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Abstract

In this work, two methods of how to make derivation in a Tree Adjoining Gram-

mar (TAG) a regular process without loss of expressive power are presented

and compared. In a TAG, derivation relies upon the expansion of inner nodes

into trees. The first regularization method is based on an algebraic operation

called Lifting which could be described as a way to make the internal structure

of a term more explicit, while the second method exploits an additional dimen-

sion in space by transforming the components of a TAG into three-dimensional

trees. Both methods have the effect that all inner nodes of the elementary TAG

trees are turned into leaves and can consequently be more simply expanded,

viz. by a regular mechanism. Regularized grammars generate two different

kinds of “encoded” trees, from which, however, the intended ones can be ea-

sily reconstructed by a simple decoding function. At the end of this work the

equivalence of the two presented TAG regularization methods is established

by giving a formal translation between lifted and three-dimensional trees and

then proving that via this translation it is possible to switch from each of the

encodings into the other one without losing the information necessary for the

reconstruction of the originally intended trees.

5



Zusammenfassung

In dieser Arbeit werden zwei Methoden vorgestellt und verglichen, wie der

Ableitungsprozess in Tree Adjoining Grammars (TAGs), welcher auf der Ex-

pansion innerer Knoten in Bäume beruht, zu einem regulären Vorgang gemacht

werden kann, ohne dass dadurch die Menge der generierten Bäume einge-

schränkt würde. Die erste Methode basiert auf einer algebraischen Opera-

tion namens Lifting, welche als ein Verfahren beschrieben werden kann, die

interne Struktur eines Terms explizit zu machen, während die zweite Me-

thode eine zusätzliche räumliche Dimension nutzt, indem sie die Bestandteile

einer TAG als dreidimensionale Bäume darstellt. Beide Methoden bewirken,

dass alle inneren Knoten der Elementarbäume einer TAG zu Blättern wer-

den und dadurch nun mit Hilfe einer viel einfacheren Form der Ersetzung,

nämlich durch einen regulären Mechanismus expandiert werden können. Die

zwei regularisierten Versionen einer TAG generieren sozusagen zwei Arten von

“kodierten” Bäumen, aus denen die eigentlich intendierten mit einer simplen

Dekodierungsfunktion jedoch leicht rekonstruiert werden können. Zum Schluss

dieser Arbeit wird die Gleichwertigkeit der beiden dargestellten Regularisie-

rungsmethoden für TAG aufgezeigt, indem eine formale Übersetzung zwischen

gelifteten und dreidimensionalen Bäumen angegeben und dann bewiesen wird,

dass mittels dieser Übersetzung von jeder der beiden Kodierungen in die jew-

eils andere gewechselt werden kann, ohne dass dabei die für die Rekonstruktion

der ursprünglich intendierten Bäume benötigte Information verloren geht.
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“Of course I’m sane, when trees start talking to me, I don’t talk back.”

Terry Pratchett, The Light Fantastic

“For all this to work smoothly we need a unicorn...”

Misreading of mine of a sentence in one of Jim Rogers’ papers
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1 Introduction

Ever since the introduction of the Chomsky Hierarchy (see Figure 1.1), which

ranks formal languages according to the expressive power of the grammars ge-

nerating them, there have been attempts to classify natural languages with re-

spect to this same hierarchy. The study of certain phenomena (e.g. cross-serial

dependencies in Dutch or Swiss German, see Shieber 1985) soon disproved the

hypothesis that natural language could be entirely covered by context-free for-

malisms and showed that a greater expressive power was needed. In the mean-

time Joshi (1985) had formulated several requirements for adequate linguistic

formalisms in addition to the more obvious ones such as intuitivity and mo-

dularity: He claimed the least class of formal languages containing all natural

languages to be situated between the context-free and the context-sensitive lan-

guages, and named it the class of mildly context-sensitive languages. Languages

contained in this class should fulfil the following conditions: They should be

semi-linear, a property that holds for all context-free languages (Parikh 1966)

and also entails the property of constant growth (which means that for some

constants c and c0, and for all words w in the language with |w| > c0 there

is a w′ such that |w| ≤ |w′| + c, i.e., the difference between the length of one
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regular languages

