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xe[1&x1€[3&x2€[5:>01]1:—x1|<]a:—xﬂ (4)

and, for any (i, 5, k) € {(1,3,5),(1,3,3), (1,5,5), (5,3,3)},

rel; &y €l; & xg €=l — 1| > |2 — 29 (5)

As long as the sequence (p.(s))s does not enter the interval I3, we choose an z
from I3. If p.(s1) € I3 for some s;, then we choose an x,, from [5. Moreover, if
there is another sy > s such that p.(s2) € I5, then we choose an z, from I.
Thus, the sequence (z5) changes at most two times and converges to an limit
co-monotonically because of condition (4). If  is in I3 or I5, then the sequence
(pe(s))s does not converge to x at all. For the case © € I, the sequence
(pe(s))s can not converge c;-monotonically to x because of condition (5). In
any case, the limit x satisfies the requirement R.. To satisfy all requirements
simultaneously, a finite injury priority construction suffices. U

Theorem 5.2 implies immediately that SC C MC. Furthermore, it is shown
in [13] that, every c-mc real is d-c.e. and there exists a d-c.e. real which is not
c-mc for any constant c¢. That is we have

Theorem 5.3 (Rettinger and Zheng [13]) SC C MC C DCE.

5.2 w-Monotone Computability

The hierarchy theorem for c-mc reals cannot be extended to h-mc reals in
general because all unbounded monotone function A corresponds to the same
class of h-mc reals.

Theorem 5.4 (Zheng, Rettinger and Barmpalias [31]) If h is a mono-
tone and unbounded computable function, then h-MC = w-MC.

Proof. Let g be a computable function and let (z5) be a computable se-
quence of rational numbers which converges g-monotonically to z. Since h
is unbounded, there is an increasing computable sequence (ng) such that
h(ns) > g(s) for all s. Let n(s) be the maximal i such that n, < s and

Ys = Tps). For any s < t, if n(s) = n(t), i.e., there is an ¢ such that
n, < s <t < ngyp and n(s) = 4, then h(s)|lz — ys| = h(s)|z — x| >
|z — z;| = |x — y|. Otherwise, if n(s) < n(t), then there are i < j such

that n; < s < n; <t and n(s) =14 < j = n(t). Since h is increasing, this
implies that h(s)|x — ys| > h(n;)|x — x| > g(i)|x — x| > |z — x| = |z — yl.
Therefore, the computable sequence (ys) converges to x h-monotonically and
hence x is h-mc. U
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Theorem 5.5 (Zheng, Rettinger and Barmpalias [31]) The class of w-
mc reals is incomparable with DCE and DBC.

Proof. DCE ¢ w-MC: It suffices to construct a computable sequence ()
of rational numbers which converges weakly effectively to a non-id-mc real
x. That is, Y.en|rs — zs11] < 2 and z satisfies all requirements R, that
“if (pe(s))s converges id-monotonically to y., then x # y.”, where (¢p.) is
a computable enumeration of computable functions ¢, :C N — Q. To sat-
isfy a single requirement R,, we fix a rational interval (a,b). At any stage s,
let z, be the middle point of (a,b) as long as there are no ¢; < t5 such that
©es(t1), Pes(t) € (a,b). Otherwise, let (a1, b1) 1= (pe(i1) =9, pe(t1)+09), where
5= min{[p(tr) — ge(t2)]/(t1 + 1), (@eltr) — @)/2, (b — pe(t2))/2,2-%). Then
we define x4 as the middle poind of the interval (aq,b;). Since the sequence
(pe(s))s does not converge id-monotonically to any element of (aq,b;), this
x4 satisfies R.. By priority technique, all requirements can be satisfied simul-
taneously. Because the new interval (a;,b;) has a length less than 274¢ the
constructed sequence converges weakly effectively.

w-MC ¢ DBC: We construct a computable function 4 : N — N and a com-
putable sequence (x;) of rational numbers converging h-monotonically to x
which satisfies all requirements Ry; jy: “If (¢i(s))s converges aj-bounded effec-
tively to y, then x # y,” where (¢.) and («.) are computable enumerations of
computable functions ¢, : N — Q and a, : N — N, respectively. U

5.8  Computability and Semi-Computability of h-MC' Reals

Now let’s look at h-mc reals for computable functions ko : N — (0, 1]g. Ob-
viously, if there is a constant ¢ < 1 such that h(n) < ¢ for all n, then
h-MC = EC. Therefore, we consider only the computable function h such
that lim, .., h(n) = 1. For any such h, we have h-MC C SC. Is it possi-
ble that h-MC is equal to EC or SC? The next theorem gives the exact
criteria when these can happen. Roughly speaking, if h(n) converges to 1
“very slowly”, then h-MC = EC and if h(n) converges 1 “very fast”, then
h-MC = SC. Otherwise, h-MC is strictly between EC and SC.

