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O
vervie

w

�

the
problem

:
O

S
C

M

�

the
m

ethodology:
param

eterized
algorithm

ics

�

our
solutions:

kernelization
and

search
tree

techniques;
how

and
w

hy
do

they
w

ork?

�

conclusions

2



O
ne-S

ided
C

rossing
M

inim
ization

k-O
S

C
M

G
iven:A

bipartite
graph

G �� V
1 �

V
2 �

E�

and
a

linear
order�

1
on

V
1 .

P
aram

eter:
k

Q
uestion:Is

there
a

linear
order�

on
V

2
such

that,
(1)

w
hen

the
vertices

from
V

1
are

placed
on

a
line

(also
called

layer)
L

1
in

the
order

induced
by�

1
and

(2)
w

hen
the

vertices
from

V
2

are
placed

on
a

second
layer

L
2

(parallelto
L

1 )
in

the
order

induced
by�

,
then

draw
ing

straightlines
for

each
edge

in
E

w
illintroduce

no
m

ore
than

k
edge

crossings.

3



B
ackground:

S
ugiy

am
a

Layering
A

lgorithm

P
roblem

:C
onstructa

“hierarchical”
draw

ing
ofa

given
directed

graph.

M
ethod:W

ork
in

three
phases:

�

A
ssign

vertices
to

“layers.”

�

F
ix

ordering
ofvertices

w
ithin

layers
s.

t.
#

ofcrossings
is

m
inim

ized.

�

D
eterm

ine
concrete

positions
ofvertices

according
to

ordering.

D
oing

the
2nd

step
layerw

isely
gives

O
S

C
M

.

4
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C
rossing

N
um

bers

F
or

any
tw

o
distinctvertices

u�

v�

V
2 ,

cuv
: �

#
crossings

in
the

draw
ing

of
G��

u�

v	�

� N� u� 


N� v���

w
hen

u�

v
is

assum
ed.

cuv
a

b
c

d
e

a



4
5

0
1

b
1



1

0
0

c
3

3



0
1

d
3

2
3



1

e
2

3
2

0



#

crossings
in

draw
ing

=
∑�

cuv� u�

v	 .
c

ab �

c
ac �

c
ad �

c
ae �

c
bc

�

c
bd �

c
be

�

c
cd �

c
ce �

c
d

e �

4�

5�

0�

1�
1�

0�
0�

0�

1�

1 �
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T
he

C
urse

of
C

om
binatorics

F
olklore:

N
early

all
“interesting”

com
putational

problem
s

in
graph

theory
are

“(N
P

-)hard”.
E

xam
ples:

�

F
ind

a
vertex

cover
ofsize�

k.

�

F
ind

an
independentsetofsize�

k.

�

F
ind

a
dom

inating
setofsize�

k.

�
���

7



P
aram

eteriz
ed

P
rob

lem
s

and
A

lgorithm
s

Idea:
m

easure
an

instance
in

tw
o

w
ays:

�

overallsize
n

and

�

param
eter

[size]k.

T
he

param
eter

can
(in

principle)
be

anything.
F

or
m

inim
ization,take

the
naturalparam

eter:
the

entity
to

be
m

inim
ized.

8



C
ontrolled

E
xplosion:

T
he

idea
ofparam

eterized
algorithm

s:
the

param
eter

is
sm

all.

n

k

9



P
aram

eteriz
ed

A
lgorithm

s
and

F
easibility

T
hree

equivalentcharacterizations
offixed

param
eter

tractable
F

P
T

:

�

running
tim

e
O� f� k� p� n��

for
arbitrary

f
and

a
polynom

ial
p;

�

running
tim

e
O� f� k���

p� n��
for

arbitrary
f

and
a

polynom
ial

p;

�

being
pol.-tim

e
reducible

to
a

problem
kernel,

i.e.,
another

instance
of

the
sam

e
problem

ofsize
O� f� k��

and
param

eter
O� g� k��

for
arbitrary

f�

g.

C
ontrast:

running
tim

e
O� n

k� .
10



P
aram

eteriz
ed

A
lgorithm

s
D

esign—
S

tandar
d

M
ethodology

1.
Look

for
a

suitable
param

eter.

2.
F

ind
appropriate

reduction
rules

to
geta

sm
allkernel

�

data
reduction.

3.
D

evelop
search

tree
algorithm

.

R
em

ark
1:

O
ther

“param
eterized

m
ethodologies”

available,butnot“practical.”

R
em

ark
2:

N
otion

ofW
[1]-hardness �

m
ethodology

m
ay

fail.

11



C
om

ple
xity

of
O

S
C

M

T
heorem

:
(E

ades,W
orm

ald
1994)

O
S

C
M

is
N

P
-com

plete.