(type 3)

(type 2)

(type 1)

(type 0)

contextfree languages

context-sensitive languages

recursively enumerable languages

Figure 1.1: The Chomsky Hierarchy as a collection of strictly nested sets –
languages of a high type require less expressive power than those
of a lower type.

word and the length of the next shorter word in the language may not exceed

a certain constant), they should be parseable in polynomial time, and they

should only allow a limited number of cross-serial dependencies. The gram-

mar formalism defined under linguistic considerations by Joshi himself, Tree

Adjoining Grammar (TAG, Joshi et al. 1975; Joshi 1985, 1987; Joshi and Scha-

bes 1997), prototypically fulfils all these conditions: The language of strings

formed by the leaves of the trees generated by a certain TAG1 is of constant

growth, there are parsing algorithms with a worst case time of O(n6) (for TAG

1Note the usage of the term “TAG”: While the formalism in general is mostly called “TAG”
without an article, we will refer to specific grammars by writing “a/the TAG” or “TAGs”.
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in an unrestricted form2), and cross-serial dependencies seem to be limited to

four. However, quite a number of other weakly equivalent3 formalisms have

evolved that define mildly context-sensitive string languages as well.

While on the one hand one obviously has to extend a formalism far enough

to achieve the expressive power needed for the treatment of the language class

in question, on the other hand it is highly desirable to have formalisms that are

easy to handle, i.e., in which derivation is of as little complexity as possible.

This is an almost age-old struggle which has to be faced every time a new

formalism is designed. As mild context-sensitivity represents a relatively high

degree of complexity already, it would be of considerable use if there were, so

to speak, a trick how one could have one’s cake and eat it, too, that is, a way

to reduce the complexity of derivation without giving up any of the expressive

power. As a matter of fact, for the mildly context-sensitive formalism TAG

at least two such methods exist, and it is the presentation and comparison of

these two approaches that constitute the main part of this work.

Both methods transform a TAG into a regular device (grammar or automa-

ton) of some sort by representing its components in another shape, thereby, as

regularity in general denotes a relatively simple mode of derivation, “decom-

plexifying” the derivation process considerably. The resulting devices define

sets of two different kinds of “encoded” trees, from which, however, the in-

tended ones can be easily reconstructed by a simple process that can be carried

out by regular means as well. The first regularization method is based on an

2See Schabes and Joshi (1991) and references therein. See Satta and Schuler (1998) for
ways to reduce parsing time by restricting TAG to certain subclasses.

3See Section 2.1 for a definition of weak equivalence.

15



algebraic operation called Lifting which could be described as a way to write

terms in a form that makes their internal structure more explicit, which, if the

term is noted as a tree, has the side effect that all inner nodes are turned into

leaves and are therefore much easier to expand. The second method makes use

of an additional dimension in space by representing the components of a TAG

as three-dimensional trees which likewise has the consequence that all inner

nodes are turned into leaves and are hence more easily expandable. Since a

standard TAG derivation relies on the expansion of inner nodes of the elemen-

tary TAG components into trees, both methods obviously do in fact result in a

significant simplification of the derivation process. At the end of this work, we

will show that these two regularization methods for TAG are actually equiva-

lent by giving a formal translation between lifted and three-dimensional trees

and then proving that via this translation it is possible to switch from each of

the encodings to the other one without losing the information that is needed

in order to reconstruct the originally intended trees.

In Chapter 2 we will introduce the necessary technical preliminaries for this

work and give two definitions for the grammar formalism TAG. In Chapter 3

and 4, respectively, we will present the two regularization methods for TAG

named above, Lifting and three-dimensional trees, along with their formal

foundations. In Chapter 5 the equivalence of these methods is established

by proving that the two encodings are translatable into each other without

substantial loss of information. Chapter 6 is a brief conclusion. Note that for

all given sources of definitions, examples, and the like, the notation may be

adapted and the wording may be marginally changed.
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2 Preliminaries

2.1 Technical Preliminaries

In this section we will introduce all the formal notions that are necessary for

the understanding of this work. All definitions except Definition 3 are taken

from Morawietz (2003).