Theorem 5.6 (Zheng, Rettinger and Barmpalias [31])
For any computable function h : N — (0, 1]g we have

(1) If > ,en(1 — h(n)) = oo, then h-MC = EC;
(2) If ¥ nen(l — h(n)) is computable, then h-MC = SC;
(3) If Y nen(l — h(n)) is non-computable, then EC C h-MC C SC.
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Proof. 1. Suppose that -, cn(1—h(n)) = 0o and hence [T, h(n) = 0. First,
since h(n) # 0 for all n, for any computable sequence (z;) of rational number
converging effectively to x, we can easily construct a computable subsequence
which converges to x h-monotonically. That is, EC C h-MC. On the other
hand, let (xs) be a computable sequence of rational numbers which converges
h-monotonically to z. That is, h(n)|x —z,| > |z —z,,| for any m > n. This im-
plies that |z — x| < [Ti<, h(2)|2 — 20]. Since lim, o [Ti<, M(2) = [Tpen h(n) =
0, we can choose a computable subsequence of (z,) which converges to x ef-
fectively. That is h~-MC C EC.

2. Suppose that >, cn(1 —h(n)) = v and w is a computable real. We show now
that SC C h-MC. Since u is also co-c.e., there is a decreasing computable
sequence (ug) of rational number which converges to u. If x is a c.e. real and
(z4) is an increasing computable sequence of rational numbers which converges
to x. Let (ys) be a computable sequence defined by y, := xs—us+> ;< (1—h(7))
for all s. It is not difficult to see that (ys) is also increasing and satisfies
Ys+1 — Ys > (z — ys)(1 — h(s)) and hence (ys) converges to x h-monotonically.
That is, SC C h-MC.

3. Suppose that 3, cn(1 — h(n)) = v and w is not a computable real. We first
show that SC ¢ h-MC. Notice that, for any h-mc c.e. real z, there exists
an increasing computable sequence of rational numbers which converges to x
h-monotonically. Now we are going to construct an increasing computable se-
quence (z4) of rational numbers which converges to a non-h-mc real . Namely
x satisfies all requirements R.: “if @, is an increasing total function and (p.(s))
converges h-monotonically to y., the y. # x”, where (¢.) is an effective enu-
meration of computable functions ¢, :C N — Q.

Let X5 :={0,1,2,3,4} and I be set of all rational subintervals of the interval
[0, 1]. We define at first an interval tree I : ¥} — T inductively by I(X) := [0, 1]
and [(wi) := I; for all w € X} and i < 5, where ([;);<5 is an equidistant
subdivision of the interval I(w). The interval I(w) is denoted by [a, by for
any w € 3. Then we have a,, = Y ;1 5~ - wli] and b, = a,, + 571,

To satisfy a single requirement R, we will try to find a witness interval
J C [0,1] such that any point of J except endpoints satisfies the require-
ment R.. Suppose that . is increasing. At the beginning, let J := I(11).
If the sequence (¢¢(s)) does not enter I(11), then we are done. Otherwise,
suppose that ¢.(so) € I(11) for some sq. If there exists a t < sy such that
h(t)(as — pe(t)) < as — p.(t+1) holds, then we change the witness interval to
be 1(3). In this case, for any x € 1(3), we have h(t)(x — p.(t)) <z —@e(t+1)
and hence I(3) is a correct witness interval of R.. Otherwise, if the inequality
h(t)(as — @e(t)) > az — pe(t+ 1) holds for all t < s¢, then we choose I(131) to
be a new candidate of witness interval. Analogously, if there exists an s; > sq
such that ¢.(s1) € I(131), then we choose either I(3) or 7(1331) to be the
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new candidate of witness interval of R., depending on whether there exists a
t < sy such that h(t)(as — p.(t)) < as — p(t + 1) holds, and so on. Let’s look
at the possible outcome of our construction. If the interval I(3) is chosen as a
witness interval at some stage, then we are done because the sequence (¢($))
does not converge to any element of 1(3).

