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Abstract. The aim of this paper is at least twofold:

− to give prospective PhD students in the area hints at where to start a promising
research and

− to supplement earlier reference lists on parallel grammars, trying to cover
recent papers as well as “older” papers which were somehow neglected in other
reviews.

Together with the nowadays classical book on L systems by G. Rozenberg and A. Sa-
lomaa and with the articles on L systems in the “Handbook of Formal Languages,”
researchers will be equipped with a hopefully comprehensive list of references and
ideas around parallel grammars.
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1. Introduction and disclaimer

It is simply impossible to cover all aspects of parallel grammars in the
short space and time given to the subject here. Moreover, it is not very
meaningful to narrow down the subject to a review on Lindenmayer
systems, which is of course tempting. Then, this chapter would be more
or less a repetition of material presented elsewhere in an excellent way,
see, e. g., [197, Vol. 1, Chapter 5] or [197, Vol. 3, Chapter 9] in the
Handbook of Formal Languages.

Instead, I will try to give an overview covering as many aspects of
parallel grammars as possible. As probably unavoidable, this overview
will be partly biased by the author’s own interests and his personal
history and background. I ask anyone who feels that his or her work
is underrepresented in this chapter to excuse this bias. In a way, this
paper can be also read as an annotated bibliography which largely sup-
plements the quoted chapters from the Handbook of Formal Languages.
Seen in this way, we hope that this paper is of help to other researchers
in this area, as well.
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Moreover, we give many possible research directions, hence hopefully
inspiring further studies. These directions are classified as Project Pro-
posal if we think the corresponding research leads to a bigger project,
including the possibility of writing several papers and/or a PhD thesis
on it, while a classification as Paper Proposal means that we think that
the idea is worth pursuing but that it will probably only lead to one
or two papers but not to a whole thesis. Due to the very nature of
research, the Project Proposals tend to be formulated in a rather gen-
eral, often informal way, while the Paper Proposals are more concrete
(mathematical) problems. For people starting their career in research,
it might be best to firstly work on some concrete problems and then
move towards the more general ones.

We assume throughout the paper some familiarity of the reader
with basic concepts of formal language theory. Especially, the Chomsky
hierarchy

L(REG) ( L(CF) ( L(CS) ( L(RE)

should be known.
In order to do our exposition in due space and time, we will refrain

from giving precise induction proofs of the mentioned results but fo-
cus on explaining the underlying ideas. This way, we hope that this
paper may serve as a good introduction to formal language theory re-
search as such, not restricted just to parallel grammars. Sometimes, we
even refrain from giving exact definitions. In any case, we give enough
references in order to trace down the exact meanings.

This chapter is organized as follows: In Section 2, we will exhibit the
different phenomena which can be encountered within parallel gram-
mars. Section 3 explains several phenomena and their formal language
modelling somehow in more depth. In Section 4, we present several
definitions important for parallel grammars and for understanding their
relations with other language description mechanisms. In Section 5, we
present some language theoretic results on parallel grammars, mainly
focussing on hierarchy questions. There, we also present some new
results concerning klET0L systems. We discuss in Section 6 several
interesting open questions concerning parallel grammars which could
be a starting point of research, not necessarily giving way to a whole
PhD thesis. Section 7 is devoted to the question which phenomena were
(originally) modelled by (parallel) grammars and whether it is possible
to interpret and communicate experiences and results meaningfully
“back” to the origin of the ideas. In Section 8, we discuss ways in
which parallel grammars has been applied to other areas and propose a
number of possible new application fields in terms of research projects.
Mathematical challenges are proposed as research projects in Section 9.
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We also provide a list of interesting web-sites and give a list of more
than 200 references which—in large part—can be seen as a supplement
and update to the huge literature lists of [198] and of [197, Vol. 1,
Chapter 5] or of [197, Vol. 3, Chapter 9], as well as of other chapters
of the handbook [197].

Finally, we hope to stimulate also people already working for some
time in formal language theory by providing several examples of appli-
cations of formal language theory which seem to be rather unknown (if
not surprising) even to specialists in the field.

2. A phenomenology

From an abstract level, parallel grammars (and automata) try to model
phenomena encountered in parallel processing.

Since in grammatical mechanisms for generating formal languages
the basic and simplest processing step is that of a replacement of one
symbol (or a string of contiguous symbols in the non-context-free case,
but this can be seen as a special case of the context-free case if we
consider parallel derivations restricted to adjacent symbols) by a string
of symbols. The most straightforward way to incorporate or model par-
allelism here is certainly to consider the possibility of doing a number of
derivation sub-steps in parallel—hence defining the notion of a parallel
derivation step.

One obvious possibility here is to allow (and enforce) the parallel
execution of a context-free derivation step in all possible places. This
basically leads to the theory of Lindenmayer systems, see [137, 138,
198].

For physical reasons (and often also biologically motivated), it is
unreasonable to assume that basic processing units (cells in the bi-
ological context) located in the midst of a larger computing facility
(body) may grow arbitrary (by “splitting” the cell due to some rule
of the form A → BC). This idea led, on the one hand, to the the-
ory of cellular automata (when we, for the moment, forget about the
differentiating aspects of grammars and automata), and on the other
hand to considering Lindenmayer systems with apical growth, as done
in [5, 7, 6, 12, 156, 179]. In this context, we should also mention ar-
ray grammars, which adhere to similar growth restriction, although
they are not necessarily parallel in nature, but, as often the case in
formal language theory, different concepts of rewriting—here the ideas
of array grammars and of parallelism in rewriting—can be fruitfully
combined [28, 68, 70, 172, 79, 229]. Even more interesting than the usu-
ally considered one-dimensional case are the higher-dimensional cases,
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where the restrictions of growth in the innermost cells of the body
become even more obvious, see [25, 34, 40, 79, 214].

When comparing the growth patterns, i. e., consider the develop-
ment of the length of the cellular strings as a function of time, which
are typically found within (certain types of simple) Lindenmayer sys-
tems [227], they mostly show polynomial or exponential growth. On
the other hand, in nature, we never encounter unlimited exponential
growth; this sort of growth pattern can only be observed over a limited
time (even with cancer cells or other cells living as “parasites”), since at
some point of time the host will die and this will immediately stop any
growth process. The most “natural” way to model this phenomenon is
to incorporate environmental factors, which are mostly determining the
limitation of growth, within the formal language model itself. In this
way, we arrive at several forms of limited parallel rewriting as discussed
in [56, 55, 86, 204, 243] or at forms of ecogrammar systems, see [30].

When discussing partial parallel rewriting,1 we could consider the
classical forms of sequential rewriting as a very special extreme case.
Coming from this end of the possible spectrum of parallel rewriting,
it is quite natural to consider also the parallel replacement of only “a
few” symbols as one rewriting step. As usual, both “grammatical” and
“automata-based” models can be considered here. Due to the multitude
of possible replacement strategies, we mention only a few of them in
the following:

− Equipping finite automata with more than one head can enhance
the power of finite automata beyond accepting regular languages,
see, e. g., [188, 213]. This idea is closely related to certain forms of
parallel grammars, as pointed out in [70, 172], basically leading to
a form of absolutely parallel (array) grammars further discussed
in the next item.

− In a grammatical mechanism where the replacement of terminal
symbols is not permitted, allowing a grammar to produce only
sentential forms containing a bounded number of nonterminal oc-
currences is a severe restriction basically known as “finite index
restriction.” In fact, regulated grammars of finite index (which
in case of most regulated rewriting mechanisms turn out to be
of equal generative power, see [72] for a recent account incor-
porating lots of references) can be equivalently “interpreted” as
doing one restricted parallel derivation step involving at most k
nonterminals, where k is the finite index of the grammar and all

1 We prefer to call this form of partial parallel rewriting “partial” instead of
“limited,” since the latter term has some nowadays fixed technical meaning.
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(`) nonterminals of a sentential form w must be replaced by a rule
of the form

(A1, . . . , A`)→ (w1, . . . , w`)

and the nonterminals A1 through A` appear in that order in w.
These absolutely parallel grammars introduced by V. Rajlich [182,
183] generalize towards scattered context grammars if we do not
insist on replacing all symbols of a sentential form in parallel, but
can select some of them (obeying the order imposed by the rule)
[93, 94]. A related notion is that of simple matrix grammars, see
[99, 144, 162, 163, 205].

− Taking into account complexity restrictions, it is also interesting to
study Turing machines having multiple heads, see [246] or Site 21.

− Instead of allowing or even enforcing that all occurrences of sym-
bols of a sentential form are replaced in one step, only a certain
limited number of replacements per step is allowed. This leads to
the theory of (uniformly) limited Lindenmayer systems, which we
discuss further in some detail below.

− Allowing finite automata or regular grammars to work in parallel
(in a possibly synchronized fashion) and combining the results
in the end is one of the historic roots leading towards what is
now known as parallel communicating grammar systems.2 Besides
allowing combination of results in the end, certain forms of com-
municating the results have been discussed, see [30, 32, 66, 221,
222]

− It is possible to consider combination of different forms of language
models of parallel computation. For example, D. Wätjen recently
investigated parallel communicating limited and uniformly limited
0L systems [242], as well as the team mechanism in limited rewrit-
ing [240], while Gy. Vaszil studied parallel communicating Linden-
mayer systems in a series of papers [222–224]. Another more clas-
sical example are the so-called Russian parallel grammars which
combine features from sequential and (Indian) parallel rewriting,
see [136].

Still other forms of parallelism can be observed in mathematics:
when a variable is replaced in an expression, this replacement has to
be consistent, meaning that each variable occurrence is replaced in
the same way. This phenomenon is also encountered in deterministic
Lindenmayer systems, as well as in the very similar Indian parallel

2 We will discuss such systems further in RP V III and give references there.
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grammars (or Bharat systems), see [127, 206]. Although the way of
obtaining languages is somehow different, we also have to mention
the notion of pattern languages in this context, see [8] and the In-
troduction/Synopsis on formal languages found in [197, Vol.1]; in fact,
these ideas have also been used to construct sorts of parallel grammars
[38, 148, 170]. Applications in the direction of parallel term rewriting
[29] point in a similar direction.

We conclude this section with a collection of places on the landscape
of formal languages where parallelism popped up in one form or an-
other; due to space limitations, we cannot go into details here, but, gen-
erally speaking, showing interrelations between all these mechanisms
would be indeed a fruitful stimulation of research.

− Collage grammars [49] are a grammatical mechanism based on
hyperedge replacement which has been proven to be very versa-
tile for picture description purposes; often, parallel features are
incorporated—or can be easily simulated—here.

− Besides studying grammars or automata, formal language theory
also deals with exploring operators on languages. Evidently, there
are also many “parallel” operators around. For example, the op-
eration of homomorphism can be seen as modelling a complete
parallel replacement operation; accordingly, D. Wätjen introduced
“(uniformly) k-limited homomorphism”3 modelling partial parallel
replacements [231, 232]. Insertion and deletion can also be seen
as parallel operations, as well as different forms of shuffle, see
[101, 130, 129, 131]. Another example of this interpretation can
be found in [91].

− Given a classical sequential context-free grammar G, it has been
studied the maximal height h(n) of possible derivation trees of
generatable words of length n. h(n) can be seen as a measure of
parallelism within a derivation of a word, see [20, 184].

− In a maybe broader sense, trace languages can be seen as a (very
successful) model of distributed computation. The interested reader
is referred to [197, Vol.3, Chapter 8] or the monograph [45].

3 which aren’t any morphisms any more from the strict algebraic perspective
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3. Selected phenomena

Looking closer at modeling biological phenomena, it is quite obvious
how certain cases often distinguished in formal language theory actual
reflect different biological phenomena:

erasing production A rule of the form A→ ε models the death of a
cell (which has been in state A before its disappearance).

chain rule A rule of the form A→ B reflects a change of state of the
corresponding cell.

growing rule A rule of the form A → BC models the split of a cell
previously being in state A, having two “children” being in state B
and C, respectively. As already discussed above, this kind of rule
makes sense biologically at the outermost part of the body or in
filamentous organisms, as originally targeted by A. Lindenmayer.

context A rule of the form ABA′ → ACA′ shows that the context-free
rule B → C is only applicable within an appropriate left and right
context. This way, the flow of signals can be modelled.

pure grammars They do not differentiate between terminal and non-
terminal symbols, so that all sentential forms generatable from
the grammar’s axiom are put into the generated language. This
notion is well-motivated biologically since the alphabet symbols
in L systems should denote certain “states” of cells, and it is not
reasonable to consider only organisms consisting of cells being in
peculiar states.

But there are more things which find rather straightforward mod-
elisations in the theory of L systems, even though this does not reflect
“usual” concepts in formal language theory. Stated positively, it shows
(again) how ideas from other areas (like biology) led to interesting
theoretical concepts in language theory. We mention a few examples in
the following:

offsprings Even some multi-cellular organisms do not (only) rely on
sexual reproduction, but they can “split” and produce offsprings
in this way. (Sometimes, this sort of reproduction is only by acci-
dent, as exemplified by some worms which (may) develop into two
separate organisms when split by force.) This phenomenon—called
fragmentation—was addressed in [191].

grown-up Higher organisms go through a couple of stages until they
reach full maturity. In an idealized interpretation, being grown-up
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or adult means that the overall “body” does not change anymore,
although “local changes” due to the death of some cells which is
compensated by the birth of others are possible. Adult languages
were considered in [192]. Related to this are the “death word
languages” discussed by M. Kudlek [128].

interaction with neighbouring cells For biology, organisms consist-
ing of cells which are not interacting with each other seems to be
quite “unnatural.” Possibly, one would not consider such a hypo-
thetical collection of cells as one organism on its own. Hence, it is
doubtful whether all the studies undertaken on basically context-
free partial parallel grammars can be meaningfully re-interpreted
in biological terms. In fact, in the case of Lindenmayer systems,
the incorporation of interaction was done in the very first pa-
per [137, 138], and interactionless systems were considered only
later [139]. In the case of limited Lindenmayer systems for example,
interactionless systems were considered first [231] and only recently
limited systems with interactions were investigated [53, 54].

