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Abstract

We establish a refined search tree technique for the parameterime@dAING SET problem on planar graphs.
Here, we are given an undirected graph and we ask for a set of akweidices such that every other vertex has at
least one neighbor in this set. We describe algorithms with running ti&%:) and O (8« + n3), wheren is the
number of vertices in the graph, based on bounded search trees. We describe a set of polynomial time data-reductior
rules for a more general “annotated” problem on black/white graphs that asks for & settides (black or white)
that dominate all the black vertices. An intricate argument based on the Euler formula then establishes an efficient
branching strategy for reduced inputs to this problem. In addition, we give a family examples showing that the
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bound of the branching theorem is optimal with respect to our reduction rules. Our final search tree algorithm is
easy to implement; its analysis, however, is involved.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Domination in graphs is considered to be among the most important problems in combinatorial opti-
mization[23,24] The problem remains NP-complete also when restricted to planar dgi2pjhsrom
the viewpoint of polynomial-time approximation algorithms, however, the situation dramatically changes
when going from general to planar graphs. Whereas the best approximation for general graphs (under
some plausible complexity-theoretic assumption®) {®gn) [18], in case of planar graphs an efficient
polynomial-time approximation scheme is knoih. Somewhat analogously, we have a similar gap be-
tween DoMINATING SET on general graphs and planar graphs when shifting the focus to the parameterized
complexity[15] of the problem, i.e., considering exact instead of approximate solutions. This issue, with
a focus on search tree algorithms, is deeper explored in this paper.

The parameterized @NaTING SET problem, where we are given an undirected graps (V, E), a
parametek and ask for a set of vertices of size at miothhat dominate all other vertices, is known to be
W[2]-complete for general graphkb]. The clasdv[2] formalizes intractability from the point of view of
parameterized complexity anti[2]-completeness indicates the impossibility of solving algorithms with
running time f (k)n @ for some arbitrary, computabfeonly depending otk (i.e., no fixed-parameter
tractability) [15]. By way of contrast, it is well-known that the problem restricted to planar graphs is
fixed-parameter tractable. An algorithm running in tid€l1%n) was claimed if14,15] The analysis
of the algorithm there (which is nearly the same as our algorithm), turned out to be flawed. This paper
seems to give the first completely correct analysis fomRATING SET on planar graphs with running
time O (c*n) for smallconstant (i.e.,c = 8).

We mention that in companion work, algorithms with a running time)()(f‘/];n) for DOMINATING SET
and related problems on planar graphs have been devise[8(Sd£19,21). However, the huge worst-
case constantsin these results may render them mainly of theoretical interest, although some empirical
results indicate that they can work well in practice on some kinds of[dhta

1.1. Fixed-parameter algorithms based on search trees

A method that has proven to yield easy and powerful fixed-parameter algorithms is that of constructing
abounded search tree. Suppose, we are given a graply ¢reesss closed under taking subgraphs and that
guarantees a vertex of degier some constartt. Such graph classes are, e.g., given by bounded degree
graphs, or by graphs of bounded genus, and, hence, in particular, by planar graphs. More precisely, an
easy computation (cf1]) shows that, e.g., the clagsS,) of graphs that are embeddable on an orientable
surfaceS, of genusy guarantees a vertex of degrée:= [2(1 + /3¢ + I)] for ¢ > 0, and, in case of
planar graphsjp := 5.

Consider thek-INDEPENDENT SET problem ong, where, for givenG = (V, E) € G, we seek for an
independent set of size at le&asFor a vertexiwith degree at mostand neighbor®/ (u) := {u1, ..., ug},
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we can choose one vertexe N[u] := {u, u1, ..., uy} to bein an optimal independent set and continue
the search on the grapli’ where we deletedv[w]. This observation yields a simpl@((d + 1)*n)
degree-branching search tree algorithm.

In the case ok-DomINATING SET, the situation seems more intricate. Clearly, again, eifferone of
its neighbors can be chosen to be in an optimal dominating set. However, remofrorg the graph
leaves all its neighbors being already dominated, but still also being suitable candidates for an optimal
dominating set. This consideration leads us to formulate our search tree procedure in a more general
setting, where there are two kinds of vertices in our graph. We stress this fact by partitioning the vertex
setV of G into two disjoint set® andW of blackandwhitevertices, respectively, i.eV, = BW W, where
W denotes disjoint set union. We will also call this kind of gragiiack andwhite graph.

ANNOTATED DOMINATING SET

Input: A black and white graplé’ = (B W W, E), and a positive integd
Parameter: k

Question:ls there a choice of at moktverticesV’ € V = B & W such that,
for every vertext € B, there is a vertex’ € N[u] N V'? In other words,

is there a set of at moktvertices (which may be either black or white) that
dominates the set of black vertices?

In each step of the search tree, we would like to branch according to a low-degree black vertex. By our
assumptions on the graph class, we can guarantee the existence of arverke® W with degu)<d.
However, as long asot all vertices have degree boundeddigas, e.g., the case for graphs of bounded
genusg, where onlythe existencef a vertex of degree at most, is known), this vertex need not
necessarily be black. These considerations show that a drgat+ 1)“n) search tree algorithm for
DowmINATING SET seems out of reach for such graph classes.