Otherwise, if I(3) has never been chosen as the witness interval of R., then
there are two possibilities. Either there is a k € N such that 7(13%1) is chosen
as a candidate of witness interval and there does not exist s such that p.(s) €
I(13%1) and hence I(13%1) is a correct witness interval of R, or each of the
following intervals I(11),7(131),(1331),--- is chosen to be a candidate of
witness interval at some stage. In the latter case, there exists a computable
increasing sequence (s,) of natural numbers such that ¢.(s,) € I(13"1) for
all n. This implies that the limit y, := lim, .o @e(s) =51 +3- 32,5 is a
computable real number. In addition, by construction we have the inequality
h(n)(as — we(n)) > az — we(n + 1) holds for all n € N. This is equivalent to
(1 —h(n))(az — pe(n)) < pe(n+1) — @.(n). Notice that az — p.(n) > 57 for
all n. Now we define a computable function g : N — (0,1)g by g(n) :=1—-5-
(pe(n+1) —pe(n)) for all n which satisfies g(n) < h(n) for all n. On the other
hand, we have Y, cn(1 — g(n)) =53 en(@e(n + 1) — @e(n)) = 5(ye — ¢e(0)).
That is, the sum Y,cn(1 — g(n)) is a computable real number and hence
> nen(1—h(n)) is computable too. This contradicts the hypothesis on h. This
contradiction implies that only finitely many intervals can be chosen to be the
candidate of a witness interval of R, and the last one is a correct one. Thus,
a finite injury priority construction applies.

At the last, we prove that EC C h-MC. Since [[,cxh(n) = ¢ > 0 we can
choose a rational number ¢ such that 0 < ¢ < ¢. We are going to construct
an increasing computable sequence (x;) of rational numbers from [0, 1] which
h-monotonically converges to a non-computable real x. Let (¢.) be an effective
enumeration of partial computable functions ¢, :C N — N and §, := ¢-27(¢+2).
The sequence (z) is construct in stages. At the beginning, xy := 0. At any
stage s + 1, if there is a “non-used” (minimal) e < s such that

(3t < 5) (27" < 6o & @es(t) < 1= h(s)(1—2) +3), (6)

then define x5, 1 := 1—h(s)(1—x4)+20.. Otherwise, let z5,1 1= 1—h(s)(1—x;).
It is not difficult to see that (z;) is increasing and converges h-monotonically
to some x. Furthermore, if ¢, is a total increasing function such that |p.(n) —
we(n 4+ 1)| < 27D for all n, then lim, . @.(n) # x. That is, x is a non-
computable h-mc real. Il

214



References

[1] Klaus Ambos-Spies, Klaus Weihrauch, and Xizhong Zheng. Weakly computable
real numbers. Journal of Complexity, 16(4):676-690, 2000.

[2] Cristian S. Calude, Peter H. Hertling, Bakhadyr Khoussainov, and Yongge
Wang. Recursively enumerable reals and Chaitin 2 numbers. Theoretical
Computer Science, 255:125-149, 2001.

[3] Rod Downey, Guohua Wu, and Xizhong Zheng. Degrees of d.c.e. reals.
Mathematical Logic Quartely, 50(4/5), 2004. (to appear).

[4] Rodney G. Downey. Some computability-theoretical aspects of real and
randomness. Preprint, September 2001.

[5] Anthony J. Dunlop and Marian Boykan Pour-El. The degree of unsolvability of
a real number. In Computability and Complezity in Analysis, volume 2064
of LNCS, pages 16-29, Berlin, 2001. Springer. CCA 2000, Swansea, UK,
September 2000.

[6] Yurii Leonidovich Ershov. A certain hierarchy of sets. i, ii, iii. (Russian). Algebra
i Logika, T(1):A7-73, 1968;7(4):15-47, 1968; 9:34 51, 1970.

[7] Chun-Kuen Ho. Relatively recursive reals and real functions. Theoretical
Computer Science, 210:99-120, 1999.

[8] Ker-I Ko. Complexity Theory of Real Functions. Progress in Theoretical
Computer Science. Birkh&user, Boston, MA, 1991.