If interaction with neighbouring cells is incorporated in math-
ematical models and formalisms, then the question arises what
neighborhood actually means, especially in the multidimensional
case. In the theory of cellular automata, several notions of neigh-
bourhoods were studied, see [228].

signals Closely related to the notion of neighbourhood is the idea of
using this neighbourhood in order to transport information from
one part of the body to another one. Information flow techniques
(or signals) are the basis of various algorithms for cellular au-
tomata, see [228]. Especially with parameterized L systems, this
issue arose also in L system models.

changing environmental conditions The change of growth patterns
in organisms can have various reasons, one of them being the
change of the environmental conditions which are responsible, e. g.,
for the annual rings observable in cut trees. This has led to the
introduction of so-called tables in Lindenmayer systems, where
each table is representing a certain special environment [190].

non-observable internal changes Often, it is not possible to di-
rectly observe what is going on in living organisms. The observable
changes can be due to various reasons.

In the more abstract model of Lindenmayer systems, this means
that we are not dealing with the language of words generated by
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an L system, but rather by codings of these words, where a coding
is a “renaming” homomorphism, see [193].

4. Some definitions and examples

Let us start with defining L systems (without interaction) and then
discuss several variants.

An interactionless Lindenmayer system with tables, for short a T0L
system, is given by a triple G = (Σ,H, ω), where the components fulfill
the following requirements:

− Σ is the alphabet.

− H is a finite set of finite substitutions H = {h1, . . . , ht}, i. e., hi :
a 7→ {w1, . . . , wni,a}, which means that each hi can be represented
by a list of context-free rules a→ w such that a ∈ Σ, w ∈ Σ∗; this
list for hi should satisfy that each symbol of Σ appears as the left
side of some rule in hi.

− ω ∈ Σ∗ is the axiom.

Some special cases are:

− t = 1: we have a 0L system.

− ∀1 ≤ i ≤ t ∀a ∈ Σ: ni,a = 1: deterministic T0L systems, or DT0L
for short; in other words, each hi is a homomorphism.

G defines a derivation relation ⇒ by x ⇒ y iff y ∈ hi(x) for some
1 ≤ i ≤ t, where we now interpret hi as substitution mapping. The
language generated by G is

L(G) = {w ∈ Σ∗ | ω ⇒∗ w }

with ⇒∗ denoting, as usual, the reflexive and transitive closure of ⇒.
Possible variants are the following ones:

− Given some “terminal alphabet” ∆, one might consider the ex-
tended language E(G,∆) = L(G) ∩∆∗.

− Given some coding function c : Σ → ∆, the language c(L(G)) =
{ c(w) | w ∈ L(G) } can be investigated.

− A(G) = {w ∈ L(G) | {w} = {u | w ⇒ u} } is the adult language
generated by G.
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The corresponding language classes will be denoted by ET0L, CT0L,
and AT0L, respectively. Again, variants like “A0L” denoting the adult
languages definable by 0L systems, can be considered.

Let us explain these variants by means of an example:

Example 1. Consider the language

L = {anbncn | n ≥ 1}.

A→ AA′, A′ → A′

B → BB′, B′ → B′

C → CC ′, C ′ → C ′

are the rules of a 0L system with axiom ABC which, together with
the coding A,A′ 7→ a, B,B′ 7→ b, and C,C ′ 7→ c describes L. More
precisely, for the n-step derivation, we can easily see that

ABC ⇒n A(A′)nB(B′)nC(C ′)n

from which the claim follows.
Taking these same rules plus the rules

A→ a, A′ → a, a→ F

B → b, B′ → b, b→ F

C → c, C ′ → c, c→ F

F → F

result in an E0L system (with axiom ABC) which also generates L
when taking {a, b, c} as terminal alphabet. Observe the technique of
synchronization by failure symbol F which we used here and which is
quite usual when designing ET0L systems.

The reader is encouraged to try to find an A0L system or, if (s)he
does not succeed, an AT0L system for L. This should give him/her
some intuition on how the adult mechanism works.

Let us end this subsection on different variants of Lindenmayer sys-
tems by introducing fragmentation (Finnish: Jakautua) more formally:
Let G = (Σ,H, ω) be a T0L system. Let q ∈ Σ be a special symbol
with only production q → q having q as left-hand side. Then,

J(G, q) := {v ∈ (Σ \ {q})∗ | ω ∗⇒ x, (x = v ∨ x = uqvqw)}.

(G, q) is also called a JT0L system. Obviously, it is also possible to
consider fragmentation as operation on languages L ⊆ Σ∗:

J(L, q) := {v ∈ (Σ \ {q})∗ | ∃x ∈ L(x = v ∨ x = uqvqw)}.

Then, J(G, q) = J(L(G), q).
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Example 2. Consider the J0L system (G, q) with

G = ({a, b, q}, h, aba) and

h = {a→ a, b→ abaqaba, q → q}.
By induction, it is easy to see that

J(G, q) = {aban, anba | n ≥ 1} :

In one derivation step, we have

aba⇒ aabaqabaa,

so that aba, aaba and abaa lie in J(G, q). If aban lies in J(G, q), then
aban+1 lies in J(G, q), as well:

aban ⇒ aabaqabaan.

Similarly, if anba lies in J(G, q), then an+1ba lies in J(G, q). By in-
duction, the inclusion ⊆ follows. The other direction is easily seen by
induction along the same lines, since no other words are producible
by G.

Up to now, we only considered interactionless Lindenmayer systems.
Going back to the original motivation for introducing Lindenmayer sys-
tems, this means that we disallow any communication between neigh-
bouring cells, which is biologically not a reasonable assumption. In
(i, j)L systems (or IL systems if the numbers i and j are arbitrary),
to the contrary, the i symbols “to the left” and the j symbols “to the
right” of the symbol which has to be replaced are taken into account.
If there are not i > 0 symbols to the left (e. g., when considering
the leftmost symbol), a special symbol # is considered as being read.
Similarly, “missing” right neighbours are handled. Let us consider a
concrete example:

Example 3. Let us consider the DIL system with axiom ad and the
following rules:

a b c d
# c b a d
a a b a d
b a b a d
c b c a ad
d a b a d

The derivation proceeds as follows:

ad⇒ cd⇒ aad⇒ cad⇒ abd⇒ cbd⇒ acd⇒ caad⇒ abaad

It can be observed that this system, also known as Gabor’s sloth (since
it was created by Gabor Herman) grows at a logarithmic scale.
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As regards different notions of partial parallelism, we have to rede-
fine the derivation relation accordingly. In the following, |x|a gives the
number of occurrences of a in x, generalizing the well-known notation
|x| yielding the length of x. Formally, all systems discussed below can be
specified like a T0L system G = (Σ,H, ω), H = {h1, . . . , ht}. Naturally,
the rewriting relation is defined in a different manner.

Bharat (T0B) systems x ⇒ y iff ∃1 ≤ i ≤ t ∃a ∈ Σ such that all
occurrences of a in x are replaced by some word in hi(a) to obtain
y from x;

k-limited (klT0L) systems x ⇒ y iff ∃1 ≤ i ≤ t ∀a ∈ Σ: min{|x|a,
k} occurrences of a in x are replaced by some word in hi(a) to
obtain y from x;

uniformly k-limited (uklT0L) systems x⇒ y iff ∃1 ≤ i ≤ t: min{|x|,
k} symbols in x are replaced according to hi to obtain y from x.

Example 4. Let us consider the following concrete system in more
detail:

G = ({a, b}, {{a→ aa, b→ ab}} , abb)
Let us look at some derivation sequences when interpreting G as 0L
system or as some form of partial parallel grammar.

0L system abb⇒ aaabab⇒ a6aba2ab.

0B system abb⇒ aabb⇒ aaabab⇒ a3abaab

1l0L system abb⇒ aaabb⇒ aaaabab⇒ a4ba3b

2l0L system abb⇒ aaabab⇒ a5abaab

u2l0L system abb⇒ aabab⇒ a4bab⇒ a6bab

It would be a good exercise to describe the languages generated by
G formally in set notation. Observe the different “growth patterns.”

Some other mechanisms of partial parallel rewriting—which are some-
times also considered as forms of regulated rewriting—, can be pre-
sented in a different form as follows:

A scattered context grammar is a construct

G = (Σ, P, S,∆), ∆ ⊂ Σ, S ∈ N := Σ \∆.

Here, P = {p1, . . . , pt} is a set of rules with

pi = (A1, . . . , Ani)→ (w1, . . . , wni)
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with Aj ∈ N and wj ∈ Σ∗ for 1 ≤ j ≤ ni. The rewrite relation is
defined as follows: x ⇒ y iff there is an i, 1 ≤ i ≤ t and if there are
words u0, . . . , ut ∈ Σ∗ such that

x = u0A1u1 . . . Aniuni and y = u0w1u1 . . . wniuni . (1)

Then, the language generated by G is again denoted by

L(G) = {w ∈ ∆∗ | S ∗⇒ w}.

Two variants (which are severe restrictions as to the generative power
of scattered context grammars) are important, since they “only” gen-
erate semilinear languages and can be characterized by many other
mechanisms. The family of scattered context languages is denoted as
LSC (or as L(SC− ε) if erasing rules are disallowed).

1. If, in addition, u0, . . . , uni ∈ ∆∗ in Eq. 1, then we have an absolutely
parallel grammar. These grammars can be characterized by regu-
lated grammars with the so-called finite index restriction imposed,
as well as by a certain variant of grammar systems with prescribed
teams, see [71, 172] and Theorem 2.

2. If, with exception of the start rules, each ni equals a specific n, then
(in principle) we arrive at simple matrix grammars. Traditionally,
their rewrite relation is defined slightly differently: each rule has to
be performed in a leftmost fashion; to make this restriction mean-
ingful, one has to require moreover that the nonterminal alphabet
is split into n disjoint sub-alphabet, each “responsible” for a certain
area in the grammar, see [99, 162]. However, to our knowledge, all
important results would stay the same if we consider the variant of
simple matrix grammars we defined by introducing it as a special
case of scattered context grammars, also confer [164].

Of some importance are the (even more special cases) of

− linear simple matrix languages—where each rule, with excep-
tion of the start rules—is a “list of linear rules,” and of

− right-linear simple matrix languages (or equal matrix languages)—
where each rule, with exception of the start rules—is a “list
of right-linear rules.”

Note that in these two special cases, the different interpretations of
simple matrix grammars coincide. In the literature, these grammars
were discussed in [63, 64, 144, 163, 205].
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As seen in [186], the so-called n-parallel grammars (and all the corre-
sponding special cases discussed in a series of papers by Rosebrugh
and Wood [185–187, 194, 245]) are in turn special cases of simple
matrix grammars; basically, the “communication” between the differ-
ent “branches” in a derivation of a simple matrix grammars (enabled
by the start rule) is not possible with n-parallel grammars; the only
“regulation” is by means of the “synchronization feature” inherent to
the definition of a simple matrix grammar derivation step.

Let us explain the mechanisms again by means of examples. More
precisely, we discuss three examples which are usually considered as
the key examples of linguistically relevant languages. Observe that it is
possible to describe all these languages by means of the simplest partial
parallel grammar mechanism we just described, namely equal matrix
languages. This comes by not much of a surprise, since already this lan-
guage family forms a nontrivial subfamily of the family of tree-adjoined
grammars (TAG) which is usually considered to be of a considerable
linguistic relevance, see [64, 109, 108].

Example 5. Let

Gi = ({S, S1, S2, S
′
1, S
′
2, a, b}, Pi, S, {a, b}),

where P1 contains the following rules:

(S) → (S1S2S
′
1)

(S1, S2, S
′
1) → (aS1, bS2, aS

′
1)

(S1, S2, S
′
1) → (a, b, a),

P2 contains the following rules:

(S) → (S1S2)
(S1, S2) → (aS1, aS2)
(S1, S2) → (bS1, bS2)
(S1, S2) → (a, a)
(S1, S2) → (b, b)

and P3 contains the following rules:

(S) → (S1S2)
(S1, S2) → (aS1, aS2)
(S1, S2) → (S′1, S

′
2)

(S′1, S
′
2) → (bS′1, bS

′
2)

(S′1, S
′
2) → (ε, ε).

parallelkluwer.tex; 20/01/2003; 16:22; p.14



15

Then, the generated languages are the following ones:

L(G1) = {anbnan | n ≥ 1}
L(G2) = {ww | w ∈ {a, b}+}
L(G3) = {anbmanbm | n,m ≥ 0}

We can state the following small result without proof, since it imme-
diately follows by our definitions. It is interesting here because it shows
that the examples above also apply to absolutely parallel grammars.

LEMMA 1. Each linear simple matrix grammar is an absolutely par-
allel grammar.