1.2. Our results

Inthis paper, we present a fixed-parameter algorithm fan@xatep) DomINATING SETon planar graphs
with running time0 (8 n). For that purpose, we provide a set of reduction rules and, then, use a search
tree in which we are constantly simplifying the instance according to the reduction rules (see Section
3.1). The branching in the search tree will be done with respect to low degree black vertices. The analysis
of this algorithm is based on an intricate branching theorem (see S&c®dhat depends ultimately on
the Euler formula for planar graphs applied to reduced black/white graphs. In addition, we give a family
of examples showing that the bound of the branching theorem is optimal (see Sebfjgmovided that
no other reduction rules than those listed in SecBdrare employed. Finally, it is worth noting that the
algorithm we present is very simple and easy to implement.

2. Preliminaries

We assume familiarity with basic notions and concepts in graph theory as presented, for example, in
[13,28] An undirected grapl is specified by a pair of set¥, E), whereV is the set of vertices @& and
Eisthe set of edges @. Sometimes, we also writé(G) andE (G) in order to denote the vertex and edge
set ofG, respectively. For a grapfi = (V, E) and a vertexs € V, we useN (1) andN[u], respectively,
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to denote the open and closed neighborhood, séspectively. Hencey (u) = {v € V | {u, v} € E},
and N[u] = N(u) U {u}. To avoid ambiguity, we sometimes writé; (u) and Ng[u] to refer to the
neighborhood irfs. By deg; (1) := |Ng ()|, we denote thelegreeof the vertexu in G. A pendantvertex
is a vertex of degree one.
For V/ C V, the subgraph induced By is denoted byG[V’]. In particular, we use the abbreviation
G — V' :=G[V \ V'].If V'is asingleton, then we omit brackets and simply weite- v for a vertexv.
In addition, we writeG — e or G + ¢ when we delete or add an edg& G without changing the vertex
set of G.
Let G be a connected planar graph, i.e., a connected graph that admits a crossing-free embedding in the
plane (i.e., a drawing in the plane without crossings). Such an embedding is caletkaembedding
A planar graph together with a plane embedding is callpthae graph Note that a plane graph can be
seen as a subset of the Euclidean plgReThe sefR? \ G is open; its regions are thacesof G. Let F
be the set of faces of a plane graph. Biee of a face” € F is the number of vertices on the boundary
of the face. Atriangular faceis a face of size three. (& is a plane graph and’ € V, thenG[V’] and
G — V'’ can be always considered as plane graphs with an embedding inherited from the embedding
of G.

3. The algorithm and its analysis

Our algorithm (Sectio.4) is based on reduction rules (see Sec8ial) and an improved branching
theorem (see Sectiods2 and3.3for proof details). With respect to our set of reduction rules, we show
optimality for the branching theorem (Secti8rb).

3.1. Reduction rules

We consider the following reduction rules for simplifying theMdTATED DOMINATING SET problem on
planar graphs. In developing the search tree, we will always assume that we are branching from a “reduced
instance;” thus, we are constantly simplifying the instance according to the reduction rules given below
(the details will be explained latef).When a vertex is placed in the dominating sBtby a reduction
rule, then the target sidefor D is reduced t& — 1 and the neighbors afare whitened.
(R1) Delete an edge between white vertices.
(R2) Delete a pendant white vertex.
(R3) If there is a pendant black vertexwith neighboru (either black or white), then delete placeu
in the dominating set, and lowk&rto k — 1.
(R4) If there is a white verten of degree 2, with two black neighbotg andu» connected by an edge
{u1, uz}, then delete.
(R5) If there is a white verteu of degree 2, with black neighbors, u3, and there is a black vertex
and edges$u1, us} and{uo, us} in G, then deleteu.

4The idea of doing so-callekernelizationgi.e., repeated application of reduction rules) while constructing the search tree
was proposed ifiL6,26]in a somewhat different context.
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(R6) If there is a white vertex of degree 2, with black neighborg, u3, and there is a white vertex
and edges$u1, uz} and{uz, uz} in G, then deleteu.
(R7) Ifthere is a white vertex of degree 3, with black neighboug, u2, uz for which the edgegus, u2}
and{u», uz} are present il (and possibly alséu1, u3}), then delete.
Let us call a set of simplifying reduction rules of a certain probssuandif, whenever(G, k) is some
problem instance and instan@@’, k) is obtained from(G, k) by applying one of the reduction rules,
then(G, k) has a solution ifiG’, k') has a solution.

Lemma 1. The reduction rules are sound.

Proof. Letus consider the different reduction rules one by oneG_et (BWW, E) denote the “original”
black and white graph an@’ = (B’ & W', E’) the graph obtained by applying once the corresponding
reduction rule.

(R1) Clearly,D € BW W is a dominating set fo@ if and only if it is a dominating set foG'.

(R2) If D € BWW is adominating set fo which contains a pendant white vertigxhen observe that
D' := (D \ {u}) U N(u) is also a dominating set f@. FurthermoreD’ € BW W (withu ¢ D')isa
dominating set foG if and only if it is a dominating set fo;’'.

(R3) If D € BW W is a dominating set fo& which contains a pendant black vertexthen observe
thatD’ := (D \ {w}) U N(w) is also a dominating set f@. Moreover,D’ C BwW W (with w ¢ D’)
is a dominating set fo6 if and only if D’ \ N(w) is a dominating set fo6’, since the vertices in
N(N(w)) \ {w} have been whitened.