T
heorem

:
(D

ujm
ović

and
11

m
ore

authors
G

D
’01,E

S
A

’01)
O

S
C

M
—

and
sim

ilar
problem

s—
are

in
F

P
T.

T
heorem

:
(D

ujm
ović

and
W

hitesides
G

D
’02)O

S
C

M
is

solvable
in

tim
e�� 1.6182

kn
2� .

T
heorem

:
(this

paper
G

D
’03)

O
S

C
M

is
solvable

in
tim

e

�� 1.4656
k�

kn
2� �

R
em

ark:
1.4656

40�

4,000,000,1.6182
40�

200,000,000
12



A
S

tepw
ise

A
pproac

h
to

O
S

C
M

G
iven

an
O

S
C

M
instance,

w
e

gradually
find

a
solution

by
settling

the
ordering

betw
een

u
and

v
on

V
2 ,i.e.,w

e
are

com
m

itting
u�

v
or

u�

v.

A
generalized

O
S

C
M

instance
therefore

contains,
besides

the
bipartite

graph
G �� V

1 �

V
2 �

E� ,a
partialordering

on
V

2 .

A
vertex

v�

V
2

is
fully

com
m

itted
if,for

allu�
V

2 ��
u�

v	 ,�

u�

v	

is
com

m
itted.13



R
eduction

R
ules

for
O

S
C

M

R
R

1:
F

or
every

pair
ofvertices�

u�

v	

from
V

2
w

ith
cuv �

0,com
m

it
u�

v.

Lem
m

a:
A

fter
exhaustively

applying
R

R
1,

every
pair

of
vertices�

u�

v	

from
V

2
w

hich
is

notcom
m

itted
satisfies

m
in�

cuv�
cvu	 �

1.

R
R

2:
F

or
every

pair
ofvertices�

u�

v	
from

V
2

w
ith

N� u� �

N� v� ,(arbitrarily)
com

-
m

it
u�

v.

R
R

LO
1:

If� G�

k�

O�

is
a

generalized
instance

ofO
S

C
M

s.t.
v�

V
2

is
fully

com
m

it-
ted ,reduce

to� G 


v�

k�

O 


v� .
14



C
ontin

uing
our

E
xam

ple
���

R
R

1
settles

allrelations
to

d

�R
R

LO
1

erases
d.

M
oreover,b�

e
w

illbe
com

m
itted.
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To
w

ards
a

P
rob

lem
K

ernel
for

O
S

C
M

Lem
m

a:
E

xhaustively
applying

R
R

1
and

R
R

LO
1 �

� V
2 � �

2k.

W
ith

som
e

m
ore

“order-related
reduction

rules”,w
e

w
ere

able
to

prove:

T
heorem

:
F

ix
som

e
1�

α�

1� 5. �

E
ach

instance� G�

k�

of
k-O

S
C

M
can

be
reduced

to
a

generalized
instance

� G �
�� V �

1 �

V �

2 �

E �� �

k ��

O�

w
ith� V �

2 � �

α
k.

18



A
P

rob
lem

K
ernel

for
O

S
C

M

W
e

only
need

the
follow

ing
(obvious)

rule:

R
R

large:
If

cuv �

k
then:

if
cvu �

k
then

com
m

it
v�

u
else

N
O

.

C
onsider

u�

V
2

has
deg� u� �

2k�

1.
T

hen,for
v�

V
2 !

u,
c

uv �

k
or

c
vu �

k.

H
ence,exhaustively

perform
ing

R
R

large
in

com
bination

w
ith

R
R

LO
1

rem
oves

allthe
vertices

of

V
2

ofdegree
larger

than
2k�

1.

T
heorem

:
F

or
any

1�

α�

1 �5,
k-O

S
C

M
adm

its
a

problem
kernelG �� V

1 �

V
2 �

E�

w
ith� V

1 � �� 2k�

1�� V
2 �� �

3k 2�

1 �5k� ,� V
2 � �

α
k,and� E� �� 2k�

1�� V
2 � .

R
em

ark:
N

ovelbehaviour
as

kernelization
schem

e
19



S
om

e
M

ore
H

elpful
Term

inology

In
a

generalized
instance,tw

o
unsettled

vertices
u�

v�

V
2

are

"

independentw
ith

respectto
w�

V
2

if# u$ w%

and# v$ w%

are
settled;

"

dependentw
ith

respectto
w�

V
2

if# u$ w%
or# v$ w%

are
unsettled;

"

independent(in
O

)
if# u$ v%

are
independentw

.r.t.
allw�

V
2 &# u$ v% ;

"

dependent(in
O

)
if# u$ v%

are
dependentw

.r.t.
som

e
w�

V
2 &# u$ v% ;

"

transitive
w

ith
respectto

w�

V
2

ifeither# u$ w%
or# v$ w%

is
settled

butnotboth.