A technical remark: This lemma somehow explains why the examples
proving the strictness of the “finite index hierarchy” for regulated gram-
mars and the examples showing the strictness of the language hierarchy
induced by allowing (only) n rules in a matrix of some linear simple
matrix language are basically the same; in fact, this observation could
be helpful in a combined presentation of these results.

Finally, we will need some knowledge about language families dis-
cussed in detail in a lecture on regulated rewriting. We only “sketch”
the corresponding definitions here:

− An ordered grammar is a context-free grammar together with a
partial order on its rule set. A rule is only applicable to some
sentential form if it is applicable in the ordinary sense known from
context-free grammars and if no other “greater” rule is applicable
(in the context-free sense) to that sentential form; the yield of
an application of a rule is as known from Chomsky grammars.
The corresponding language families are written as L(O,CF[−ε]),
where −ε indicates that erasing rules are disallowed.

− A programmed grammar has—as rules—fragments of goto-programs
of the following form:(
` : A→ w,

{
if A occurs in ξ, then apply rule and goto σ
if A does not occur in ξ, then goto φ

)
Here, ` is some label, ξ is the current sentential form, σ and φ are
sets of labels of the given programmed grammar, called success
field and failure field, respectively. For a label set Λ, goto Λ means
that in the next derivation step, only rules labelled with some
` ∈ Λ can be applied. The corresponding language families are
written as L(P,CF[−ε], ac), where −ε indicates that erasing rules
are disallowed. Important special cases are:
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• If all failure fields are empty, then we have a grammar with-
out appearance checking whose language family is denoted as
L(P,CF[−ε]).

• If in each rule the success field and the failure field are iden-
tical, we have a grammar with unconditional transfer whose
language family is denoted as L(P,CF[−ε],ut).

It is also possible to consider ordered as well as programmed gram-
mars with other rule sets than context-free rules. Since we will not con-
sider them here, we exclude them from the definition above. Nonethe-
less, from the viewpoint of parallel grammars, combinations of tech-
niques from regulated rewriting with parallel grammars are quite in-
teresting. These kinds of grammars have been discussed for various
variants of parallel grammars. A (surely incomplete) list of papers is
[195, 37, 77, 85, 235–238].

In order to get him/herself familiar with these mechanisms, the
reader is invited to prove the following (easy) result:

THEOREM 1. L(O,CF−ε) ⊆ L(P,CF−ε, ut), L(O,CF) ⊆ L(P,CF, ut).

In fact, the inclusions are proper, which can be seen by the recur-
siveness of ordered languages, see [60], while there are non-recursive
programmed languages with unconditional transfer, see Theorem 22
below.

Although we will indicate below that programmed grammars with
unconditional transfer can be characterized via 1-limited Lindenmayer
systems, it would be instructive for the reader to directly prove that
each ordered grammar can be simulated by a 1-limited ET0L system. A
simulation by k-limited ET0L systems will be explained in Theorem 24.

An interesting variants are (regulated) context-free grammars with
the finite index restriction. A grammar is said to be of index k if each
word possesses a derivation δ in which each sentential form of δ has at
most k occurrences of nonterminals. A language is of index k if it is
generatable by a grammar of index k. A language is of finite index if
it is of index k for some k. Without proof, we mention the following
relation, see [71, 172, 199, 200]:

THEOREM 2. The family of absolutely parallel languages can be char-
acterized as the family of programmed languages of finite index and as
the family of ordered languages of finite index.
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5. Selected (mathematical) results

This section contains some overview of results on parallel grammars.
Most results on L systems can be found already in [198]. The “classical
questions” were also discussed in the papers introducing different forms
of partial parallel grammars, as [202, 231, 232] in the limited case.
A good web-site for limited Lindenmayer systems is the homepage of
D. Wätjen, see Site 20.

5.1. A topical overview

As usually done in formal language theory, the following questions were
attacked in the case of parallel grammars, as well:

− hierarchy questions,

− decidability questions, and

− closure property questions.

Furthermore, the following types of questions appear to be of general
interest (and have been subject of study in parallel grammars):

− combinatorial properties,

− descriptional complexity and normal forms, and

− learning / inductive inference.

In fact, as we will explain in the following, all these properties are
somehow interrelated, so that it is hard to focus on one aspect only.
Nonetheless, we will restrict ourselves in the following to hierarchy
questions, making deliberate use of other results when needed.

Hierarchy questions

What is the “power” of a concrete grammatical mechanism compared
to other, possibly better known language classes? Most effort has been
spent here on comparing

− parallel grammar mechanisms with the Chomsky hierarchy,

− parallel grammars with suitable types of regulated grammars,

− the different Lindenmayer system types inter alia, and

− partial parallel grammars with “similar” types of Lindenmayer
systems.
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As basic tools, inclusion relations are mostly shown by direct sim-
ulations (which sometimes rely on certain normal forms of the mech-
anisms), while strictness of certain inclusions can be either shown via
certain combinatorial properties of language classes in question (like the
well-known pumping lemmas for regular and context-free languages) or
by the absence/presence of certain decidability properties, although one
has to be very careful when making use of the latter tool, see [59, 62].

Decidability questions and complexity

The “classical” decidability questions are:

membership This question has two variants: The fixed membership
question is: given a language L of a certain type L, is this lan-
guage recursive, i. e., is there a Turing machine which may, given
any word w, decide whether w ∈ L holds or not. In a sense, this
question is also a “hierarchy question,” asking whether or not L is
included in the class of recursive languages.

The second variant is the general or uniform membership question:
given a grammar G of a certain grammar type G and a word w, is
w ∈ L(G) or not?

Note that while the first type of question is really about languages
and can hence be used for inferring hierarchy relations (for exam-
ple, if we know that all languages in L are recursive and that some
languages from L′ are non-recursive, than we can conclude that
L′ is not contained in L), the second type of question cannot be
used for this purpose. Nevertheless, answering the second type of
question affirmatively in the sense that there exists an algorithm
for solving the general membership problem, this immediately set-
tles the status of the first type of question affirmatively as well:
each language of the type in question is recursive, and this is also
the usual proof strategy for the first question, but we will learn to
know in this paper also another (indirect) proof in one case, see
Theorem 26.

emptiness Is the language given by a grammar of a certain type
empty or not? Note that for stating complexity results more easily,
there often the negation of this problem (i. e., non-emptiness) is
considered.

finiteness Is the language given by a grammar of a certain type finite
or not?

equivalence Are the languages of two given grammars the same?
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Other questions are: Is the language given by a grammar of a certain
type of type 1,2, or 3 in Chomky’s sense ? This is, more generally, the
so-called L-ness question: Is the language given by a grammar of a
certain type belonging to L ?

As we will see, there are also decidability questions rather specific
to parallel grammars in connection with growth properties.

Closure properties

Typical questions are: Is the language class under consideration closed
under the Boolean operations or under more language-theoretic opera-
tions like closure under star, concatenation, homomorphism, inverse ho-
momorphism or intersection with regular sets. A language class closed
under the last mentioned five operations and under union is called an
abstract family of languages (AFL). A language class which is not closed
under any of the six AFL operations is called an anti-AFL.

We now come to two issues which are also of general interest in
formal language theory, before turning to things which are more special
to parallel grammars.

Combinatorial properties

This kind of properties comprise pumping and interchange lemmas as
well-known for regular, linear and context-free languages (in fact, there
are also similar properties known for partial parallel grammars, see e. g.
[234]), as well as several properties of ET0L and EDT0L languages
(which are usually harder to formulate). For proving these properties,
normal forms are often useful. Since combinatorial properties are log-
ically of the form “Each language of language class L satisfies . . . ”,
they are very useful for providing non-examples, hence showing the
strictness of inclusions or non-comparability results.

Descriptional complexity issues and normal forms

Normal forms, in general, provide a way of having, if not a unique rep-
resentation, then at least a standardized representation of a language
of a certain language class. Well-known examples in this respect are
the Chomsky normal form for context-free grammars.

Normal forms are often helpful for establishing simulation results.
The proof of combinatorial results also often depends on them. Some
learning models explicitly require the use of normal forms.

A related question are questions of so-called descriptional complex-
ity. For example, is it possible to generated each context-free language
with just three nonterminals? This question has a negative answer, but
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the analogous question concerning the nonterminal complexity of scat-
tered context languages or programmed languages has an affirmative
answer, see [65, 82, 146]. If rewriting of terminal symbols is permitted,
the notion of active symbol complexity is to be studied instead (for
details concerning this notion, we refer to [19, 198, 233]). Another
question concerns the restriction of the number of rules or tables. In
a sense, also the question whether or not deterministic systems are
as powerful as nondeterministic ones is a question of descriptional
complexity, especially, if the degree of nondeterminism is quantified,
see [16, 17, 39]. For mechanisms involving context, also the “degree of
context-sensing” can be quantified, see [74, 73] in the case of scattered
context.

Learning/inductive inference

The main problem in this area can be described as follows: is it possible
to derive a correct (or at least approximative) description of a language
of a certain class when seeing the members of the language one by one
(and being given possibly additional side information). Depending on
the type of side information, how the information is provided (Is the
learner only “passive” or can (s)he take an active part, asking questions
or making experiments?), on what is exactly required to accept the
answer of a learner (Are “errors” tolerated?), and on how “certainly” a
learner is required to learn “successfully,” a whole multitude of learning
scenarios have been discussed in the literature.

Growth functions

This is a topic special to parallel grammars. With each DIL system
G, we can associate a function g which tells the length of the word
derived after n derivation steps. This growth function has been studied
extensively, and also related notions concerning more general forms of
Lindenmayer systems, see [226]. In this connection, also new types of
decidability questions arise, e. g.: is the growth function of a given D0L
system a polynomial function?

5.2. Some ideas on normal forms and descriptional

complexity

We are going to present here two results on ET0L systems:

LEMMA 2. For every ET0L system, we can construct an equivalent
ET0L system whose terminal symbols are only trivially rewritten, i. e.,
by rules of the form a→ a.
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For the (not difficult) proof of the lemma, we refer to [198].

THEOREM 3. Every ET0L language is generatable by an ET0L sys-
tem with only two tables.

Proof. If L is generated by an ET0L system G = (Σ,H, ω,∆) which
obeys the normal form of Lemma 2 with tables

H = {h1, . . . , ht},

then let [A, i] for A ∈ Σ \∆ and for 1 ≤ i ≤ t be a new alphabet. For
a ∈ ∆, let [a, i] be an alternative writing for a. Let

Σ′ = {[A, i] | A ∈ Σ, 1 ≤ i ≤ m}.

For a word x = ξ1 . . . ξm, let

[x, i] := [ξ1, i] . . . [ξm, i].

There are two tables in the simulating ET0L systemG′ = (Σ′,H ′, [ω, 1],∆):

− one simulation table containing, for all 1 ≤ i ≤ t, a rule [A, i] →
[w, i] iff A→ w ∈ hi, and

− one dispatcher table with rules [A, i] → [A, (i mod n) + 1] for all
1 ≤ i ≤ t and A ∈ Σ.

As usual here and in many similar subsequent situations, we leave the
detailed induction proof showing the correctness of the construction to
the reader.

Alternatively, we can phrase the last theorem as follows: ET0L
systems have a synchronization degree of two.

We only state a corresponding result for limited ET0L systems, see
[244] in combination with [234].

THEOREM 4. The synchronization degree of klET0L systems is at
most three and at least two.

Still, there are lots of open questions and unexplored areas concern-
ing questions of descriptional complexity, see RP XX.

5.3. Remarks on closure properties

One of the mathematically remarkable facts on Lindenmayer systems
is their lack of closure properties, which is actually due to the “pure
rewriting” which arises—as observed above—“naturally” with these
systems.

In order to back our results, we start with two simple observations:
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LEMMA 3. Each singleton language can be generated by a (uniformly
(limited)) PD0L system.

Proof. Take the word in question as axiom and introduce rules a→ a
for each symbol occurring in the word.

LEMMA 4. {a, aa} is no (uniformly (limited)) 0L language.
Proof. If it were a 0L language, then either a or aa must be the

axiom. If aa is the axiom, then, in order to obtain a, the system must
contain a rule a→ ε. But this would allow also the introduction of the
empty word, a contradiction.4 If a is the axiom, we would have the rule
a → aa in our rule set, so that the generated language would include
at least {a2n | n ≥ 0} in the case of 0L systems (for (uniformly) limited
systems, a similar contradiction is derived).

THEOREM 5. L(0L) is an anti-AFL. The statement is also true for
systems with determinism, propagation or more than one table. Analo-
gous results hold for (uniformly) limited systems.

We will only prove non-closure of 0L languages under four operations
by making use of the preceding two lemmas in order to communicate
the flavour of this kind of results:

union {a} ∪ {aa} = {a, aa} /∈ L(0L)

catenation {a} · {a, ε} = {a, aa} /∈ L(0L)

homomorphism h : a, b 7→ a ; h({a, bb}) = {a, aa} /∈ L(0L)

intersection with regular sets {a2n | n ≥ 0} ∩ {a, aa} = {a, aa} /∈
L(0L)

On the other hand, when Lindenmayer systems with extensions are
considered, we observe the same positive closure properties as for other
language families like the ones from the Chomsky hierarchy. Since this
kind of proofs is based on well-known techniques, we will omit them.

THEOREM 6. L(ET0L) forms an AFL.