(R4) If D € B W W is a dominating set foG which contains a white verten of degree two (as
required) with two black neighbotrs, andu, connected by an edde, u»}, then observe thad’ :=
(D\ {u})U{u1}is also a dominating set f@. FurthermoreD’ € BW W (withu ¢ D’)is adominating
set forG if and only if it is a dominating set fo6’.

(R5) If D € BWW isadominating set fo& which contains a white vertaxof degree two (as required)
with black neighborg 1, u3, and there is a black vertax and edge$u1, us} and{us, us}, then observe
thatD’ := (D \ {u}) U {uz} is also a dominating set f@. FurthermorepD’ € B W W (with u ¢ D)
is a dominating set fo& if and only if it is a dominating set fo6’.

(R6) Analogous argument as for (R5) because the color of the intermediate wgdeknot matter in
the preceding argument.

(R7) Again, the argument for (R5) is valid here, as well. Observe that weuetede black now since,
otherwise (in particular when the ed@ier, u3} is present), it would be possibly better to patinto
the dominating set (instead ofor ). O

We say thats is areducedgraph if none of the above reduction rules can be appligd 6 none of
the rules (R1), (R2), (R4)-(R7) are applicablexowe termG nearly reduced

Let H := G[B] denote the (plane embedded) subgrapiGadhduced by the black vertices. L&t
denote the set of faces Bff. Say that a facg € F is emptyif, in the plane embedding @3, it does not
contain any white vertices.

Lemma?2. LetG = (BW W, E) be a plane black and white graph. If G (searly) reduced then the
white vertices form an independent set and every triangular facg Bf| is empty.
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Proof. The result easily follows from the reduction rules (R1), (R2), (R4), and (RT).

Let us introduce a further notion which is important in order to bound the running time of our reduction
algorithm . To this end, we introduce the following variants of reduction rules (R5) and (R6):
(R5) Ifthere is a white vertex of degree 2, with black neighboxg, 13 such that.; has at most seven
neighbors that have degree at leasafd there exists a black vertexand edge$u1, us} and{uz, us}
in G, then delete.
(R6) If there is a white vertex of degree 2, with black neighboxg, u3 such that:; has at most seven
neighbors that have degree at least#d there exists a white vertexand edge$u1, u2} and{uz, us}
in G, then delete.
We say thaG is acautiously reducedraph if (R1), (R2), (R4), (R%, (R6), and (R7) cannot be applied
anymore tdG. Observe that Lemm2is also valid for cautiously reduced graphs.

Lemma 3. Applying reduction rule$R1), (R2), (R4), (R9, (R6), and(R7),a given planar black and
white graphG = (B W W, E) can be transformed into a cautiously reduced graph= (B’ & W', E')
in time O (n), where n is the number of vertices in G

Proof. (R1) and (R2) can be applied in linear time, since all edges between white vertices and all white
vertices of degree one can be removed by two scans of the vertices of the graph. Observe that applying
rule (R1) may trigger (R2), and applying (R1) and (R2) may trigger the other rules, but not vice versa.
In the case of reduction rule (R4), for each white vertex of degree two, we determine the neighbors
andus and ask the query whethér, u2} is an edge irG. If this is the case, we remove In total we
have to answer at moslt(n) queries of this form, which can be done in linear time by sorting the edges
and the queries via radix sort.
In the case of rule (R7), for each white vertex of degree three, we determine the neighborsand
uz and ask the three queries whether any of the{sets: ;} (1<i, j<3,i # j) is an edge irG. If two of
these queries are answered positively, we remove total we have at mos? (n) queries of this form,
which can be answered in linear time.
The tricky part is with rules (R% and (R6), because we need some sort of amortized analysis. For
each white vertex of degree two, we determine the neighlapenduz of u and check whether one
of these vertices has at most seven neighbors that are of degree at least 4. (Observe that,fpr fixed
this can be done in constant time since we only need to determine the degrearafus in the graph
G —{v € V(G) : deg;(v) < 4}. These degrees could have been determined in a preprocessing step
in linear time.) If this is not the case (i.e., if both verticgsandus have more than seven neighbors of
degree atleast 4), we leave the graph unchanged, since we aim at a cautiously reduced instance. Otherwis
(assuming, w.l.o.qg, that; has at most seven such neighbors) we have to check whetlieconnected
to us by a vertexv. To answer this, we ask for each of the at most seven such neighltbesqueries
whether{v, u3} is an edge irG. If one such query is answered positively, we removin total we have
at mostO (n) queries of this form, which can be answered in linear time. It remains to check, whether
is connected taz by a vertexv of degree two or three. To cover these cases, we check for each vertex
of degree two or three, whether there are two neighbg@ndus of v (among which one vertex has to

5In the conference version of this paper, it was stated that a graph can be reduced with respect to all rules in linear time.
Thanks to Torben Hagerup (Augsburg) who pointed out a gap in our earlier argument and suggested the fix we here employ.
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have at most seven neighbors of degree at least 4 and) which are connected by a white vertex of degree
two. This requires at most three queries per vevt&@herefore the total number of queries again is linear
and, hence, can be answered in linear time.J

3.2. A new branching theorem

In the course of this section, we will prove the following main theorem of this paper.

Theorem 3.1. If G = (BW W, E) is a planar black and white graph that is nearly reductten there
exists a black vertex € B with deg; (1)<7.