In formal language theory the smallest unit needed in order to build bigger,

composite structures is the symbol. All the available symbols taken together

are often called the alphabet for a certain context:

Definition 1 An alphabet is a finite set of symbols. For some given alphabet

A, A∗ =
⋃

n∈N
An is the set of all1 strings or words over A.

If the symbols in an alphabet are of different sorts, it is called a many-sorted

alphabet: For some set of sorts S, the many-sorted alphabet Σ over S is an

indexed family 〈Σw,s|w ∈ S∗, s ∈ S〉 of (disjoint) sets. A symbol σ ∈ Σw,s is

an operator of type 〈w, s〉, arity w, sort s and rank |w|. The elements of Σε,s

are the constants.

1That includes the empty string ε, a string of length 0. Note that in this work 0 will count
as a natural number, i.e., 0 ∈ N. We will write N+ for the set of positive natural numbers,
and A+ for the set of all non-empty strings over A.
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In case S is a singleton {s}, Σ is called a single-sorted or ranked alphabet

(over sort s). We then usually write Σn to denote the (unique) set of operators

of rank n ∈ N. Sometimes alphabets (especially many-sorted ones) are also

called signatures.

Definition 2 For some given alphabet A, each subset L ⊆ A∗ is called a

language over A.

Next we introduce regular and context-free string grammars as known from

the Chomsky Hierarchy.

Definition 3 A string grammar is a tuple G = (Σ, N, S, P ), where Σ is a finite

set of terminals, N is a finite set of nonterminals with N∩Σ = ∅, S ∈ N is the

start symbol, and P is a finite set of production rules (or simply productions

for short) of the form ‘ w1 −→ w2’ where w1 ∈ (Σ ∪N)+ and w2 ∈ (Σ ∪N)∗.

A string grammar is a context-free grammar (CFG) iff w1 ∈ N , and it is a

regular grammar (RG) iff in addition either w2 ∈ Σ ∪ ΣN for all productions

or w2 ∈ Σ ∪ NΣ for all productions2. The set of nonterminal-free strings

generated by a grammar G is denoted as L(G), ‘the language generated by G’.

A language L is called a context-free (regular) language iff there is a context-

free (regular) grammar G with L(G) = L.

The definition of many-sorted or at least ranked alphabets enables us to

build more complex objects than just strings over a certain set of symbols,

namely trees. Trees can be inductively defined as follows.

2Some definitions of regular grammars also admit the production ‘S −→ ε’.
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Definition 4 Let Σ be a many-sorted alphabet and S a set of sorts. Then the

set of trees TΣ is built up like this:

• If σ ∈ Σε,s for some s ∈ S then σ ∈ TΣ (and σ is a tree of sort s), and

• if, for some s ∈ S and w = s1 . . . sn with si ∈ S (1 ≤ i ≤ n), σ ∈ Σw,s

and t1, . . . , tn ∈ TΣ with ti of sort si then t = σ(t1, . . . , tn) ∈ TΣ (and t

is a tree of sort s).3

We will also sometimes need trees with variables at some of their leaves which

is achieved by simply adding the (countable) set of variables Xs = {x1, x2, . . .}
of some sort s ∈ S to the constants of the same sort in the labelling alphabet.

By Xn, n ∈ N, we denote the subset {x1, . . . , xn}, and the set of trees with

labels in Σ and variables in X will be denoted as TΣ(X).

Definition 5 Let Σ be a many-sorted or ranked alphabet. A tree language L

is a subset of TΣ.

One can at least partially transfer the notions of the Chomsky Hierarchy to

the realm of tree languages, and state a similar hierarchy. As they will also

be of interest to us, we give here the definitions of the tree equivalents to the

two string grammar types we already defined, context-free and regular tree

grammars.