THEOREM 7. L(E0L) is closed under all AFL operations except from
inverse homomorphisms.

4 When we consider {ε, a, aa} and {a, aa} as being “the same” language, we can
take {a, aaa} as example.
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5.4. More on growth functions

This subsection exposes some of the results found in the “discussion” of
the fifth section in the chapter on Lindenmayer systems in [197, Vol.1].

Given a DIL system G = (Σ, h, ω), the DIL growth function gG :
n 7→ |wn| for ω ⇒n wn gives the length of the word derived after n
steps. Due to the nature of rewriting in Lindenmayer systems, we can
immediately state:

LEMMA 5. No DIL growth function grows faster than exponential.

What kinds of functions can be realized as DIL growth functions?

1. exponential growth: consider the D0L system with rule a→ a2;

2. polynomial growth: a→ ab, b→ b generate, starting with a, abn;

3. logarithmic growth: see Example 3.

We will now study D0L growth functions in more detail, especially
under the aspects whether all types of growth observable for DIL sys-
tems can occur here, too.

Obviously, for interactionless Lindenmayer systems, gG does not de-
pend on the structure given by the sequence of letters of the axiom and
in the right-hand sides of the rules, it only matters how many symbols
of which type appear there. This information can be nicely stored in
a vector (the Parikh (row) vector of the axiom) and in a matrix (the
growth matrix of the rules). Let us explain these notions less formally
by means of an example:

Example 6. Consider the D0L system

G = ({a, b, c}, {a→ abc2, b→ bc2, c→ c}, a).

The growth matrix is:

MG :=

 1 1 2
0 1 2
0 0 1


The first row of MG is the Parikh (row) vector of abc2, the second row
the Parikh vector of bc2, and the third row is the Parikh vector of the
right-hand side of the rule c→ c. What is the matrix of Parikh vectors
of the words derivable from a, b, and c after two derivation steps? As
the reader might convince himself or herself, this is just the matrix

M2
G =

 1 2 6
0 1 4
0 0 1
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This means that the Parikh vector of the word derivable from the axiom
after two derivation steps can be computed by multiplying the Parikh
vector of the axiom with M2

G. Let us check for this example:

a⇒ abcc⇒ abccbcccc and (1 0 0) M2
G = (1 2 6)

We see that we cannot only use vectors and matrices for representing
growth patterns, but we also can use matrix algebra to compute the
growth function for certain arguments.

Moreover, we can use now classical results of matrix theory, e. g.,
that every matrix satisfies its own characteristic equation (Cayley-
Hamilton). In particular, this means that

Mn
G = c1M

n−1
G + c2M

n−2
G + . . .+ cnM

0
G,

from which we can derive the following recursion for the growth func-
tion gG:

gG(i+ n) = c1gG(i+ n− 1) + c2gG(i+ n− 2) + . . .+ cngG(i)

for all i ≥ 0. This way, it is often possible to express the function gG
explicitly. Let us reconsider our example:

Example 7. Let us compute M3
G for system G from Example 6. We

get

M3
G =

 1 3 12
0 1 6
0 0 1

 = c1

 1 2 6
0 1 4
0 0 1

+ c2

 1 1 2
0 1 2
0 0 1

+ c3I,

where I denotes the identity matrix. A little algebra reveals:

c1 = 3, c2 = −3, and c3 = 1.

This means that

gG(i+ 3) = 3gG(i+ 2)− 3gG(i+ 1) + gG(i)

with initial values

gG(0) = 1, gG(1) = 4, and gG(2) = 9.

As it might be guessed already from this sample sequence, we can
further conclude that gG(i) = i2 in general by verifying:

(i+ 3)2 = i2 + 6i+ 9 = 3(i+ 2)2 − 3(i+ 1)2 + i2.

This little piece of algebra has the following consequence:
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LEMMA 6. Assume that g is a D0L growth function with arbitrarily
long intervals on which it is constant, i. e., more formally:

∀k∃i : g(i) = g(i+ 1) = . . . = g(i+ k).

Then, g is ultimately constant.

This proves that there is no D0L growth function growing logarith-
mically like Gabor’s sloth:

COROLLARY 1. There are DIL growth functions which are not D0L
growth functions.

The mentioned algebraic formulation can be also used to attack some
natural decidability questions:

1. Growth equivalence for D0L systems: Given two D0L systems G1

and G2, do their growth functions gG1 and gG2 coincide?

THEOREM 8. Growth equivalence for D0L systems is decidable.

Proof. Let ni be the alphabet cardinality of Gi = (Σi, hi, ωi), i. e.,
ni = |Σi|. Then, as a further consequence of the Hamilton-Cayley
Theorem, gG1 = gG2 iff ∀0 ≤ i ≤ n1 + n2(gG1(i) = gG2(i)).

2. Polynomiality problem for D0L systems: Given a D0L system, de-
cide whether its growth function is a polynomial.

THEOREM 9. The polynomiality problem for D0L systems is de-
cidable.

Idea: A rule a→ w with more than one occurrence of a in w implies
exponential growth. “More indirect” situations are detectable by a
“stage construction” as known from the elimination procedure for
erasing rules in context-free grammars.

3. Momentary stagnation: A D0L system G is said to stagnate mo-
mentarily if there exists a t such that gG(t) = gG(t + 1). It is
open whether the following problem is decidable or not: determine
whether a given D0L system stagnates momentarily or not. Equiva-
lently, this problem can be posed purely algebraically: Decide, given
an n×n matrix M with (possibly negative) integer entries, whether
or not there exist a t such that a zero appears as entry in the right
upper corner of M t. More precisely, this re-formulation is decidable
when n = 2, but the problem is open when n ≥ 3.
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5.5. Some “typical” decidability results

Already in the preceding subsection, we listed some decidability results
typical in the area of Lindenmayer systems. Here, we continue this list.
Note that (some of) these problems make also sense for other parallel
rewriting mechanisms, but, to our knowledge, these questions weren’t
attacked for systems other than the (by now) classical Lindenmayer
ones. Proofs or hints to the literature can be found in the chapter on
L systems in [197, Vol.1].

Given two DIL systems G1 and G2, Gi = (Σi, hi, ωi), the question
to determine whether or not the infinite sequences

ω1, h
1
1(ω1), h2

1(ω1), h3
1(ω1), . . .

and
ω2, h

1
2(ω2), h2

2(ω2), h3
2(ω2), . . .

coincide or not is the sequence equivalence problem.

THEOREM 10. Both the sequence equivalence and the language equiv-
alence problems are decidable for D0L systems.

Define, for any Lindenmayer system G with axiom ω, the sequence
cardinality function

dG : n 7→ |{w | ω ⇒n w}| .

Given two systems G1 and G2, the sequence cardinality problem ask
two determine if dG1 = dG2 .

THEOREM 11. Sequence cardinality is undecidable when given two
DT0L or two 0L systems.

A Lindenmayer system is derivation slender iff there exists a con-
stant c such that dG(n) ≤ c for all n ≥ 0.

THEOREM 12. Derivation slenderness is decidable for D0L systems.

Intriguingly, the seemingly related slenderness problem is open for
D0L systems. Recall that a language L is called slender if there exists
a constant c such that, for each n ≥ 0, there are at most c words of
length n in L.

We end this section with listing some (un-)decidability results which
are in a sense not so “typical” for Lindenmayer systems.

THEOREM 13. Language equivalence is undecidable for P0L systems.
The context-freeness, regularity and 0L-ness problems are undecidable
for E0L systems.
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Next, we restrict ourselves to unary 0L systems, also called UL systems.
Here, things tend to be easier, since—by interpreting words as unary
numbers—tools from number theory come at hand.

THEOREM 14. Language equivalence between TUL and UL systems,
as well as between TUL systems and regular grammars, is decidable.
Regularity and UL-ness is decidable for TUL languages, as the TUL-
ness for regular languages.

5.6. Details on hierarchy relations

5.6.0.1. Parallel versus sequential derivations We will study how context-
free languages relate to E0L, lE0L and A0L languages.

LEMMA 7. Any context-free grammar can be simulated by an (l)E0L
system.

Proof. The idea is quite simple and we will encounter it in many
situations when we like to circumvent the enforced parallel derivation:
we only have to add all rules a→ a to the rule set of the given context-
free grammar.

Together with Example 1, we can deduce:

THEOREM 15. L(CF) ( L(E0L) ∩ L(lE0L).

Here, it is the place to pose a first small project, which could also
be part of a larger one (of RP XX):

Research Paper Proposal No. I: Call a symbol x to be used in parallel
if x → x is not a rule of the considered E0L system or the only one
containing x as left-hand side. How “large” is the class L(E0L)k of E0L
languages which are generatable by systems where at most k symbols
are to be used in parallel? Does this definition of a degree of parallelism
entail an infinite hierarchy? Note that by definition it is clear that

L(CF) = L(E0L)0 ⊆ L(E0L)1 ⊆ L(E0L)2 ⊆ · · · ⊆ L(E0L)

2

Without full proof, we further state the following rather surprising
result:

THEOREM 16. L(CF) = L(A0L).

The proof direction ⊇ is rather tricky and omitted. To understand
why A0L systems are not more powerful than context-free grammars,
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the reader might wish to see where the constructions of Example 1
fails. The reader should think for a moment why the construction given
in Lemma 7 does not always work in this situation. Correct guess:
the context-free grammar could contain useless rules so that words
not consisting solely of terminals could become “stable.” Referring to
the well-known technique for eliminating useless rules (which is again
sort of normal form for context-free grammars) makes the previous
argument applicable.

Finally, we mention another interesting result in this context without
proof:

THEOREM 17. L(ET0L) = L(AT0L).

We pose the examination of different kinds of adult languages as
research project, see RP II. A recent paper in this area is [157].

5.6.0.2. Lindenmayer systems and ordered grammars Although the
following result is also proved in the chapter on Lindenmayer systems
in [197], we reproduce the idea of the proof, since it shows how different
language theoretic results must come together in order to obtain such
type of result.

THEOREM 18. L(ET0L) ( L(O,CF− ε).

In the course of the proof, we have to make use of the following
results which we state without proof. Observe that these results can be
classified as a normal form result, as a closure property result and as a
combinatorial result.

THEOREM 19. L(ET0L) = L(EPT0L).

LEMMA 8. L(O,CF− ε) is closed under union.

From a combinatorial property of ET0L systems detailed in [198],
one can deduce:

COROLLARY 2. L = {(abm)ncn | m ≥ n ≥ 1} /∈ L(ET0L)

Observe the dependence of the “inner loop” on the “outer loop” in
the example language. This is typical for known non-ETOL languages.

Based on the mentioned three results, we can prove Theorem 18:
Let L ⊆ ∆∗ be an ET0L language. Let L be decomposed as

L =
⋃
a∈∆

aLa ∪ LF
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where
La = {w ∈ ∆+ | aw ∈ L}

is basically the left derivative of L under a and LF is some finite
language. The two theorems 19 and 6 show that each La is in fact
an EPT0L language.

We are going to show that each language aLa is an ordered language,
which, together with Lemma 8 proves the desired result.

Let La by described by an ET0L system Ga = (Σ,H, ω,∆) with
H = {h1, . . . , ht}. Let Σ′ be an alphabet of primed symbols from Σ.
We interpret ′ also as homomorphism, which means that ′ : A 7→ A′. Let
S, F,A be three new symbols, the start symbol, the failure symbol and a
symbol which will finally generate the leftmost a of aLa. The nontermi-
nal alphabet of the simulating ordered grammar G′a = (N,P, S,∆, <)
is given by

N := Σ′ ∪ {S, F,A} ∪ ((Σ ∪ {A})× {k | 1 ≤ k ≤ t}).

The last part of the alphabet contains symbols which are able to keep
track of the table which is currently simulated.

We now describe the simulating rules together with their use in the
simulation.

S → (A, k)ω′ for 1 ≤ k ≤ t

is a set of start rules. A simulation of table k (1 ≤ k ≤ t) is done by se-
quentialisation, requiring—as usual—a marking and a real application
phase. The marking is realized by the following rules:

B′ → (B, k)
〈

(A, s)→ F for 1 ≤ s ≤ t, s 6= k
A→ F

Then, the actual application of table hk is simulated by

(B, k)→ w′
〈

C ′ → F for C ∈ Σ
A→ F

In order to “switch” between the simulation of different tables, an
application of a “dispatcher rule” can be intercalated after every full
simulation phase of one table application:

(A, k)→ (A, s) < (B, r)→ F for 1 ≤ k, r, s ≤ t, B ∈ Σ.

Alternatively to starting a new table application, it could be chosen to
terminate. This is accomplished by the following rules:

(A, k)→ A

〈
(B, k)→ F for B ∈ Σ
B′ → F for B ∈ Σ \∆
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b′ → b < (A, k)→ F for b ∈ ∆, 1 ≤ k ≤ t

A→ a < b′ → F for b ∈ ∆

5.6.0.3. Limited Lindenmayer systems In the following, we present
three results, which originally appeared in [231, 36, 77, 61] (in that
order):

THEOREM 20. Each klET0L language is also a 1lET0L language

THEOREM 21. Each klET0L language is a programmed language with
unconditional transfer and each programmed language with uncondi-
tional transfer is a 1lET0L language. A similar statement is true for
languages generatable by systems/grammars disallowing erasing rules.

THEOREM 22. There are non-recursive klDT0L languages.