Since the proof of Theore® 1is very technical, let us first give a brief overview of it. In Lem#have
specialize Euler’s well-known formula for planar graphs to planar black and white graphs. This is a core
tool within the proof of Theorem.1, which is done by contradiction. Lemndasets up some additional
information used in the proof of Theoredrl Some additional technical notations are then introduced to
simplify the statements and proofs of some more technical lemmas and propositions (exhibited in Section
3.3) on which the proof of TheorerB.1relies, and which are already used within this subsection.

The following technical lemma, based on an “Euler argument,” will be needed.

Lemma 4. Supposé&; = (BW W, E) is a nearly reduced connected plane black and white graph with b
black verticesw white verticesand e edges. Let the subgraph induced by the black vertices be denoted
H = G[B]. Letcy denote the number of connected components of H ang;letenote the number of
faces of H. Let

c= @b +w) —6) ¢ @
measure the extent to which G fails to be a triangulation of the plane. If the criterion

3w—4b —z+ fg—cg <7 (2)
is satisfiedthen there exists a black vertexe B with deg; (u)<7.

Proof. Letthe (total) numbers of vertices, edges, and fac&slué denoted, e, f, respectively. Lety,,
be the number of edges (& between black and white, and I8}, denote the number of edges between
black and black. With this notation, we have the following relationships.

v—e+ f=2 (Euler formula forG), 3)
v=>b+ w, 4)

€ = epp + Cpu, (5)

b—epp+ fu=1+cy ((extended) Euler formula fdt), (6)

—b—z=F (by Egs. 0), (3), and @)). (7)
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If the lemma were false, then the minimum degree would be at least eight. Hence, we would have,
using 6),
8b < 2epp +epy = epp+e. (8)

We will assume this and derive a contradiction. The following inequality holds:

3+cu =v+b—(epp+e)+ [+ fu (by(3)andE)),
<v+b—8b+ f+ fu (by (8)),
=3w-Th+ fg—4—z (by (7)),
=3w—4b+ fg—4—2 (by (4)).

This yields a contradiction t&]. O

We will prove Theoren8.1by contradiction. The reduction rules give us additional helpful properties
of an assumed counterexample. This is stated in the following lemma.

Lemma 5. If there is any counterexample to Theor@, then there is a connected counterexample
wheredeg; (u)>3forall u € W.

Proof. Supposes is a counterexample to the theorem. Since all connected componeataitfthen
also provide counterexamples, we can—w.l.0.g.—assumeXhgaiconnected. TherG; does not have
any white vertices of degree 1, else reduction rule (R2) can be applied:’lst obtained fronG by
simultaneously replacing every white veriernf degree 2 with neighborsandy by an edgdx, y}. The
neighbors< andy of u are necessarily black, else (R1) can be applied, and in each case tHe egge
not already present i@, else rule (R4) would apply. We argue th@tis nearly reduced. If not, then the
only possibility is that reduction rule (R7) applies to some white veutekdegree 3 inG’. If rule (R7)
did not apply tou in G, then one of the edges between the neighbotsrofist have been created in our
derivation of G’ from G, i.e., one of these edges replaced a white vartext degree 2. But this implies
that reduction rule (R6) could be applied@to «’, contradicting thaG is nearly reduced. O

Before giving the proof of Theore®.1, we introduce the following notation:

Notation: Let G = (B W W, E) be a plane black and white graph andJebe the set of faces a@f[B]

(not of G). Then, for eaclF € F, we let

e wr denote the number of white vertices embeddeld,in

e zr denote the number of edges that would have to be added in order to complete a triangulation of
that part of the embedding & contained i,

e tr denote the number of edges needed to triang#ates [ B] (that is, triangulating only between the
black vertices on the boundary Bf and noting that the boundary Bfmay not be connected), and

e ¢y denote the number of connected components of the bound&rynaihus 1.

Proof of Theorem 3.1.We can assume that if there is a counterexarfqleenG is connected (Lemma
5), but the black subgrapH := G[B] might not be connected. Moreover, by LemBae may assume
that deg; (u)>3 for allu € W. If cy denotes the number of componentdhfby induction orcy, it is
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easy to see that

cg —1= Z CF.

FeF

Also, if zis the number of edges needed to trianguateve clearly get

Z:ZZF'

FeF

Criterion ) from Lemma4 can be rephrased as

SZ wF—ZZF—4b+fH_CH<7a

FeF FeF

which is equivalent to

3 (wr+cr/3—27/3+1/3) —4b—2cy <6.
FeF

Now, assume that we can show the inequality
Wi+ cr/3— 25 /3 + 1/3<otr + ©)

for some constantsand g (which will be determined later) and for every fde®f the subgrapli. Call
this ourlinear boundassumption. Then, criterion (2) will hold if

BZ(atp+ﬁ)—4b—2cH:<3a > tp)+(3ﬁ21>—4b—2011<6.

FeF FeF FeF

Noting that) ...~ tF is the number of edges needed to trianguthteve have

Z tr =3b—6—¢pp.
FeF

The number of faces ¢l is ) .1 = fu = ep, — b+ 1+ cy, by Euler’s formula §). Together, these
give us the following targeted criterion:

3u(3b —6—epp) + 3p(eppy —b+1+cy) —4b — 2cy < 6.
Multiplying out and gathering terms, we need to establish (using the linear bound assumption) that
b9 — 3B —4) + epp(3f — 3u) + 3(L + cy) — 182 — 2cy < 6.