3In the following we will often have sets, tuples, strings, and the like that run over a certain
index i and will be represented for example as a1, . . . , an (for some objects ai). Note that
despite appearances these can also be empty for n = 0 or contain one element for n = 1.
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Definition 6 A context-free tree grammar (CFTG) is a quintuple Γ = (Σ, F,

S, X, P ), where Σ and F are ranked alphabets of terminals and nonterminals4,

respectively. S ∈ F is the start symbol, X is a set of variables, and P is

a finite set of productions of the form F (x1, . . . , xn) −→ t for some n ∈ N,

where F ∈ Fn, x1, . . . , xn ∈ X, and t ∈ TΣ∪F({x1, . . . , xn}). Γ is a regular tree

grammar (RTG) iff Fn = ∅ for n 6= 0 (and, consequently, X = ∅ as well).

The types of tree languages are defined analogously to those of string languages:

A set of (nonterminal- and variable-free) trees is a context-free (regular) tree

language if there is a context-free (regular) tree grammar that generates it.

In general one could say that regular grammars always rewrite the out-

ermost nonterminals of the structure already derived, “outermost” meaning

“rightmost” or “leftmost” in the (one-dimensional) string case and “at the

bottom” in the (two-dimensional) tree case. We will see that one can extend

this generalization to even higher dimensions than the second. Context-free

grammars, in turn, can also rewrite nonterminals that are somewhere in be-

tween, “in between” meaning “between the leftmost and the rightmost symbol”

in the string case and “between root and leaves” in the tree case.

Another important concept we have to introduce in connection with trees is

that of the yield of a tree. Loosely speaking, the yield of a tree is the string

that you get by concatenating all the leaf symbols from left to right. More

4As soon as trees are involved, there is some confusion about the terms “terminal” and
“nonterminal”, since there are authors who use them in order to distinguish between leaf
symbols and inner node symbols (which is probably due to the fact that they are thinking
in terms of derivation trees for string grammars, and not in terms of trees as derived
objects). However, this distinction is not of great importance for this work, which is why
we will continue to use the term “terminal” (elsewhere: “inoperative”) to denote a symbol
that is part of the target language, and “nonterminal” (elsewhere: “operative”) to denote
a symbol that still has to be or can be replaced.
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formally the yield yd(t) of a tree t in the representation introduced above can

be defined as follows (‘·’ representing concatenation, Σ a signature):

yd(t) =





t if t ∈ Σε,s for some s, and

yd(t1) · . . . · yd(tn) if t = f(t1, . . . , tn) for some f ∈ Σw,s

with rank |w| = n ≥ 1 and some s.

If every tree has a string associated with it, then every set of trees has a set of

strings associated with it as well. We say that two tree grammars are strongly

equivalent if they generate the same tree language, and weakly equivalent if

they generate the same string language, that is to say, if the set of the yields

of all trees generated by each grammar respectively is the same. Note that

by analogy we often say that two grammar formalisms are strongly (weakly)

equivalent if they define the same class of tree (string) languages.

There is an alternative representation for trees, however, namely via tree

domains. In our case the tree domains will always be finite.

Definition 7 T ⊆ N∗ is a tree domain if for all u, v ∈ N∗ and i, j ∈ N the

following holds:

• uv ∈ T ⇒ u ∈ T (prefix closure) and

• ui ∈ T and j < i ⇒ uj ∈ T (left-sister closure).

The elements of a tree domain are the nodes. For each n ∈ T, n is a daughter

or child of m ∈ T if there exists an i ∈ N such that n = mi. A node is called

a leaf if it has no children. The root is always identified with ε.
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Definition 8 Let A be a set of symbols and T a tree domain. A tree over A is

a (partial) function t : T −→ A. The domain of the tree t is denoted as T(t).

For n ∈ T(t), t(n) is called the label of n.