The latter theorem is particularly interesting, since programmed
grammars with unconditional transfer have a decidable emptiness prob-
lem, see [189].

Theorem 20 can be shown in the following way: basically, we have
k additional “marking tables” which ensure that after their applica-
tion we have, if possible, (at least) k different versions of symbols are
present. To this end, we have, for each symbol A, marked symbols A[i, j]
with 1 ≤ i, j ≤ k.

More precisely, marking table Mi has the following rules: A→ A[i, i]
and A[i−1, j]→ A[i, j] for each symbol A and j < i; all other (marked)
symbols are sent to a special failure symbol F .

Then, for each original table h, there is a simulating table h′ con-
taining rule A[k, j] → w if A → w is present in h, as well as A →
A.

The problem of a possible “shortcut” by using, e. g., table Mk

(instead of M1) immediately after the use of a simulation table can
be circumvented by using an additional special symbol for marking the
“state” of the simulation. Then, a special termination table must be
added.

This is the reason why—with the given proof—Theorem 20 is not
valid in the propagating case.

Observe that the previous proof uses two frequent techniques in
this area: sequentialisation of rule applications and explicit state in-
formation. These two techniques will be also used in the proof of
Theorem 21:

For simulating 1lET0L systems with programmed grammars with
unconditional transfer, we introduce, for each table h, one simulation
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loop which enables, for each symbol a, some rule a → w of h to be
simulated by using a′ → w. Moreover, there is a general “priming loop”
where, for each symbol a, there is a rule a → a′. Assuming a certain
normal form for 1lET0L systems (namely, only “nonterminal” symbols
are “non-constantly” replaced, see [231]), this basically shows the se-
quentialisation construction of J. Dassow [36]. Observe that we need
not show how to simulate klET0L systems by programmed grammars
in general, since this follows by Theorem 20.

For the other direction, we make use of explicit state information
stored in a special symbol. Then, for each rule (p : A → w, γ) of a
programmed grammar, we introduce a table with rules p→ q for each
q ∈ γ and A → w, as well as a couple of failure rules. The “state
symbol” is erased only when a terminal string is derived (by means of
a special termination table).

In this place, let us prove (one part of) the following generalization
of Theorem 20, which supplements a theorem previously shown by D.
Wätjen [231]:

THEOREM 23. Consider two natural numbers k1 and k2. Then,

− (k1k2)lEPT0L ⊆ k1lEPT0L and

− (k1k2)lET0L ⊆ k1lET0L.
Proof. We only give the proof for the first assertion. The second

one is shown in [231]. Let some (k1k2)lEPT0L system be specified by
G = (Σ,H, ω,∆). For each A ∈ Σ and each 1 ≤ i, j ≤ k2, we have
symbols A, Ai and A[i, j] (as well as the failure symbol F ) in the
alphabet Σ′ of the simulating k1lEPT0L system G′. In order to simulate
an application of some table h ∈ H, G′ has to apply a sequence of tables
described by the regular expression

T ∗0M1T
∗
1M2T

∗
2 . . .Mk2−1T

∗
k2−1Mk2h

′∗

We describe the corresponding tables in the following.

− T0 has as only rules not leading to the failure symbol A→ A1 and
A1 → A1 for each symbol A ∈ Σ.

− Mi (for i = 1, . . . , k2) contains, for each A ∈ Σ, Ai → A[i, i] and
A[i− 1, j]→ A[i, j] for j < i as only non-failure rules.

− Ti (for i = 1, . . . , k2 − 1) has as non-failure rules Ai → Ai+1,
Ai+1 → Ai+1, A[i, j]→ A[i, j] for each A ∈ Σ and j ≤ i.

− h′ contains A[k2, j] → w for j ≤ k2 if A → w ∈ h. Moreover,
conversion rules Ak2 → A and A→ A for A ∈ Σ are supplied. All
other rules are leading to the failure symbol.
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Observe that a similar idea of “distributing the state information”
can be used to show that 1lEPT0L systems can simulate programmed
grammars with unconditional transfer without erasing rules: for each
symbol A (be it terminal or nonterminal) of the programmed grammar
G and for each label p, we introduce symbols [A, p] and (A, p). An
application of a rule p : A → w, σ = φ, w = a1 . . . am, is simulated by
a table application of hp,q (with q ∈ σ) containing

[A, p]→ (a1, q) . . . (am, q)

as the only non-failure rules besides [B, p]→ (B, p) for B 6= A.
Then, a table tp→q containing [X, p] → (X, q) and (X, q) → (X, q)

for each grammar symbol X of G as only non-failure rules is exhaus-
tively applied.

Finally, apply exhaustively tq with (X, q) → [X, q] and [X, q] →
[X, q] as non-failure rules for each grammar symbol X of G.

The (easy) specification of a start and a termination table is left to
the reader.

Let us now prove Theorem 22 (similar as done in [57, 61]): In order
to prove this sort of result, it is often important to choose the “right”
computability model. We will use a variant of register machines in
the following. In this model, each register is capable of storing a non-
negative integer. Registers are labelled by positive integers. The input
of a program for computing a function from positive integers to positive
integers is stored in the first register, and the output is expected to be
found in the second register.

Example 8. An example of a register machine program (RMP) is
given now:

L1 : a1

L2 : a2

L3 : JZ1L7

L4 : s1

L5 : a2

L6 : JNZ1L4

L7 : END

So, an RMP consists of a sequence of labelled commands

− for incrementing and decrementing5 register numbered i (by the
commands ai and si, respectively),

5 In RMP, a modified decrement is used: if a register containing zero is
decremented, it will contain also zero afterwards.
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− for jumping if register numbered i is zero or not (by JZi and JNZi,
respectively),

− for indicating the END of an RMP.

Example 8 computes x+ 2 for each input x; if the start were at L3, the
identity function would be computed.

If an RMP uses at most r registers and ` labels, we call it an r-RMP.

DEFINITION 1. Let k ≥ 1. A klT0L machine is given by M = (Σ,
{h1, . . . , ht}, {σ, x, y, R}), where Σ and {h1, . . . , ht} are the total
alphabet and the set of tables, respectively. σ, x, y,R are special symbols
in Σ. We say that M computes the function f : IN−◦→IN iff the corre-
sponding klT0L system GM,n = (Σ, {h1, . . . , ht}, xknRσ, k) with axiom
xknRσ generates a word of the form ykmσ if and only if m = f(n).
Especially, there is at most one word in {y}∗{σ} ∩ L(GM,n).

LEMMA 9. For any computable function f : IN−◦→IN and any k ≥ 1,
there exists a klT0L machine computing f .

Proof. f : IN−◦→IN can be described by an (r, `)-RMP P . We
describe a simulating klT0L machine M = (Σ, H, {σ, x, y,R}) with

Σ = {σ, F,R, S,A1, . . . , Ar, y, C1, . . . , Cr} ∪ L ∪ L′,

where we identify x with A1. F is a failure symbol; in the following,
we list only productions which do not lead to F . L = {L1, . . . , L`} is
the set of labels controlling the simulation of the program P . L′ is a
set of primed version of the labels in L. Without loss of generality, we
can assume that every jump statement in P is actually a sequence of
two complementary statements: JZi lab1 and JNZi lab2 which carry
the same register index i.

The set of tables H consists of

− one initialization table hI containing σ → σ, x → x and R →
C1 · · ·CrL1;

− two termination tables hT containing σ → σ, Ai → ε for i 6= 2,
A2 → y, L` → S, S → S, y → y, Ci → Ci for i ≤ r; and h′T
consisting of σ → σ, Ci → ε for i ≤ r, S → ε, and y → y.
This way, the result is transferred from register number 2 into a
sequence of y’s.

− for any label Lj , there corresponds one or two simulation tables.
We explain them below.

− Ls : ai: Ls → Ls+1, Ci → AkiCi, Cj → Cj for j 6= i, Aj → Aj for
1 ≤ j ≤ r, σ → σ.
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− Ls : si: Ls → Ls+1, Ai → ε, Cj → Cj for 1 ≤ j ≤ r, Aj → Aj for
j 6= i, σ → σ.

− Ls : JZiLt: Ls → Lt, Cj → Cj for 1 ≤ j ≤ r, Aj → Aj for j 6= i,
σ → σ.

− Ls : JNZiLt: There are two simulating tables here:

• t1: Ls → L′s, Ai → σAi, Cj → Cj for 1 ≤ j ≤ r, Aj → Aj for
j 6= i, σ → σ.

• t2: L′s → Lt, σ → ε, Cj → Cj and Aj → Aj for 1 ≤ j ≤ r.

In the tables above, we only included productions not leading to
the failure symbol F . Such failure productions must be added for each
nonterminal not appearing as the left-hand side of some production of
the considered table.

Observe that we do not (and probably cannot) bother about the
sequence in which the symbols occur in a string derived via M . Never-
theless, the correctness of the construction is easily seen when observing
the special role of σ as a success witness6: the critical point is namely to
check for the presence of a certain symbol which certifies the non-zero
status of a register (when simulating the JNZ command); in the case
of an erroneous jump simulation, the symbol σ will we erased and will
never be introduced again.

With the help of Lemma 9, Theorem 22 can be easily proven: Let M
be a klT0L machine computing a function f with nonrecursive range.
Consider the klT0L system GM,n as constructed above. The construc-
tion ensures that GM,n is indeed deterministic. The klDT0L system
G we are going to construct has the same tables as GM,n except the
initialization table hI which is replaced by two tables hI,1 consisting of
R→ Ak1R and A1 → A1, and hI,2 consisting of R→ C1 · · ·CrL1σ and
A1 → A1. The axiom of G is R. Obviously, ykmσ ∈ L(G) ⇐⇒ m ∈
f(IN). If L(G) were recursive, the range of f would be recursive, too:
a contradiction.

As an addendum to [231] (where it was proven that klET0L systems
can simulate ET0L systems) which shows (again) that klET0L systems
are quite powerful, we prove:

THEOREM 24. For any k ≥ 1, L(O,CF) ( L(klET0L).
Proof.
We only sketch the crucial simulation: The klET0L system has as

alphabet—besides the terminal and nonterminal symbols of the ordered
6 A technique originally used by Stotskii in [211].
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grammar G, primed version of terminal symbols as well as special (new)
symbols σ, χ, α and F . The priming operation will be seen as morphism
keeping other symbols than terminal symbols of G unchanged.

We start with axiom σS, where S is the start symbol of the ordered
grammar and σ is a special symbol indicating “simulation mode.” Each
rule p : A→ w of G is simulated by two tables:

1. One table hp containing A → αkw′, A → A, as well as B → F
for each left-hand side B of any rule greater than A → w in G.
Moreover, hp contains rules X → X for the other nonterminals and
rules b′ → b′ for the terminals b. The simulation mode marker σ is
turned into the checking mode marker by applying σ → χ; while
all terminal symbols, α and χ (as well as F ) is sent to the failure
symbol F .

2. Another table h′p as as only non-failure rules: χ→ σ and α→ ε, as
well as X ′ → X ′ for any nonterminal and terminal of G.

h′p checks that when applying hp, rule A→ αw′ was applied at most
once. This is important since an application of a rule A → w might
introduce a symbol which prevents a second application of A→ w in a
row in the ordered grammar.

A terminating table t containing rules b′ → b′ and b → b for
terminals b and σ → ε allows to stop the simulation. The introduc-
tion of primed versions of terminal symbols was necessary in order to
prevent premature applications of the terminating table (followed by
“uncontrolled” use of some tables hp.)

Unfortunately, the above simulation does not carry over to the case
of disallowing erasing rules. However, observe that in the case of k = 1,
the introduction of σ, χ and α is unnecessary. This means that essen-
tially no new nonterminal are introduced (and again erased) in this
case, which shows that this simulation also works in the case when
disallowing erasing rules when k = 1.

5.6.0.4. Uniformly limited systems We briefly mention some results
and open problems concerning hierarchy results on uniform limitation.

By combining results of K. Salomaa on k-parallel context-free gram-
mars7 with Wätjen’s theorem proving the equivalence with uniformly
k-limited E0L systems (see [202, 232]), we can infer:

THEOREM 25. The language families of k-uniformly limited E0L sys-
tems form an infinite hierarchy:

L(CF) = L(1ulE0L) ( L(2ulE0L) ( L(3ulE0L) ( · · · .
7 not to be confused with the notion of n-parallel grammars due to D. Wood
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In contrast to limited systems, uniformly limited systems are related
to programmed grammars without appearance checking:

THEOREM 26. For all k ≥ 1, we have:

L(kulET0L) ⊆ L(P,CF)
L(kulEPT0L) ⊆ L(P,CF− ε)

The proof idea of this result, which appeared in [67], is interesting on
its own, since it contains (possibly) non-algorithmic elements in the
erasing case: namely, the assumption that, given a kulET0L system
G = (Σ,H, ω,∆) with terminal set ∆, we can compute the finite set

L′ := L(G) ∩ {w ∈ ∆∗ | |w| ≤ k}.

Consider now a slight variant of uniform k-limitation (called exact
uniform k-limitation): x ⇒ex y if y is obtained from x by replacing
exactly k symbols in x. If Lex(H) denotes the language generated in
this way by a kulET0L system H, then it is not hard to see that

L(G) = Lex(G) ∪
⋃
w∈L′

Lex(G[w])

where G[w] is the system with axiom w (instead of ω).
Now, we can observe that each exact uniformly limited system can

be simulated by a programmed grammar without appearance checking
by sequentialisation. Due to the closure of L(P,CF) under union, the
theorem follows.