This inequality is easily verified far = g = 2/3.
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To complete the argument, we need to establish that our linear bound assur@ptvih ¢ = g = 2/3
holds for faces of nearly reduced graphs, i.e., that

wr + cp/3— 25 /3<2r /3 + 1/3, (10)

But this is a consequence of the following PropositiBri1and3.3.2 O

3.3. Proving the correctness of Eq. (10)

Lemma 6. LetG = (V1 W Vo, E) be a plane grapfwhere bothG[ V1] and G[V;] are forests. Therwe
can add edges between some of the verticd3 @yielding a graphG) so thatG[V1] is a tree andG is
(also a plane graph. The number of added edges equals the number of compor@fisiahinus one.

Proof. We construct a tree connecting tig-vertices among themselves by recursively decrementing
the number of components @[ V;] from | V1] to 1 by adding edges. This means that we are going to
prove the lemma by induction over the number of componenis[éf]. The induction base—where

the number of these components equals one—trivially holds. In the induction step, we use the following
claim.

Claim. LetG = (V1 W Vo, E) be a plane graphwhereVy is an independent set in G and whe&rgVs] is
a forest. Thenfor every vertex € Vi, there exists another vertex € V1 such that the edgg, v’} can
be additionally drawn in the embedded graph G without destroying planarity.

Assume that the claim has been verified and that the assertion of the lemma holds for all graphs where
G[V1] is a forest withc components. Consider now a gra@hwhich satisfies the assumptions of this
lemma and wher&[ V1] is a forest withe + 1 components. Let the grajghl = (V] W V>, E’) be obtained
from G by contracting all components 6f[ V1] to single vertices. Thet;’ satisfies the assumption of the
claim. Hence, a vertex can be drawn connecting two vertia®lx’ in V; which represent components
KandK’ in G. Clearly, the edge obtained by the claim can be drawn between two arbitrary vertices
andv’ belonging to components andK’, respectively. Now, the induction hypothesis can be applied to
G = G + e, sinceG has onlyc components.

Proof of the Claim. Take some vertex € V. If there is no cycle enclosing it is possible to connect
v with any other vertex ir¥/; without destroying planarity. Otherwise, consider the set of all embedded
cycles which enclose. This set is partially ordered by the relation “cydle contains cycleC,.” Take
the smallest of these cycles. SinG§V>] is acyclic by assumption, this cycle must contain at least one
vertexv’ from V1. By construction, an edge can be drawn betweandv” without destroying planarity.

O

Proposition 3.3.1. LetG = (B W W, E) be a nearly reduced plane black and white graph and let F be
a face ofG[B]. Then using the notation introduced abgwee have

wr +crp<zr + 1.
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Proof. Consider the “face-graphG r := G[Br U W], whereBy is the set of black vertices forming the
boundary ofF and Wy is the set of white vertices inside Note thatG r may consist of several “black
components,” connected only to white vertices. Contracting each of these black components into one
(black) vertex, we obtain thieipartite black and white graple’.. Note that both the black and also the
white vertices form independent setsGr). by the above construction, sinGeis assumed to be nearly
reduced. Clearlyi’. is still planar. Since&’,. is a bipartite planar graph, the assumptions of Lerbrage
fulfilled (with V1 being the white vertices arih being the black vertices) and we can connect the white
vertices by a forest oo — 1 white—white edges. Observe that the resulting black and white graph
again satisfies the assumptions of Lemr{@ow, V1 are the black vertices ariéb are the vertices that
induce a tree irG’). Thus, in addition, we can connect the black vertices among themselves by a tree of
cr black—black edges. Clearly, this implies that we can also add atdgastwy — 1 new edges t6G
without destroying planarity. Hence, we need at legst wy — 1 additional edges to triangulate the
interior of F in the graphG. O

The following technically involved lemma is used as induction base in the proof of Propd3iich
which completes the proof of TheoresriL

Lemma 7. Suppos& = (BWW, E) is anearly reduced plane black and white grapiith deg; («) = 3
forall u € W. Let F be a face o&[B]. Then using the notation introduced abqwee havew p<tr.

Proof. Let us consider a fixed embedding of the gr&pim the plane, and consider a fagef the black
induced subgrapty[B]. Let Wr € W be the set of white vertices in the interiorlefand letBr C B
denote the black vertices on the boundaryFo¥We want to find at leagiV| many black—black edges
that can be added G[ B] insideF without destroying planarity. For that purpose, define the set

EP®SS:= {e = {b1, b2} | b1,b2 € BF A e ¢ E(G[B])}

of pairs of black vertices that are not connected by an edge.
For a subseW’ C Wy, we construct a bipartite graph

HW') = (W W T(W), E(W))

as follows. InH (W’), the first bipartition set is formed by the verticds and the second one is given by
the set

T(W'):={e={b1,b2} € EP°|3u e W : e C Ng(u)).
The edges irH (W’) are then given by
EW') :={{u,e} |lueW,eecT(W), eC Ngu).

In this way, the sef (W’) gives us vertices ii{ (W') that correspond to paiws = {b;, by} of black
vertices inBy between which we still can draw an edgedihB]. Note that the edgecan even be drawn
in the interior ofF, sinceb; andb; are connected by a white vertex Wi’ C Wy and since each white
vertex has degree three by assumption. In particular, this means that

IT(Wr)I<tr. (11)
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by

Fig. 1. lllustration of a diamon® generated by a pair verticgsy, bo} € T(WF).