The yield yd(t) of a tree t with a labelling alphabet A is then defined as:

yd(t) =





u if t consists of a single node and

t(ε) = u for some u ∈ A,

yd(t/0) · . . . · yd(t/k) if the root of t has k + 1 children (k ≥ 0)

where t/d is the subtree rooted at d in t.5

We have now established almost all the necessary technical tools. In the

next section we will present Tree Adjoining Grammar, the prototypical mildly

context-sensitive grammar formalism we already introduced in Section 1 as

the formalism we will regularize by means of two different approaches in the

following chapters.

2.2 Tree Adjoining Grammar

As stated before, Tree Adjoining Grammar (TAG) was first introduced by

Joshi (Joshi et al. 1975; Joshi 1985, 1987; Joshi and Schabes 1997). However,

one of the most elaborate formal definitions comes from Vijay-Shanker and

Weir (1994), and suits us best as a starting point. We will give their definition

in full first, and then one differing from it in several points by Rogers (2003b)

5If d ∈ T(t) for some tree t, then t/d is defined such that, for all d′ ∈ N∗, t/d(d′) = t(dd′).
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later on. The following definition consists of two parts, one describing the

basic concepts needed, and one that represents the actual definition of a TAG.

Definition 9 Let VN be a set of inner node symbols, let VT be a set of leaf

symbols, let VL be a set of tree names, and let V ε
T = VT ∪ {ε}.

Initial Trees. For each A ∈ VN , init(VN , VT , VL, A) is the set of trees α :

Dα −→ V ε
T ∪ (VN ×2VL×{1, 0}),6 where Dα is a tree domain and the following

holds:

• The root of α is labeled 〈A, sa, oa〉 for some sa ⊆ VL and oa ∈ {1, 0}.
sa (“selective adjunction”) and oa (“obligatory adjunction”) are also

called the adjunction constraints that apply at a certain node. The ad-

junction operation will be defined below. oa indicates whether adjunc-

tion is required or not, and sa specifies the trees that are suitable for

adjunction at that node.7

• All inner nodes of α are labeled 〈B, sa, oa〉 for some B ∈ VN , sa ⊆ VL,

and oa ∈ {1, 0}.

• All leaf nodes of α are labeled by some u ∈ V ε
T .

Auxiliary Trees. For each A ∈ VN , aux(VN , VT , VL, A) is the set of trees

β : Dβ −→ V ε
T ∪ (VN × 2VL × {1, 0}), where Dβ is a tree domain, and the

following holds:

• The root of β is labeled 〈A, sa, oa〉 for some sa ⊆ VL and oa ∈ {1, 0}.

6For every set A, 2A denotes the power set of A.
7Obviously, for oa = 1, sa 6= ∅ has to hold, and for sa = ∅, oa = 0 has to hold.
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• All inner nodes of β are labeled 〈B, sa, oa〉 for some B ∈ VN , sa ⊆ VL,

and oa ∈ {1, 0}.

• All leaf nodes of β except one are labeled by some u ∈ V ε
T . The remaining

leaf node is called the foot node and is labeled 〈A, sa, oa〉 for some sa ⊆
VL and oa ∈ {1, 0}. The address of the foot node of β is denoted ft(β).

Let aux(VN , VT , VL) =
⋃

A∈VN

aux(VN , VT , VL, A), and let elem(VN , VT , VL, A) =

init(VN , VT , VL, A) ∪ aux(VN , VT , VL). We will now define the tree adjunction

operation

O : elem(VN , VT , VL, A)× aux(VN , VT , VL)× N∗ −→ elem(VN , VT , VL, A)

for every A ∈ VN : For γ ∈ elem(VN , VT , VL, A), β ∈ aux(VN , VT , VL), and

d ∈ T(γ) 8 we have γ′ = O(γ, β, d), where, for all d′ ∈ N∗,

γ′(d′) =





γ(d′) if d is not a prefix of d′,

β(d′′) if d′ = d′′ and d′′ ∈ T(β),

γ(d′′) if d′ = ddfd
′′ such that d′′ 6= ε and df = ft(β).

The adjunction operation is shown in Figure 2.1.