Moreover, since L(P,CF) contains only recursive languages, we are
inclined to believe that L′ can be computed algorithmically, but, un-
fortunately, we have no proof for this property.

Furthermore, the strictness of the inclusions in the preceding the-
orem is unknown. A variant of uniformly limited systems where the
inclusion of the above theorem is indeed an equality was discussed
in [58].

Due to the existence of appropriate combinatorial lemmas, we can
state (without proof):

THEOREM 27.

− For each k ≥ 1, L(klE0L) ( L(klET0L), and

− For each k ≥ 1, L(klE0L) ( L(klET0L), and
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Similar results hold for propagating and deterministic systems, as
well.

5.7. A result on scattered context grammars

We start with proving that scattered context grammars are indeed
universal computational devices, because, again, it turns out to be
important for the conciseness of the proof to choose the “right” com-
putational model. More precisely, we rely on the following result which
can be found in any introduction to formal language theory (if not,
have a look on the proof of the undecidability of Post’s correspondence
problem):

THEOREM 28. Every recursively enumerable language can be repre-
sented as the homomorphic image of the intersection of two context-free
languages.

THEOREM 29. L(RE) = L(SC).
Proof. For the direction ⊇, we appeal to Church’s thesis (a direct

proof is tedious but not complicated).
For the other inclusion, we make use of Theorem 28. So, let G1 and

G2 be two context-free grammars,

Gi = (Σi, Pi, Si,∆), i = 1, 2, Σ1 ∩ Σ2 = ∆.

Let h : ∆ → T be a homomorphism with ∆ ∩ T = ∅. Define as total
alphabet of the simulating scattered context grammar G = (Σ, P, S,∆)

Σ := Σ1 ∪ Σ2 ∪ {S, $} ∪ T,

where S and $ are two new symbols. Observe that the symbols from ∆
are now interpreted as nonterminal symbols. The rules of the scattered
context grammar are the following ones:

− (S)→ ($S1$$S2$) as start rule;

− (A)→ w for each A→ w ∈ P1 ∪ P2; these rules allow to simulate
the given two context-free grammars;

− ($, A, $, $, A, $) → (h(A), $, $, ε, $, $) for each A ∈ ∆; this way, a
string $w$$w$ with w ∈ ∆∗ will be transformed into h(w)$4;

− ($, $, $, $)→ (ε, ε, ε, ε).

In this connection, let us mention the following inclusion result
whose strictness is a long-standing open question:
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LEMMA 10. L(SC− ε) ⊆ L(CS).

Furthermore, let us mention that the proof of Theorem 29 shows that
every language representable as the morphic image of the intersection of
two context-free languages of finite index is also an absolutely parallel
language. It would be interesting to see whether the other direction
holds true as well. Here, Theorem 2 could be helpful.

6. Selected (open technical) questions

In view of what has been done so far, already these abridged intro-
duction raises some question of certain interest, although each of them
is probably not covering a whole thesis as far as foreseeable; proba-
bly more advanced questions are contained in Section 9 for the more
mathematically minded students.

Research Paper Proposal No. II: Adult languages are meant to model
“maturity” in grown-up organisms whose growth pattern is modelled by
means of a Lindenmayer system G = (Σ,H, ω). Even when considering
yourself, you can easily observe that the adultness condition formulated
by A. Walker is not actually covering “reality,” where small changes can
be observed also in adult organisms. By using a suitable bound on the
measure of “closeness” between strings representing subsequent states
of the development of a body, a reasonable generalization of the original
notion of an adult language is obtainable, e. g.,

Aabs,δ(G) = {w ∈ Σ∗ | ∀v ∈ Σ∗ : w ⇒G v ; µ(w, v) ≤ δ }

for bounding the absolute deviation between subsequent states and

Arel,δ(G) = {w ∈ Σ∗ | ∀v ∈ Σ∗ : w ⇒G v ; µ(w, v) ≤ δmax(|w|, |v|) }

for bounding the relative deviation between subsequent states. Observe
that, for each system G, A(G) = Aabs,0(G) = Arel,0(G) holds. So, it
seems to be worthwhile studying the corresponding language classes
Aabs,δ and Arel,δ for various values of δ more thoroughly.

In a variant of this project, one could allow/consider also the corre-
sponding classes obtained by partially parallel grammars. This way, a
larger project could emerge.

Note that other modifications of the notion of adult language have
been considered in [117]. 2

Given the good biological motivation of fragmentation, it might be
interesting to study this mechanism also in connection with language
description mechanisms different from L systems.
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Research Paper Proposal No. III: Investigate the effect of the fragmen-
tation operator applied to (uniformly) limited or Bharat systems (or
other parallel grammars). In particular, it would be interesting to see
whether results like

L(EJ0L) = L(E0L)

transfer to other cases. 2

Research Paper Proposal No. IV: Investigate the effect of codings (or
homomorphisms, weak codings, k-limited homomorphisms, . . . ) on (uni-
formly) limited systems. 2

Probably, both small projects together might also serve as a larger
project on “effects of operators on pure partial parallel languages.”

We already discussed in the section introducing the definition of sim-
ple matrix languages that there exist, in a sense, two different notions
of this grammar mechanism. Therefore, the following small research
project can be stated rather briefly:

Research Paper Proposal No. V: Investigate and compare the two no-
tions of simple matrix grammars with context-free cores. 2

7. Modelling

Since their very beginnings, automata and grammars were defined tak-
ing ideas from nature. The most prominent examples here are probably

− the ideas of McCulloch and Pitt [145] which led to the considera-
tion of neural networks,

− the investigations of von Neumann [23] laying the foundations of
the theory of cellular automata,8

− and the models proposed by Lindenmayer [137] for simple fil-
amentous organisms which initiated the theory of Lindenmayer
systems.

In more recent times, we only mention here the emerging theories of
DNA computing [197, Vol. 2, Chapter 7] and membrane computing,
motivated by biological phenomena, and quantum computing, also see
[167, 171], as well as Site 18. Due to the inherent parallelisms found
in nature, all these model are in fact models of parallel computation.

8 More information regarding cellular automata can be found on the Site 1; in
fact, cellular automata and Lindenmayer systems are quite popular computational
models, so that many WWW sites can be found which deal with them.
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A detailed recent account of various (parallel) models of computation
can be found in [24].

Research Project Proposal No. VI: In comparison with the huge amount
of literature generated in this way the impact of language theory on
biology and other sciences seems to be rather small. One of the reasons
might be that language theory tends to present its results in a rather
abstract, mathematical fashion, while biologists prefer seeing concrete
results and examples. So, work relating abstract ideas with biological
data is highly welcome and would probably re-intensify the collabo-
ration of language theorists and biologists. For example, observe that
the first papers on Lindenmayer systems were actually published in
biology journals [137–139], but later on almost all papers appeared
in journals dedicated to Theoretical Computer Science, see the list of
references in [198]. A notable exception is a recent sequence of papers
applying Lindenmayer systems to model the developments of forests,
see [133, 132]. Of course, also the papers of P. Prusinkiewicz and his col-
laborators deserved to mentioned here, most of them appearing recently
in Computer Graphics Conferences and Journals. In view of potential
research, interesting examples of articles are: [43, 176, 177, 181]. In
this respect, the interview of A. Lindenmayer published in [113] is
very interesting, since it discusses the biological (ir)relevance of certain
concepts introduced in the theory of Lindenmayer systems.

Related questions—but pointing to a more mathematical project—
are discussed in Project IX. 2

Research Project Proposal No. VII: Another related source of inspira-
tion for defining grammatical mechanism are the social sciences, or,
more general, human behaviour or human interaction. Historically, Tur-
ing’s paper [219]—where he defines a model of computation (nowadays
known as Turing machine) by abstracting the behaviour of a “calcula-
tor” (who was in those times a human being with certain mathematical
skills)—can be seen as a first attempt in this direction.

Later on, the definition of cooperating distributed grammar sys-
tems [197, Vol.2, Chapter 4] or, as a recent survey containing (new)
research directions, [112], and of colonies [115, 116, 114], where largely
motivated by social theories. This remark includes other more special
issues like the formation of teams as modelled in [168].9

Again, the impact of all these theories on social sciences seems to be
rather limited, with the notable exception of applications of grammar
systems in linguistics, see [107, 143]. So, it would be very beneficial—
both from the point of view of language theory and from the point

9 Much material on grammar systems can be found online at the Site 4.
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of view of humanities—to see a back-flow of results or insights from
(abstract) formal language theory to concrete problems in humanities,
best if concerning areas where ideas motivating the formal language
considerations were taken from. 2

Possibly more in the sense of applications but on modelling, but
nonetheless quite related to the previous two project suggestions, we
like to mention here the following research proposal:

Research Project Proposal No. VIII: Both Lindenmayer systems and
CD grammar systems were invented to model certain phenomena in real
life. On the other hand, there is the nowadays growing area of artificial
life (with conferences explicitly dedicated to this area). It would be
interesting to see whether grammatical mechanisms as the mentioned
ones could establish a mathematical backbone in this area. Note that
some computer graphics applications—as mentioned in RP V I—can
be viewed as a step in this direction, also see [178]. More can be found
at Site 16 2

The behaviour of cooperating distributed grammar systems might
be described best as concurrent or distributed (as opposed to [synchro-
nized] massively parallel computation). But since with the advent of
the internet concurrency and parallelism tend to be used as synonyms
by practitioners—some of them even coined the new notion of grid
computing for talking about internet-based coarse-grained parallelism
or concurrency issues, see [78]—, cooperating distributed grammar sys-
tems, colonies etc. can be listed as parallel grammars, as well. Networks
of language processors can be seen as a step in this direction, which
might also involve explicit parallel derivation steps, see [31].

Research Project Proposal No. IX: Parallel communicating grammar
systems (PCGS) were somehow invented to model phenomena encoun-
tered in synchronized parallel processing. Unfortunately again, papers
showing the real applicability of this sort of grammatical mechanism
within the original area are scarce. A recent exception in this direction
is [111].

Aho and others used parallel finite automata to model communica-
tion protocols by automata, see [3, 2]. It would be therefore interesting
to see applications of PCGS in areas like protocol specification and the
semantics of parallel programming languages. 2
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8. Applications

Here, we discuss applications of parallel grammars which can be either
found in the literature or which we think are viable future projects.

8.1. What has been done

In actual fact, Lindenmayer systems can be viewed—besides finite au-
tomata and context-free grammars—as the most useful “inventions” of
the whole field of formal languages. Notably, they have been applied in
computer graphics and developmental biology, as can be seen in [197,
Vol.3, Chapter 9] or, more in depth, in [180].

Let us briefly review the essentials of most computer graphics ap-
plications of Lindenmayer systems, which are, in fact, not exactly re-
stricted to parallel grammars. Site 2 is an example of the multitude of
nice “small” web-pages on this popular topic. More tutorial pages can
be found in the collection listed on Site 6. Especially worth mentioning
is the on-line tutorial of P. Prusinkiewicz at Site 17.

− We observe the derivation process of a certain grammar G working
with an alphabet containing, among other symbols, f , F , + and
−.

− A generatable string containing f , F , + and − is sequentially in-
terpreted by a so-called “turtle” which is basically a pen equipped
with a “direction”; the special symbols are interpreted as com-
mands signifying:

Drawing If a turtle reads an F , it draws a line of unit length by
“walking” in the current direction.

Skipping The turtle interprets f as: move the cursor (represent-
ing the turtle) forward by one unit without drawing.

Turning right On seeing a +, the turtle turns right by δ degrees;
Turning left analogously, a left turn by δ degrees is done when

“seeing” input symbol −.

Other “reserved words” for the turtle are in use. For the ease of
presentation, we restrict ourselves to the above cases.

− Often, the sequence of pictures drawn by a turtle (corresponding
to the derivation sequence in question) is of interest, especially
when we are interested in “fractal properties” of the pictures which
show up if we continue interpreting sentential forms. Then, an
appropriate rescaling of the pictures in the sequence becomes an
issue.
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We illustrate the turtle graphic in cooperation with Lindenmayer
systems by means of a simple example.