Also, observe that, due to reduction rule (R7), for emeh W, the neighborv (1) C Bf are connected
by at most one edge [ B]. By construction ofH (Wr), this means that

degyw, (w)=2 forall ue Wp. (12)

The degree deg . (e) for an element = {b1, b2} € T (W) tells us how many white vertices share
the pair{b1, b»} as common neighbors. We do case analysis according to this degree.

Casel: Suppose that degy,,,(e)<2 for alle € T(WF). Then,H (Wr) is a bipartite graph, in which
the first bipartition set has degree at least two (see R)) &nd the second bipartition set has degree at
most two. In this way, the second set cannot be smaller, which, using ineqadlityields

wr = |Wp| <|IT(Wp)| <tF.

Case2: There exist elements = {b1, by} in T(Wr) which are shared as common neighbors by
more than 2 white vertices (i.e., dggy,,(e) = m > 2). Suppose that we have, ..., u, € Wr with
Ng(u;) = {b1, b2, z;} (i.e.,{u;, e} € E(Wp)). We may assume that the vertices are ordered such that the
closed regioD bounded by{b1, u1, b2, u,,} contains all other verticas, . .., u,_1 (see Figl).

We call D the diamondgenerated bybq, b,}. Note thatD consists ofn — 1 regions, which we call
blocksin the following; the blockD; is bounded byb1, u;, bo, u;+1} (i =1, ..., m —1). LetW; C Wg,
and B; C Bp, respectively, denote the white and black, respectively, vertices that lig.ifror the
boundary vertice$b1, bo, u1, ..., u,}, we use the following conventioi, b are added to all blocks,
i.e.,b1, bo € B; foralli; andy; is added to the region where its third neighbolies in. A block is called
emptyif B; = {b1, b2} and, henceW; = #. Moreover, letwy, := ("' W; andBp := J"5" B:.

We only consider diamonds whetg andz,, are not contained iD (see Figl). The other cases can
be treated with similar arguments.

Note that each block of a diamommmay contain further diamonds, the blocks of which may contain
further diamonds, and so on. Since no diamonds overlap, the topological inclusion forms a natural ordering
on the set of diamonds and their blocks.

We now use the following claim.
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Claim. For each diamond D generated i1, b2}, we can addp (wheretp>|Wp|) many black—black
edges taG[B] other than{b1, b2}. All of these additional edges can be drawn inside D and we still have
the possibility to draw the eddé1, b}.

Using this claim, we can finish the proof of LemrtaConsider aII.dia.mo'ndﬁl, ..., D" which are
not contained in any further diamond. Suppd@¥ehas boundaryd, uy, by, uy, } with b1, b, € Br and

i
uy, Uy, € Wpg. Let

W= Wr \ (U WDi) :

i=1

According to the claim, we already foud;_, 7,,; many black—black edges iP°SSinside the diamonds

D'. Observe that each paifr = {5, b;} is only shared as common neighbors by at most two white vertices
(namely,ui1 anduini) in (sic!) W}.. Hence, the bipartite grapt (W.) again has the property that

° degq(W%)(e)<2 foralle e T(W},) and still

e degyy,,w>2forallu e Wj.°
Similar to Case 1 this proves that—additionally—we fiffvith "> | W) many edges iP5 Hence,

LrJ Wpi| <t'+ (Zr: [Di> < tr.
i=1

i=1

wr = |Wp| = |Wg|+

Proof of the Claim. We give an inductive argument proceeding from the “innermost” diamonds to the
outer ones with respect to the inclusion ordering mentioned above.

Induction baseConsider an innermost diamobdwith its blocksDs, ..., D,,—1. We give a proof for
the claim in the case wherg andz,, are not contained iD (see Figl). The other cases work similarly.
Suppose that there an€ <m — 1 many non-empty blocks. For each non-empty block, we consider the
bipartite graphH (W;). SinceD; has no further diamonds in its interior, we again have the property that
degyw,(e)<2foralle € T(W;). This shows thatW;|<|T (W;)| (with the same arguments as in Case 1).
Note that all edges € T (W;) can be drawn in the interior dp;. However, we might have us€ds, b,}
for each non-empty;, i.e., at mosin’ times. Since (according to the claim) we do not wish to use the
edge{bs, b2} at all, we use a set af’ many additional black—black edges frafiR®SSinstead. These can
be found as follows: From each (i = 1, ..., m — 1) we can find an additional black—black edge to a
black vertex in eitheD; (if z; ¢ B;) or D;_1 (if z; € B;).” An easy analysis shows that this gives
many additional edges.

Induction step Consider a diamon® generated byb1, b} with blocks D;, ..., D,, and suppose
that, for all further diamonds inside the blockxg, the claim already holds true. Suppose we had “in-

ner diamonds™DY, ..., D/ inside D;. For the vertices J/; W, the induction hypothesis already

6 Note that according to the claim the edg#$, b5} still can be used.
7If D; (if z; ¢ B;) or D;_1 (if z; € B;) is empty, a black—black edge can be drawn directly froro Zi410rz;_1.
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assures that we find at lealt}_, |W,.| many black-black edges fromiP°ss inside the diamonds

D}, ... Di/i- Hence, it remains to consid@éf’ := W; \ (Ué":l Wpe). The graphH (W/) has the properties
that

degywHw)=>2 forall ue W/
and that
degy ;) (e)<2 forall ee T(W)).

This means that we can argue in a manner similar to the induction base to see that we can find at least
Y =4 IW/| many additional black—black edges insid@ot using the edggh1, b2}. In total this gives us
at least

m

Ji
DLW Wl | = W

i=1 =1
many edges. O

We show in the following proposition that the assumption that;dey = 3 for allu € Wr is no
restriction.