A
pair# u$ v%('

V
2

w
ith

c
uv �

iand
c

vu �

j
is

also
called

an
i)

j
pattern.

20



A
nother

“O
rdering”

R
ule

R
R

LO
2:Ifu

and
v

are
independentin

a
generalized

O
S

C
M

instance
I �� G�

k�

O�

and
if

cuv �

cvu ,then
reduce

to
I �

�� G�
k 


cuv�
O


�� u�

v�	� .

21



K
ernelization:

the
C

om
plete

P
reprocessing

C
o
m
p
u
t
e
t
h
e

c
r
o
s
s
i
n
g

n
u
m
b
e
r
s

c
ab

f
o
r

a
l
l
p
a
i
r
s

� a$ b� .
I
f

k*

∑
a+ b, V

2 m
in� c

ab $ c
ba �

t
h
e
n
a
n
s
w
e
r

N
O
.

I
f

k-

∑
a+ b, V

2 m
ax� c

ab $ c
ba �

t
h
e
n
Y
E
S
;
o
u
t
p
u
t

a
n

a
r
b
i
t
r
a
r
y
l
i
n
e
a
r
o
r
d
e
r
.

A
p
p
l
y

r
e
d
u
c
t
i
o
n
r
u
l
e
s

R
R
1
,
R
R
2

(
a
n
d
R
R
3
)
.

A
p
p
l
y

r
e
d
u
c
t
i
o
n
r
u
l
e
s

R
R
L
O
1
,

R
R
L
O
2
,
a
n
d

R
R
l
a
r
g
e
e
x
h
a
u
s
t
i
v
e
l
y
.

T
he

running
tim

e
is

dom
inated

by
the

com
putation

of
the

crossing
num

bers,
taking

tim
e�� kn

2�

even
w

hen
com

bined
w

ith
R

R
large.

22



A
S

earch
Tree

A
lgorithm

for
O

S
C

M

E
ach

node
of

a
search

tree
is

associated
w

ith
a

generalized
O

S
C

M
instance

I �� G �� V
1 �

V
2 �

E� �

k�

O� .

Initially
(rootnode),

I
is

determ
ined

by
the

kernelization.

T
hen,a

recursive
algorithm

is
applied

(nextslide).

A
fterw

ards,w
e

argue
aboutrunning

tim
e

and
correctness.

23



A
S

earch
Tree

A
lgorithm

for
O

S
C

M

I
n

a
n
o
d
e

o
f
a

s
e
a
r
c
h
t
r
e
e
w
i
t
h

i
n
s
t
a
n
c
e

I �
� G$ k .$ O�

d
o

0
:

i
f

k .*

0
r
e
t
u
r
n

N
O
.

1
:

A
p
p
l
y

R
R
L
O
1
,

R
R
L
O
2
a
n
d

R
R
l
a
r
g
e
e
x
h
a
u
s
t
i
v
e
l
y
.

2
:

i
f

i
n

I
t
h
e
r
e

i
s
a
n

u
n
s
e
t
t
l
e
d

i)

j
p
a
t
t
e
r
n/ a

,
b0

s
u
c
h
t
h
a
t

i�

j-

4
b
r
a
n
c
h

o
n

a*

b
a
n
d

b*
a;

u
p
d
a
t
e

O
a
n
d

k .

a
c
c
o
r
d
i
n
g
l
y

3
:

e
l
s
e

i
f
i
n

I
t
h
e
r
e

i
s

a
d
e
p
e
n
d
e
n
t

2) 1
p
a
t
t
e
r
n/ a

,
b0

b
r
a
n
c
h

o
n

a*

b
a
n
d

b*

a;
u
p
d
a
t
e

O
a
n
d

k .

a
c
c
o
r
d
i
n
g
l
y

4
:

e
l
s
e/
/
t
h
e

r
e
m
a
i
n
i
n
g
2
/
1

p
a
t
t
e
r
n
s

a
r
e
i
n
d
e
p
e
n
d
e
n
t
;

t
h
u
s
,

R
R
L
O
2
a
p
p
l
i
e
s

r
e
s
o
l
v
e
a
l
l

r
e
m
a
i
n
i
n
g
1
/
1

p
a
t
t
e
r
n
s

a
r
b
i
t
r
a
r
i
l
y

u
p
d
a
t
e

I
a
n
d

k .

a
c
c
o
r
d
i
n
g
l
y
;

i
f

k .*
0
r
e
t
u
r
n

N
O

e
l
s
e

Y
E

S
.
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R
unning

T
im

e
A

nalysis

E
ach

internalnode
ofour

search
tree

has
tw

o
branches.

� b
1 �

b
2 � branching

vector:
one

branch
low

ers
the

param
eter

k �

by
b

1
and

the
other

by
b

2 .