This sort of graphics is very popular: it is one of the basic features
of the programming language LOGO designed to teach children the
basics of programming, as described in [1]. In fact, the pictures above
were created using the following simple interpreter for turtle graphics
in Postscript written by D. Lutterkort; in fact, it contains also com-
mands for starting and ending branches (abbreviated by X and Y due
to Postscript restrictions) and for filling areas.%!
/Angle 60 def
/scalefactor 1.0 def
/fontscalefactor 1 def
/InitSize {

/UpperX 0 def /LowerX 0 def
/UpperY 0 def /LowerY 0 def
} def
/AddBox {

Measure
{

matrix currentmatrix OldCTM setmatrix pathbbox
5 -1 roll setmatrix
dup UpperY gt {/UpperY exch def} { pop } ifelse
dup UpperX gt {/UpperX exch def} { pop } ifelse
dup LowerY lt {/LowerY exch def} { pop } ifelse
dup LowerX lt {/LowerX exch def} { pop } ifelse

} if
} def

%-- Define Turtle procedures in own dictionary
/TurDict 50 dict def
/Fill { stroke } def
/NP { currentpoint currentpoint gsave newpath moveto } def

% start new path
/EP { grestore moveto } def % end of path
TurDict begin
/F { scalefactor 0 rlineto } def
/f { scalefactor 0 rmoveto } def
/+ { Angle rotate } def
/- { Angle neg rotate } def
/X { NP } def % start branch
/Y { AddBox stroke EP } def % end branch
/S { /fontscalefactor fontscalefactor 3 div def

/scalefactor scalefactor 3 div def } def
/R { /fontscalefactor fontscalefactor 3 mul def

/scalefactor scalefactor 3 mul def } def
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% ’{’ == \173 , ’}’ == \175
(\173) { NP } def % start ‘‘filled path’’
(\175) { AddBox fill EP } def % end ‘‘filled path’’
end
%--- interpreter procedures
/Work 1 string def
% int 1pret --- interpret 1 character as command
/1pret {
Work 0 3 -1 roll put
Work dup
TurDict exch
known {TurDict exch get exec} {pop} ifelse

} def
% string spret --- Interpret whole turtle-string
/spret { { 1pret } forall } def
% fname fpret --- Interpret turtle-string from file
/fpret {

(r) file
/InFile exch def
{ InFile read
not {exit} if % -- EOF -> end of loop
1pret

} loop
InFile closefile

} def
%--- Interpret a Turtle picture with origin in left lower corner
% obj proc XSize YSize Pret -- Draw object at screen of size XSize x YSize
/Pret {
/XSize exch def /YSize exch def /Proc exch def
/OldCTM matrix currentmatrix def
gsave %--- Calculate size of picture
InitSize
/Measure true def
nulldevice
OldCTM setmatrix
newpath 0 0 moveto
dup Proc AddBox
grestore
/Measure false def
gsave
XSize UpperX LowerX
sub dup 0 eq { pop pop 1e13 } { div } ifelse % XSize/(UpperX-LowerX)
YSize UpperY LowerY
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sub dup 0 eq { pop pop 1e13 } { div } ifelse
2 copy gt {exch} if pop %-- Set step as minimum of both values
/StepLength exch def
UpperX LowerX sub StepLength mul /XSize exch def
UpperY LowerY sub StepLength mul /YSize exch def
LowerX UpperX LowerX sub dup 0 eq
{ pop pop 1 } { div } ifelse XSize mul neg

LowerY UpperY LowerY sub dup 0 eq
{ pop pop 1 } { div } ifelse YSize mul neg

translate StepLength dup scale
newpath 0 0 moveto
Proc stroke
/OldCTM OldCTM currentmatrix def
grestore

} def
% obj scal FPret --- Draw object at (50,300) enlarged by factor scal
/FPret {

gsave /fpret cvx exch dup dup
currentlinewidth exch div setlinewidth
Pret
grestore

} def
/SPret {

gsave /spret cvx exch dup dup
currentlinewidth exch div setlinewidth
Pret
grestore

} def
%-- auxiliary procedures
/kill { showpage clear grestoreall } def
/tur { (turtle.ps) run } def
/org { gsave 50 300 translate } def

In fact, the above procedures implement also other “usual” com-
mands of turtle graphic, like “brackets” for indicating branches (for
“postscript reasons”, the left and right brackets are X and Y , respec-
tively. In this way, it is easy to create .eps-files for inclusion in Latex
documents. For example, the “basic Koch curve” (the first iteration) is
%!
%%BoundingBox: 0 0 500 144.4
/Angle -60 def
(F-F++F-F) 500 SPret

and the third iteration is:
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%!
%%BoundingBox: 0 0 500 144.4
/Angle -60 def
(F-F++F-F-F-F++F-F++F-F++F-F-F-F++F-F-F-F++F-F-F-F++F-F++F
-F++F-F-F-F++F-F++F-F++F-F-F-F++F-F++F-F++F-F-F-F++F-F-F-F
++F-F-F-F++F-F++F-F++F-F-F-F++F-F) 500 SPret

Putting the command line in the turtle interpreter file (at the end)
already gives nice pictures viewable with ghostview.10

Observe that the turtle commands where generated by the D0L
system with the following simple rules: F → F −F + +F −F , +→ +
and − → −.

Research Project Proposal No. X: As pointed out in [197, Page 590],
there is a “discrepancy between the studies on the theory of L-systems
and the needs of biological modeling.” We continue quoting: “Most
theoretical results are pertinent to non-parametric 0L-systems operat-
ing on non-branching strings without geometric interpretation. . . . In
contrast, . . . L-system models of biological phenomena often involve
parameters, endogenous and exogenous interactions, and geometric fea-
tures of the modeled structures. We hope that the further development
of L-system theory will bridge this gap.”

There is also a sort of linguistic motivation behind discussing es-
pecially parametric L systems more systematically from a theoretical
point of view: they form a natural L system analogue to attribute
grammars known as extending context-free grammars. Although be-
ing quite “natural,” a systematic theoretic research on attributed L
systems, or more general, on attributed parallel grammars—following
the spirit of Knuth [120, 121] in the sequential case (also refer to [42]
and the literature quoted therein)—is completely lacking. This is the
more surprising when recognizing that (preliminary) work on paramet-
ric L systems started at about the same time as research on attribute
grammars [140].

On the other hand, any sort of theoretical result on this enhanced
forms of Lindenmayer systems might have impacts on the use of these
systems as modelling tools. Let us mention that in [76], parallel gram-
mars with so-called valuations were considered, which is a nowadays
classical form of regulation originating in works of Păun, see [165],
which are interpretable as a form of attributed parallel grammars. In
fact, the paper [76] can be a good starting point for writing the first

10 If possible, try to get hold of some classical original research papers. Reading
these classics of the masters will largely improve on your paper writing skills. In this
“fractal area,” Koch’s paper [122] is such a classics.
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one or two papers on this study subject, since it lists a whole number
of open, mathematically interesting questions. 2

Sometimes, applications show up which are quite surprising at first
glance. At a second glance, this proves that a good theory always serves
to some purpose, although that purpose was certainly not intended by
the “inventors” of the theory. One example of such a “non-standard”
application is described in the following.

Probably since L systems are quite popular for describing fractal-
like recursive structures by a turtle interpretation of the generated
strings, they were used by P. Moscato and his colleagues in order
to describe particular “hard” instances for the well-known Traveling
Salesman Problem, see [142, 151, 160]. Moreover, due to the recursive
structure of the constructed instances, they could prove optimality of
certain tours in a class of graphs containing arbitrarily large graphs.
This way, it is possible to measure the performance of heuristical algo-
rithms for the Euclidean Traveling Salesman Problem against optimal
solutions, so that it is possible to get good benchmark examples.

Research Project Proposal No. XI: Is it possible to find other NP-hard
problems where it is possible to construct “benchmark examples” by
using parallel grammars and proving optimality of certain solutions by
exploiting the recursive nature of definition of parallel grammars? Here,
the main task is to find other interpretations of L systems (possibly
different from the turtle graphics approach) or to use parallel grammars
not restricted to generating strings. Here, we point especially to the
works of R. Freund (concerning array grammars) and of H.-J. Kreowski
concerning collage grammars, see [79, 119]. 2

Let us mention that C. G. Nevill-Manning and I. H. Witten [154,
155] used L systems to generate “simple” benchmark examples for data
compression algorithms.

A similar “unorthodox” application of L systems was reported in [4],
where neural network structures were examined by using L systems.
Independently, L systems were used in connection with neural nets in
[83] and in a more conventional way for generating dendrite structures
in [11], also see Site 15, as well as the report [44].

The question of graphical interpretations of L systems arises again
in the next proposal.

Research Project Proposal No. XII: By interpreting L system develop-
ments graphically in the turtle sense as described above, using appro-
priate rescalings, we may come to certain fractal limit objects. Such
objects can also be described by mutually recursive function systems,
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as explained in [33, 149, 158, 159], see also the review MR 1 411 891
(in the AMS Mathematical Reviews) for historical details.

In this rather indirect way, fractal parameters like the Hausdorff
dimension of the described fractal can be computed under certain
conditions.

It would be nice to come up with direct methods for determining
the Hausdorff dimension (and maybe also an appropriate Hausdorff
measure) for a given L system. Also, the higher dimensional case is
open.

Interestingly, there is an alternative graphical interpretation of stings:
special letters are used here for each “absolute” direction likeW,N,E, S
for westwards, northwards, eastwards, and southwards, respectively.
Here, many things seem to be easier, see [41].

Another (yet unexplored) interpretation is via number systems; they
arise rather naturally in the context of Lindenmayer systems as ex-
plained in the sixth section of the chapter on L systems in [197, Vol.1].
Fractal properties for an interpretation were computed in [89, 90].

A further link to parallel rewriting in a broader sense is offered by
the works of Peitgen, Saupe and Takahashi on fractal properties of
cellular automata, see [96, 175, 216].

A further related research project is discussed in RP XIV . 2

Research Project Proposal No. XIII: As shown in a series of papers on
applying partially parallel array grammars, these are quite successful
for pattern recognition purposes, see [68, 70, 81].

It is quite imaginable that partial parallelelism can be successfully
applied in other classification tasks. For example, detecting similarities
in trees in parallel could be used for supporting internet browsing
or finding illegal copies of software code, even after making obvious
modifications like renaming variables. Partial parallelism or (probably
equivalently) regulated rewriting can be used to keep track of non-local
information.

Also in this context, techniques from grammatical inference may be
useful, see XXIII.

Moreover, this research project (coming from the praxis of computa-
tion) can be related to project X by the possibility of studying parallel
attribute grammars, where the attributes can be used to described
certain aspects of the patterns. 2

Without knowing whether this points to another interesting research
direction, let us mention that L systems have also been applied to
produce “artificial music,” see Site 11 and, as some tutorial, Site 12.
Moreover, L systems have been envisaged by J. F. McGowan as a
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tool for describing certain replacement operations for nanosystems, see
Site 13.

8.2. What needs to be done

In the next research proposal, we discuss possible applications of par-
allel grammars to linguistics. Unfortunately, there hasn’t been much
attention of the linguistic community in developping or using parallel
grammars for specifying natural languages, although there are parallel
grammars which can model many linguistically interesting languages,
as explained in [64] for the case of simple matrix languages. (An excep-
tion from this statement is possibly the area of contextual grammars,
which has been completely left out of the considerations of this paper
up to now. More information can be found in [166, 169] and in the
corresponding chapters of the Handbook of Formal Languages.)

Research Project Proposal No. XIV: The issue of parsing has been con-
siderably neglected in the study of parallel grammars. This is of course
important if these concepts should be applied to model linguistic phe-
nomena, which seems to be possible as well as reasonable in many ways.
For example, observe that our brain is obviously working in a sort
of parallel fashion, so that we might also assume that human syntax
analysis of natural languages is actually performed in a parallel way.

Closely related and important to this issue is the question of ambi-
guity in parallel grammars in a broad sense. Note that an ambiguous
grammar offers various ways of “reading” or “interpreting” a given
“sentence,” which is largely unwanted if certain semantics is connected
to each such interpretation.

Another issue in this respect is a systematic study of semantics.
Connections to attribute grammars were already mentioned in RP X.
Let us mention here that programmed grammars of finite index have
been employed to model certain features of the database query lan-
guage DATALOG, see [46], which is interesting in our context due to
the mentioned characterization by absolutely parallel grammars, see
Theorem 2.

To develop such a “parsing program,” it is also important to give
good automata characterizations, see RP XXII. 2

One of the intriguing things about fractal geometry and its probably
most popular offspring, namely iterated function systems (IFS) [13], is
the possibility to employ this theory as a data compression method-
ology, as explained for instance in [203]. In a nutshell, such a data
compression algorithm assumes a certain fractal nature in the picture
to be encoded and analyses the picture based on this assumption, seek-
ing for an approximating codification in terms of an iterated function
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system (which indeed is difficult, see [201]). Then, the hopefully few
parameters of the IFS describing the given picture are transmitted
instead of the whole bitmap.

Research Project Proposal No. XV: Due to the known close relations
between iterated function systems and Lindenmayer systems, see RPXII,
it is tempting to try a similar approach based on Lindenmayer systems
or other types of parallel grammars for obtaining compression algo-
rithms. Since the basic problem consists in obtaining a grammatical
description from a certain form of example(s), this sort of inverse prob-
lem is obviously related to the problem of inferring parallel grammars,
see RP XXIII.

Interestingly, one could also try to use parallel grammars for com-
pressing text data. Hints in this direction can be found in [135, 154,
155]. 2

Research Project Proposal No. XVI: MPEG-4 is the new standard for
films etc. as recently described in the MPEG group. (Currently dis-
cussed is MPEG-7, which is giving sort of enhancement of MPEG-4.)
An excellent introduction to this subject can be found at the Site 8,
especially, we point to the overview paper available at Site 9.

This upcoming standard includes many interesting parallel features.
It might be interesting to model these features by means of parallel
grammars. In this way, it would be possible to give a solid semantical
foundation of the script concept, and it is quite imaginable that some
sort of grammars can be used for specification purposes. 2

Research Project Proposal No. XVII: As explained in [197, Vol.2, Chap-
ter 11], there have been various approaches to define cryptosystems by
means of (problems arising in) formal language theory. Some of them,
admittedly not the most successful ones due to some observations of
L. Kari, were based on Lindenmayer systems, i. e., completely parallel
rewriting.