Remark 1. If F; andF; are two faces of;[ B] with common boundary edgethenzr, + 75, + 1 equals
tr, where we now considdiG — ¢)[B], andF is the face which results from mergirfg and F> when
deletinge.

Proposition 3.3.2. Suppose; = (B W W, E) is a nearly reduced plane black and white gramhth
deg;(u)>3forall u € W. Let F be a face o&[B]. Then using the notation introduced abgowee have

WrIF.

Proof. Consider a nearly reduced black and white graph= (B W W, E) with deg;(«)>3 for all
u € W. If there is somer € W with deg; («) > 4, then delete arbitrarily all except four edges incident
with u. The black induced subgraph is preserved, and the resulting graph is still nearly reduced, since no
rules apply to white degree-4-vertices. We can therefore assume without loss of generality that all white
vertices ofG have maximum degree four.

We will now show the claim by induction on the numbet%) of white vertices of degree four. Lemma
7 can be taken as the induction base. Assume the claim holds for each graphWitix# and consider
now the case thab has¢ + 1 white degree-4-vertices. Choose some arbituaeyW with deg; (1) = 4.
Let {b1, ..., ba} be the neighbors af in clockwise order. Because of planarity, we may assume further
that{b1, b3} ¢ E. ConsidelG’ = (G — u) + {b1, b3}. We will argue thatG’ (or G” = (G — u) + {b2, bs}
in one special case) is nearly reduced. This means that the induction hypothesis ap@liedé¢ace,
wr<tr for all faces inG’[B]. Observe that;’ contains all the faces d& except for the facé& of G
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which containau; F might be replaced by two facdg and F> with common boundary edgeé:, b3}.

In this casewr, <tp, wr,<tr,, wr, + wr, + 1 = wr and, by Remarl, tr, + tr, + 1 = tr. Hence,

wp<tr by induction. In the case where faEestill exists inG’, it is trivial to see thaw p<rr.

To complete the proof, we argue th@t has to be nearly reduced, in particular with respect to (R7).
This is clear ifvb;, Vv € N(b;), deg; (v) = 4, since no reduction rules apply to degree-4-vertices. We
now address the possibility thahas degree-3-vertices as neighbors.

1. If a degree-3-vertexis a neighbor of soma;, but not of anyb;, j # i, then (R7) will not apply tos
in G’, if it has not been applicable toin G already.

2. Consider the case that a degree-3-verigxa neighbor of twa;, b;,i # j. If |{i, j} N {1, 3}|<1, then
introducing the edgé1, b3} will not add any further edge W (v). Hence, (R7) will not be applicable
tovin G’ unless we could have applied this rule alreadinf {i, j} = {1, 3}, then, by planarity,
{b2, by} ¢ E(G) and we could considet” = (G — u) + {b2, bs} instead ofG’ with an argument
similar to the caséi, j} = {2, 4}.

3. If a degree-3-vertexis a neighbor of three distinét, b;, b, then we can argue in a manner similar
to 2.

This concludes the proof of the proposition.O

3.4. The new search tree algorithm

In this section, we are going to explain our new search tree algorithm fotAATED) DOMINATING
Set on planar graphs. In order to be able to conclude our stated running times, we in fact need a corollary
of Theorem3.1first:

Corollary 3.2. Let G be a cautiously reduced planar black and white graph. Tecontains a black
vertex of degree at mogt

Proof. Let G’ be the graph obtained when reduci@durther with respect to all reduction rules (R1)—

(R7). In particular, each connected componerbis nearly reduced. Hence, there exists a black vertex
vwith deg; (v)<7 (in one such component). The only difference betw@eandG is thatG may contain

white vertices of degree two where both neighbors have more than seven neighbors that are of degree
at least 4. We argue that de@)<7. If this were not the case, themmust have additional neighbors

which are not present i@’. By the above observation an additional neighbor must be a white weaiex
degree two where both neighbors (in particular, the neigkipbave more than seven neighbors that are

of degree at least 4. Hence, there exist vertiges. ., v, € Ng(v) (¢>8) which are of degree at least 4.

Since these vertices are not removed by any of the reduction rules, it followsthat, vy € Ng/ (v)

which implies deg, (v) > 7, a contradiction. O

Theorem 3.3. (ANNOTATED) DomINATING SeT on planar graphs can be solved é(8n) time.

Proof. Use Corollarng.2for the construction of a search tree as described in the introduction given in Sec-
tion 1. This gives the following algorithm, initiated with the cafids-st( V,d, E,k, @),
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where((V, E), k) is the given planar graph instance.

pds-st (B, W, E,k,S):
/I Bis the set of black vertices of the graph instance
/IWis the set of white vertices of the graph instance
/[Eis the set of edges of the graph instance
/I kis the parameter of the instance
/I Sis the partial solution “found” so far

Il preprocessing

Exhaustively apply “cautious reduction rules” to (B, W, k);
IF k=0ANDB =W =@ THEN return S

IF k = 0AND(B # ) ORW # () THEN return ¢;

Il branching if k>0

pick some black vertex vof minimum degree;
B’ := BN N[v];
W’ =W N N[v];

FOREACH' € B’ DO
E' :={{u,v}|ue BUW}
S :=pds-st (B\N[V],WUNQ@),E\E k—1,SU{});
IF S’ # ¢ THEN break;
OD;
IF S’ =9 THEN
FOREACH' € W/ DO
E' ={{u,v'}|ue BUW};
S :=pds-st (B\NQ@), WUNQ@)\{V},E\E k-1 SU{'Y});
IF S’ # ¢ THEN break;
OoD;
return S

Note that performing the reduction in each node of the search tree, by L8nrgan be done in time
O (n). Moreover, it would be also possible to incorporate reduction rule (R3) to avoid further recursive
calls; the time analysis is valid in this case, as wellJ

Alternatively, using a reduction to a linear size problem kernel fomDating SET on planar graphs
shown in[4], we obtain the following result.