Definition 10 A TAG is a 7-tuple G = (VN , VT , VL, S, I,A,−) where:

VN is a finite set of inner node symbols,

VT is a finite set of leaf symbols,

8Recall from Section 2.1 that T(γ) is the domain of the tree γ.
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β =

B

B

γ =

A

B

`
(γ, β, d) =

A

B

B

Figure 2.1: The Adjunction operation

VL is a finite set of tree names,

S ∈ VN is a distinguished inner node symbol,

I is a finite subset of init(VN , VT , VL, S),

A is a finite subset of aux(VN , VT , VL), and

− : A −→ VL is a bijection, the auxiliary tree naming function.

We use
−
β to denote the result of applying − to β.

Given a TAG G = (VN , VT , VL, S, I,A,−), ⇒
G

is defined as follows: If γ ∈

elem(VN , VT , VL, A), γ(d) = 〈B, sa, oa〉, β ∈ A ∩ aux(VN , VT , VL, B), and
−
β ∈

sa, then γ ⇒
G

O(γ, β, d). Let
∗⇒
G

be the reflexive, transitive closure of ⇒
G

.

The tree language T (G) generated by G = (VN , VT , VL, S, I,A,−) is defined as

T (G) = {γ|α ∗⇒
G

γ for some α ∈ I and γ has no nodes with oa = 1 9}.

The string language generated by G is defined as L(G) = {yd(γ)|γ ∈ T (G)}.10
9That is, all nodes in γ are labeled either with a symbol u ∈ V ε

T or with a label 〈A, sa, 0〉
for some A and sa.

10Since in this definition some node labels are not individual symbols, we have to adapt
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As a summary, it would be useful to bear the following in mind: In a TAG

we have two kinds of elementary trees, initial trees on the one hand, which

can be seen as the smallest well-formed structures of the language (unless they

contain nodes with oa = 1), and auxiliary trees on the other hand, which can

be seen as recursive structures of some sort. And we have instructions of how

to build bigger structures from smaller ones, namely by “expanding” nodes

in trees, provided that a) the node’s label contains the same symbol as the

root and foot node’s11 of the inserted tree, and b) that the inserted tree is

“accepted” by the expanded node via the sa constraint in its label. The foot

node specifies the place where the rest of the old tree should be grafted into

the inserted tree.

Since as much accuracy as in the definition by Vijay-Shanker and Weir (1994)

is not always necessary, most authors define TAGs by only giving a reduced

version of the 7-tuple given above, G = (VN , VT , S, I,A) for instance, and a

prose description of how to build new trees from the basic ones by adjunction.

We will now see an example for a TAG generating the language anbncndn.

Example 1 (Morawietz 2003) Let G with G = ({S}, {a, b}, S, {α}, {β}) be

a TAG. The only initial tree α and the only auxiliary tree β are given below.

the base case of the definition of a yield: For some tree γ consisting of a single node, if
γ(ε) = u for some u ∈ V ε

T , then yd(γ) = u, and if γ(ε) = 〈A, sa, oa〉 for some A, sa,
and oa, then yd(γ) = A. (The notation might be confusing: In one case ε functions as a
potential label (∈ V ε

T ), in the others it is the address of the root node, but in both cases it
represents the empty string – over different alphabets). The recursive case stays as before.

11Rogers (2003b) formulates: “(The identity claim on these symbols) can be seen as a
linguistic stipulation expressing the intention that auxiliary trees represent recursive frag-
ments of phrase-structure trees – constituents that contain constituents of the same type.”
As he rightly remarks, for our purposes it is useful to abstract away from these stipulative
details, and we will show how a little further down.
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Constraints at the inner nodes and the foot node (all labeled with S) are as

follows: oa = 0 and sa = {β} for the ones without a bar, and oa = 0 and

sa = ∅ for the ones labeled with ‘S̄’ where the bar stands for null adjunction,

i.e., no adjunction is allowed at these nodes. There are no nodes with oa = 1.

d

b c

S

α =

β =

S

ε

S̄

S̄

a

A derivation for the word aabbccdd is shown in Figure 2.2 – note that in both

steps the auxiliary tree is adjoined into the only possible position.