[9] John Myhill. Criteria of constructibility for real numbers. The Journal of
Symbolic Logic, 18(1):7-10, 1953.

[10] Piergiorgio Odifreddi. Classical recursion theory, volume 125 of Studies in
Logic and the Foundations of Mathematics. North-Holland Publishing Co.,
Amsterdam, 1989.

[11] Piergiorgio Odifreddi. Classical recursion theory. Vol. II, volume 143 of Studies
in Logic and the Foundations of Mathematics. North-Holland Publishing Co.,
Amsterdam, 1999.

[12] Alexander Raichev. D.c.e. reals, relative randomness, and real closed fields. In
CCA 2004, August 16-20, 2004, Lutherstadt Wittenberg, Germany, 2004.

[13] Robert Rettinger and Xizhong Zheng. On the hierarchy and extension of
monotonically computable real numbers. J. Complezity, 19(5):672-691, 2003.

[14] Robert Rettinger, Xizhong Zheng, Romain Gengler, and Burchard von
Braunmiihl. Weakly computable real numbers and total computable real
functions. In Proceedings of COCOON 2001, Guilin, China, August 20-23,
2001, volume 2108 of LNCS, pages 586—595. Springer-Verlag, 2001.

[15] H. Gordon Rice. Recursive real numbers. Proc. Amer. Math. Soc., 5:784-791,
1954.

215



[16] Raphael M. Robinson. Review of “Peter, R., Rekursive Funktionen”. The
Journal of Symbolic Logic, 16:280-282, 1951.

[17] Robert I. Soare. Computability and recursion. Bull. Symbolic Logic, 2(3):284—
321, 1996.

[18] Robert Irving Soare. Cohesive sets and recursively enumerable Dedekind cuts.
Pacific J. Math., 31:215-231, 1969.

[19] Robert Irving Soare. Recursion theory and Dedekind cuts. Trans. Amer. Math.
Soc., 140:271-294, 1969.

[20] Robert Irving Soare.  Recursively enumerable sets and degrees. A study
of computable functions and computably generated sets. Perspectives in
Mathematical Logic. Springer-Verlag, Berlin, 1987.

[21] Ernst Specker. Nicht konstruktiv beweisbare Sétze der Analysis. The Journal
of Symbolic Logic, 14(3):145-158, 1949.

[22] Alan M. Turing. On computable numbers, with an application to the
“Entscheidungsproblem”. Proceedings of the London Mathematical Society,
42(2):230-265, 1936.

[23] Klaus Weihrauch and Xizhong Zheng. A finite hierarchy of the recursively
enumerable real numbers. In Proceedings of MFCS’98, Brno, Czech Republic,
August, 1998, volume 1450 of LNCS, pages 798-806. Springer, 1998.

[24] Guohua Wu. Regular reals. In Proceedings of CCA 2003, Cincinnati, USA,
volume 302 - 8/2003 of Informatik Berichte, FernUniversitit Hagen, pages 363
— 374, 2003.

[25] Xizhong Zheng. Recursive approximability of real numbers. Mathematical Logic
Quarterly, 48(Suppl. 1):131-156, 2002.

[26] Xizhong Zheng. On the divergence bounded computable real numbers. In
Computing and Combinatorics, volume 2697 of LNCS, pages 102-111, Berlin,
2003. Springer. COOCON 2003, July 25-28, 2003, Big Sky, MT, USA.

[27] Xizhong Zheng. On the Turing degrees of weakly computable real numbers.
Journal of Logic and Computation, 13(2):159-172, 2003.

[28] Xizhong Zheng and Robert Rettinger. Weak computability and representation
of reals. Mathematical Logic Quarterly, 2004. (to appear).

[29] Xizhong Zheng, Robert Rettinger, and Romain Gengler. Closure properties of
real number classes under CBV functions. Theory of Computing Systems, 2007
(to appear).

[30] Xizhong Zheng and Robert Rettingre. A note on the Turing degree of divergence
bounded computable real numbers. In CCA 2004, August 16-20, Lutherstadt
Wittenberg, Germany, 2004.

[31] Xizhong Zheng, Robert Rettingre, and George Barmpalias. h-monotonically
computable real numbers. Mathematical Logic Quartely, 2007 (to appear).

216