Theorem 3.4. (ANNOTATED) DOMINATING SeT on planar graphs can be solved &(8k + n®) time.

Proof. Use the same search tree algorithm as in The@@njust doing an additional preprocessing that
computes a siz@ (k) problem kernel planar graph (actually an instance ioiévatep DOMINATING SET)
in 0(n® time[4]. O
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Fig. 2. A graph that shows optimality of the bound derived in our branching theorem.
3.5. Optimality of the branching theorem

We conclude this section by the observation that, with respect to the set of reduction rules we introduced
in Section3.1, the upper bound in our branching theorem is optimal. More precisely, there exists a plane
reduced black and white graph with the property that all black vertices have degree 7. Such a graph is
shown in Fig2. Moreover, this example can be generalized to an infinite faghdyplane reduced black
and white graphs with the property that all black vertices have degree 7. The example giverRiisFig.
the smallest of all graphs in this class.

Each of the graphs i could be imagined to be drawn on a can or, mathematically speaking, on a
cylinder. On the bottom and the top of the cylinder, we embed the graph depicted 8 Fw vertices
with numbers 1 through 9 are at the rim of the top or of the bottom of the can. These numbers are meant
as an “interface” to the surface wrapped around the side face of the can. The (general) graph pattern usec
on the side face is depicted in Fig. It consists of two types of horizontal stripes. If the upper one is
denoted bys; and the lower one b§,, then consider some sidewall with the pattern described by the
expressiorSa (SgSa)” for somen>0. Hereby, the upper row of black vertices in the uppermost stripe of
the typeSx is numbered 12, 3,4, 5, 6, 7, 8, 9, 1. This describes the “can grapty,. The graphG,, has

2+ 9xn [the side wall + 2% 12 [the top and bottoin = 18z + 24
black vertices (each of degree seven) and

15%n + 6 [the side wall + 2 6 [the top and bottofin = 152 + 18
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& 5

Fig. 3. The top and bottom of the sample can.

1 2 3 4 5 6 7 8 9 1

Fig. 4. The sidewall pattern of the sample can.

white vertices (each of degree four). As the reader may ve&rgys the graph depicted in Fig. Moreover,
none of the graph&,, is reducible by means of any of the rules listed in Sec8dn

It is an interesting and challenging task to ask for further reduction rules that would yield a provably
better constant in the branching theorem. For example, one might think of the following straightforward
generalization of reduction rule (R6):
(R6") If there are white vertices;, up € W with Ng(u1) € Ng(u2), then delete:;.
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However, the graph in Fi@ is reduced even with respect to this generalized rulé¢\Réote that it is
not clear how to carry out this reduction rule in linear time (as is also the case for the original rule (R6)).

4. Conclusion

In this paper, we have given the first search tree algorithm proven to be correct (in particular, yielding
fixed-parameter tractability) for thedmnaTiIng SeET problem on planar graphs. Our result improves on
the original, flawed claims ifiL4,15] stating an exponential running time term of 1ihat we improve
here to 8.

Let us mention that thalgorithm which we propose for BminaTING SET on planar graphs is close
to trivial, while its analysis is very tricky but mathematically pleasing, since it offers new structural
insights. Conversely, all advanced search tree algorithms we are aware of (most notabigtex V
CoveRr [8,16,25,27] are quite tricky, although their analysis is a rather straightforward but tedious case
analysis which is not very elegant from a mathematical point of view.

The proof of our results for the search tree are ultimately based on the Euler formula. A generalization
to the class of graph(S,) (allowing a crossing-free embedding on an orientable sufacé genusg)
is given in[17]. Other recent considerations (not employing search trees) concerning the investigation of
DowmINATING SET on generalizations of planar graphs can be fouri@+i2,20,21]

The proof of our results relied heavily on the presented reduction rules. Recently, it has been empirically
shown that a combination of the reduction rules presented here with the reduction rules pregdited in
(which led to a linear size problem kernel) results in a useful algorithm to provide exact solutions for
domination problems on large sparse (not necessarily planar) graphs (with up to several thousands of
vertices)[2]. In particular, the reduction rules were tested on graphs that are related to the structure of
the Interne{2]. It was concluded ifi2] that these reduction rules should always be for preprocessing in
algorithms that search for high-quality solutions for domination problems. In general, the discovery of
powerful preprocessing rules might be viewed as one of the central productive outcomes of research in
parameterized algorithms.

Animmediate open question deriving from our work is whether one can improve the branching theorem
by adding further, more involved reduction rules besides the ones given here [@hdAlso, it would
be interesting to investigate whether and how the algorithm presented here might be combined with
the technically more intricate ones based on tree and branch decompdgditi®isA broader view on
providing exact algorithms for hard problems on planar graphs (together with some experimental findings)
can be found irn1].
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