M
ain

Lem
m

a:
Let�

u�

v	

be
a

pair
of

dependent
vertices

form
ing

2/1
pattern

in
step

3
ofthe

algorithm
.

T
hen�

u�

v	

is
transitive.

25



R
un

T
im

e
T

heorem
:

T
he

search
tree

takes�� 1.4656
kk 2�

tim
e.

E
ach

node
that

branches
on

a
transitive

2/1
pattern

com
m

its
by

transitivity
an

extra
i)

j
pattern

w
here

i$ j�

0. 1

In
each

internalnode:
b

1 �

b
2 -

4.

�

E
ach

node
ofthe

search
tree

has
branching

vector
(2,2)

or
(3,1).

D
educe

the
size

s� k�

ofthe
search

tree:

�

T
he

recurrence
corresponding

to
the

(2,2)
branching

vector
is

s� k� �

2s� k 


2���
�� 1� .

S
olving

this
recurrence

gives
s� k� �

1.4143
k.

�

T
he

recurrence
corresponding

to� 1�

3�
is

s� k� �

s� k 


1���

s� k 


3� �
�� 1� .

S
olving

this
recurrence

gives
s� k� �

1.4656
k.
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T
he

correctness
of

the
M

ain
Lem

m
a

relies
on

a
detailed

analysis
of

1/1
and

of
2/1

patterns.

T
he

m
ain

ingredients
ofthis

analysis
are:

�

A
com

plete
characterization

of1/1
patterns.

�

A
com

plete
characterization

of2/1
patterns.

�

R
eduction

rules
for

“halfofthe
cases.”

�

S
how

ing
the

M
ain

Lem
m

a
for

the
rem

aining
cases.

27



C
haracterizing

1/1
P

atterns,
1st

P
art

x
ya

b

Lem
m

a:
T

his
situation

is
resolved

by
R

R
2

(N� a� �
N� b� ).

28



C
haracterizing

1/1
P

atterns,
2nd

P
art

y
x 2

x
y

y 2

x

a
a

b
b

29



C
haracterizing

2/1
P

atterns,
1st

P
art

y 2

x

a
b

x 2
ya

b

y 3

x 2

x 3

y 2

R
R

3:In
these

situations,alw
ays

let
a�

b.
Lem

m
a:

T
hese

situations
are

resolved
by

R
R

3.

30



C
haracterizing

2/1
P

atterns,
2nd

P
art

x 2

y

b
a

x
x 22

x
y 22

y 2

y

b
a

31



C
ontin

uing
O

ur
E

xam
ple

���

H
ow

to
read

the
follow

ing
search

tree
graphics:

�

N
odes

contain
the

param
eter

value.

�

E
dges

are
labelled

w
ith

the
com

m
itted

orders;blue
labels

indicate
the

orders
com

m
itted

by
transitivity.

W
e

startw
ith

displaying
the

reduced
generalized

graph
instance

(and
the

corre-
sponding

table),assum
ing

w
e

started
w

ith
the

instance� G�

7� .
A

naturalheuristic
forw

orking
on

the
search

tree
is

to
firsttreat“dearestbranches.”
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C
rossing

N
um

bers

cuv
a

b
c

e
a




4
5

1
b

1




1
0

c
3

3




1
e

2
3

2



#

crossings
in

draw
ing

=
∑�

cuv� u�

v	 .

Low
erbound:∑

x$ y m
in�

cxy�

cyx	 .
H

ere
low

erbound �

7.
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C
onc

lusions:
S

um
m

ary

�

P
aram

eterized
algorithm

ics
can

exactly
solve

N
P

-hard
problem

s:

–
providing

a
w

ell-founded
notion

of data
reduction,and

–
putting

the
com

binatorialexplosion
in

som
e

“harm
less

spot.”

"

In
the

case
of

O
S

C
M

,
w

e
show

ed
how

to
develop

kernelization
rules

and
a

search
tree

algorithm
,yielding

an

4� 1.4656
k�

kn
2�

algorithm
,the

param
eter

being
the

#
ofperm

issible
crossings.

"

O
ur

sm
all

constants
m

ay
justify

the
layerw

ise
sw

eep
technique

traditionally
used

in
the

S
ugiyam

a
approach.
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C
onc

lusions:
O

utlook

�

F
urther

im
provem

ents
of

the
exponential

base
of

our
algorithm

for
O

S
C

M
m

ightbe
possible

atthe
expense

ofintensive
tedious

case
analysis

orfurther
structuralinsights.

�

T
he

param
eterized

approach
should

be
explored

for
other

areas
in

graph
draw

ing.
Typicalsm

allentities
are:

–
#

crossings

–
#

auxiliary
points

–
avg./m

ax.distance
betw

een
neighbouring

vertices,etc.
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