To our knowledge, there were no attempts to use restricted forms
of parallelism for defining cryptosystems. In this respect, the lack of a
thorough study of computational complexity issues (see RP XV II) has
its obvious bearing, since cryptography is the major realm of practical
applications of complexity theory. 2

9. Mathematical challenges

Up to now, we mostly talked about (possible) applications of parallel
grammars to various scientific areas. In fact, we think that finding
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(more) substantial applications will be appreciated both by formal
language theorists and by practitioners.

Nonetheless, it is also possible to treat this area as a pure mathemat-
ical subject. In fact, this has been done by formal language theorists
most of the time. Intriguingly enough and despite of the efforts of a
whole generation of language theorists, there are still a lot of (probably
hard) open problems, as well as a plethora of largely unexplored areas.

In this section, we will have a glimpse at some of these white spots
on our landscape. As usual when exploring new territory, it is in general
unclear what things can be found during the examination.

Research Project Proposal No. XVIII: Although several issues, notably
regarding the computational complexity of Lindenmayer systems, have
been analyzed (see, e. g., [198, Section VI.4]; more recent papers are:
[35]), this area is largely untouched in terms of grammars with re-
stricted parallelism. In view of the large number of different rewriting
mechanisms, this offers a huge number of concrete mathematical prob-
lems to solve. For each mechanism, the complexity of the nonemptiness
problem and the fixed and variable membership problem—to mention
only the three most important decidability questions—needs to be
settled.

Note that in some cases upperbounds are known, sometimes dis-
guised as language theoretic inclusion relations. As a concrete example,
it is known [239] that k-limited ED0L languages are context-sensitive,
which means that the fixed membership problem is in the complex-
ity class PSPACE, but the question whether this problem is hard for
PSPACE was not studied.

Furthermore, it might be helpful to take the known interrelations
with various kinds of regulated grammars into account, since in that
area more complexity results are known.

Related questions can be raised on the scale of undecidability de-
grees, see RP XIX. 2

In fact, there are also issues in the computational complexity of L
systems which are still open after all these years. Let us mention one
of these in the following:

Research Paper Proposal No. XIX: As pointed to in [198, p.315], one
of the classical open problems is whether or not each EDT0L language
can be recognized in deterministic time O(nk) for some fixed value of
k. In known constructions, the value of k depends on the number of
nonterminals in the individual EDT0L system.
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We are aware of recent attempts to employ techniques from the
emerging area of parameterized complexity (see [47] or Site 14) to tackle
this problem.11

More generally speaking, it would be nice to classify certain lan-
guage theoretic decision problems according to their parameterized
complexity. Coming back to the original sample question, it would be
interesting to know whether EDT0L membership, parameterized by the
number of nonterminals, is fixed-parameter tractable, i. e., solvable in
time O(f(k)p(n)), where f is some arbitrary function and p is some
polynomial. 2

Although the above concrete question is classified as small research
project, the more general question of investigating formal language
problems according to the set-up offered by parameterized complexity
is a largely yet untouched area.

Research Project Proposal No. XX: The more powerful a grammati-
cal mechanism becomes, the “more undecidable” it becomes, i. e.,
more and more questions which can be asked about the grammars or
the languages are undecidable. Since parallel grammars are in general
quite powerful mechanisms, this general observation applies to them in
particular.

Even if a certain question is undecidable, it can be asked “how un-
decidable” this question is. Interestingly, this sort of question is barely
asked in formal language theory, but it is very important in recursion
theory, which has developped the corresponding notions.

Nevertheless, this question can be important to typical questions of
formal language theory, as well, e. g., regarding hierarchy relations, see
Section 5.1. Namely, if we would know that e. g., the (general) prefix
problem of one language class C is of a smaller decidability degree than
the same problem for another class C′, then we could conclude that
C′ cannot be contained in C. Only few of these questions have been
answered yet, see [75]. So, this is indeed a very interesting largely open
theoretical research area which is not restricted to parallel grammars;
in fact, these methods might also help settle several old open questions
in other areas like regulated rewriting. Other papers considering un-
decidability questions for limited systems are [57, 61, 210, 241]. Also
for languages based on patterns, (un)decidability questions have been
discussed [106]. 2

Besides the computational complexity there is another important
kind of complexity considered in relation with grammars, namely de-
scriptional complexity. This area discusses how economical certain “re-

11 This idea was communicated to us by K.-J. Lange.

parallelkluwer.tex; 20/01/2003; 16:22; p.52



53

sources”in a grammar may be used without loosing descriptional power.
Such considerations can become very important in practice, especially
if we think about applications as sketched in RP XV .

Research Project Proposal No. XXI: Besides scattered context gram-
mars [146] and Lindenmayer systems [198], only scarce results are
known for other mechanisms.

Some of them are contained in Theorem 4 and others in [233]. Even
the mentioned theorem does not exactly determine the synchronization
degree of limited systems.

So, there is ample room of study, especially concerning the variety
of partial parallel grammar mechanisms presented in this paper.

We already mentioned the study of the degree of parallelism (RP I)
as descriptional complexity measure adequate for parallel rewriting
mechanisms. 2

Research Paper Proposal No. XXII: As the reader may have noticed,
we spread a number of open problems throughout the text of the paper.
Since we mainly focussed on interrelations between language families,
most of these questions are basically language hierarchy questions. This
alone gives a lot of small and precise (but probably difficult) problems
to think about. When browsing through the literature, the reader will
find more and more of these open questions, which somehow contradicts
the general dictum that formal language theory has already solved all
its problems. 2

Research Project Proposal No. XXIII: In classical formal language the-
ory, the classical language classes all have (at least) two different char-
acterizations: an automaton based one and a grammar based one.
Often, there are other characterizations based on logic, see [212] for
(subclasses of) the regular languages and [134] in the case of context-
free languages, or on expressions, as the well-known regular expressions
for regular languages and the less known context-free expressions [95]
for the context-free languages.

Unfortunately, for the case of languages defined by parallel gram-
mars, mostly only this grammar characterization is known, or the au-
tomata models are very clumsy, as in the case of Lindenmayer sys-
tems [198]. For many applications, in the sequential case especially au-
tomaton based and expression-like characterizations have to be proven
to be quite valuable. For instance, most parser of (subclasses of) context-
free languages can be viewed as pushdown automata. Expressions are
usually considered to be a good way for specifying regular languages.

It is therefore an interesting question to find natural alternative
characterizations for languages generated by certain types of parallel
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grammars. Here, the notion of accepting grammar might provide a
useful tool [18, 67] 2

Research Project Proposal No. XXIV: A number of formal frameworks
have been developped to model the intuitive notion of learning from
examples; the most popular frameworks of grammatical inference are
the following:

− Identification in the limit [92] assumes that the (possibly infinite)
language to be learnt is enumerated to the learner by means of
positive and negative examples completely in the sense that “in the
end,” all words over the terminal alphabet show up. The learner
utters a stream of hypotheses (grammars, automata or whatever
kind of language description is decided upon) as an answer to the
stream of examples, and this stream should ultimately become con-
stant; in other words, the learner changes its hypothesis no more,
and this hypothesis should (of course) describe the enumerated
language. Many variants have been considered, the most popular
being identification in the limit from positive samples [9, 92] where
only positive examples are given to the learner, and identification
in polynomial time and data, see [98].

− In the query learning scenario, the learner may ask question about
the language to be learnt, and these questions are assumed to be
answered by a so-called teacher, see the original work of D. An-
gluin [10]. Here, restricting the learning time to a polynomial in
the size of the expected learning result is important to avoid trivial
solutions.

− Probably approximately correct (PAC) learning was introduced by
L. G. Valiant [220] in order to incorporate the possibility of making
errors and learning only in a certain approximate sense. A different
popular model—related by motivation—is error correcting gram-
matical inference (ECGI), see [141, 225] and the literature quoted
therein.

There are a couple of papers dealing with the inference of Linden-
mayer systems, see e. g. [196, 147, 110, 248]. There have been also
more empirical approaches to this inference problem. For example,
[126] demonstrates the possibility of discovering the rewrite rule for
Lindenmayer systems and the state transition rules for cellular au-
tomata by means of genetic programming. This approach is also taken
in [105, 102–104, 124, 123, 125, 161], also see Site 3.

Keeping in mind that Lindenmayer systems were originally intended
to model real organism development, which means that it is of basic

parallelkluwer.tex; 20/01/2003; 16:22; p.54



55

interest to know or infer possible formalizations (in terms of Linden-
mayer systems) for “explaining” observed biological data, the literature
(not completely listed above) is surprisingly scarce.

Even “worse” seems to be the situation within other types of parallel
grammars. Actually, trying to give a complete list of references would
result in the following papers:

− There is one paper dealing with the inference of parallel commu-
nicating grammar systems (in a variant of Gold’s model) with a
peculiar mode of communication between different grammar com-
ponents [66].

− As explained above, simple matrix grammars can be viewed as a
simple form of parallel grammars. Simple matrix grammars with
regular and even linear components have been proven to be learn-
able with queries, see [63, 215].

Admittedly, there is one “positive” example, namely (variants of)
pattern languages. Here, the situation is really different: there is a huge
amount of literature covering different aspects of learnability of these
languages, starting with the ground-breaking paper [8] of D. Angluin.

Hence, there is plenty of room for proving new, interesting and useful
results concerning the inference of parallel grammars. 2

The interested reader can find more information on grammatical
inference on the corresponding “official” web-site 5.

10. Miscellaneous

As already mentioned in the introductory section, we are well aware
of the fact that this overview is biased, possibly neglecting several
interesting research directions. We like to mention some of them at
least in the following.

Research Project Proposal No. XXV: From the very beginning, L sys-
tems were not only considered to work on 1-dimensional but also on
multi-dimensional structures. From the viewpoint of biology, this is
more than justifiable. None-withstanding, in comparison with the huge
amount of research done for the 1-dimensional case, the corresponding
results are only sparse and somewhat scattered. A systematic study of
this area, including the consideration of different forms of restricted par-
allelism and possible comparisons with automata-based approaches like
cellular automata, array grammars (see, e. g., [69, 80, 150, 230, 247])
or finite-state recognizability [88, 87] and others [14, 15, 48, 52, 100],
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where the corresponding theory seems to be better developped, would
be desirable.

As starting point, the interested reader is referred to [198, Section
VI.5] and (without claiming any completeness of the reference list)
[79, 97, 152, 153, 173]. 2

Another topic which has been neglected nearly completely is cellular
automata, although since their introduction by J. von Neumann, many
papers appeared which related them to the theory of formal languages
in many respects. Readers interested in this topic are invited to read,
for “older” accounts, [21, 27, 50, 174, 207–209], and for more recent
developments [22, 118, 217, 218]. Here, we see the need of bringing
together this “automata-oriented” approach with the more “grammar-
oriented” theory around Lindenmayer systems. This could also help
with Topic XXIII.

Then, we mostly concentrated on string rewriting. So, we left out,
e.g., the whole area of graph rewriting. Also there, parallel derivation
strategies has been introduced, see [51] as a recent example.

Finally, the whole area of combinatorics on words in relation with
Lindenmayer systems remained unmentioned up to this point. Recent
papers in the area include [26, 84].
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List of web-sites

Throughout the paper, we provided several links to web pages we found
interesting and informative. Due to the nature of the internet, this
sort of information tends to be outdated soon, since often web-sites
move or simply disappear. Nevertheless, the web nowadays offers lots
of good information, and students are encouraged to use these resources
appropriately. We now list all web-sites we are referring to.

Moreover, due to the connections between Lindenmayer systems and
computer graphics, many nice web-pages can be found “for beginners.”
One example is Site 19.
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It would be nice if you, dear reader, could communicate me any
changes, updates and new interesting sites on the topic.

1. http://liinwww.ira.uka.de/ca/

2. http://www.biologie.uni-hamburg.de/b-online/e28 3/lsys.html

3. http://www.grammatical-evolution.org/pubs.html

4. http://www.sztaki.hu/mms/

5. www.cs.iastate.edu/~honavar/gi/gi.html

6. http://www2.informatik.uni-erlangen.de/
~jacob/LSystems/LSystems-Tutorials.html

7. http://pixie.oum.ox.ac.uk/L-Breeder/

8. http://mpeg.telecomitalialab.com/standards/mpeg-4/mpeg-4.htm

9. http://mpeg.telecomitalialab.com/documents/from mpeg-1 to mpeg-21.htm

10. ftp://ftp.ing.unlp.edu.ar/pub/papers/memetic/

11. http://www.abc.net.au/science/news/stories/s210368.htm

12. http://www.csu.edu.au/ci/vol03/mccorm/mccorm.html
This site is referring to the internet-based journal “Complexity
International,” vol. 3, 1996.

13. http://www.jmcgowan.com/nlsystem.PDF

14. web.cs.mun.ca/~harold/W hier/W hier.html

15. http://www.krasnow.gmu.edu/L-Neuron/ and
http://www.nimh.nih.gov/neuroinformatics/ascolig.cfm

16. http://pages.cpsc.ucalgary.ca/~pwp/ and
http://www.cpsc.ucalgary.ca/projects/bmv/papers/index.html

17. http://www.cpsc.ucalgary.ca/projects/bmv/vmm/title.html

18. http://dna.bio.disco.unimib.it/psystems/

19. http://vortex.bd.psu.edu/~jpp/reu2000.html

20. http://www.iti.cs.tu-bs.de/TI-INFO/waetjen

21. http://www.cs.uu.nl/research/techreps/RUU-CS-84-11.html
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