S̄

a d

ε

S

b cS̄

ε

=⇒ =⇒

a

a

b

b

ε

S̄

S̄

cS̄

d

d

c

S̄

S
S

Figure 2.2: A derivation for the word aabbccdd
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Sometimes definitions of TAG come with a second operation called substi-

tution. In that case the trees of the TAG can also contain nonterminal leaves

which can be replaced by initial trees with a matching symbol at the root.

If we successively suppress certain conditions contained in the definition by

Vijay-Shanker and Weir (1994), we eventually arrive at the definition of non-

strict TAG by Rogers (2003b), which is a TAG that permits the symbols at

the root and foot node of an auxiliary tree to differ from the symbol at the

node it is adjoined to, and from each other. We get there as follows: First,

since adjunction can be entirely controlled via the adjunction constraints at the

nodes, we don’t necessarily have to use terminal and nonterminal symbols as an

additional constraint on adjunction, or distinguish between them at all, for that

matter. And second, since as a consequence foot nodes are no longer required

to have a nonterminal in their label, nothing prevents us from giving foot nodes

to initial trees as well. That means that from here on every elementary tree

is fit for adjunction, under the single condition that it is accepted by the sa

constraint of the node it is to be adjoined to.12 Third, as the only remaining

function of the start symbol is to mark the admissible initial trees, we can just

as well drop it and define the set of initial trees as a special finite non-empty

subset of the elementary trees.

After these considerations Rogers (2003b) defines non-strict TAG as follows:

Definition 11 A non-strict TAG is a pair (E, I) where E is a finite set of

elementary trees in which each node is associated with

12Note that since now initial trees are fit for adjunction as well, substitution would be
nothing more than adjunction at leaves – in case we wanted to allow that in our definition
of TAG.
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• a symbol – drawn from some (non-ranked) alphabet,

• an sa constraint – an arbitrary subset of the set of names of the elemen-

tary trees, and

• an oa constraint – Boolean valued

and I ⊆ E is a distinguished non-empty subset, the initial trees. We assume

that every elementary tree has a designated foot node.

The formalism defined here is weakly equivalent to the one defined by Vijay-

Shanker and Weir (1994) – TAGs of both types define mildly context-sensitive

string languages.

An important concept in connection with TAG is that of a derivation tree.

A derivation tree keeps track of the adjunctions made in the course of a deriva-

tion. Its root is labeled with the name of an initial tree, and all other nodes are

labeled with a pair consisting of the name of an auxiliary tree and an address

in the tree named in the label of the mother of that node, which is the address

of the node the auxiliary tree has been adjoined to. Obviously with this infor-

mation the derived tree can be extracted from the derivation tree very easily.

We will demonstrate the use of a derivation tree by giving another example.

Since TAG is supposed to cover natural language, we give a TAG generating

the English sentence “Somewhere outside a dog was barking”. This time we

will only show the elementary trees of the TAG (and no constraints).

Example 2 (Rogers 2003b) The initial tree α and the auxiliary trees β1,

β2, and β3 are shown in Figure 2.3.
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V VP

was

Ad

Ad Ad

outside

S
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Somewhere

α β1 β2 β3S

NP VP

DP N

dog barking

V

D

a

Figure 2.3: Initial and auxiliary trees for Example 2

The example derived tree and its derivation tree are shown in Figure 2.4.

S

SAd

Ad Ad NP VP

NDP V VP

VD was

barkinga

dog

outsideSomewhere
(β1, ε)

(β2, 0)

(β3, 1)

α
β2

β1

β3

α

Figure 2.4: Derivation tree and derived tree for the sentence “Somewhere out-
side a dog was barking”.

This concludes our introduction to TAG. In the next chapter we will present

the first of two mechanisms by which we can make a formalism regular without

actually restricting its expressive power, and we will also show how to apply

it to TAG.
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3 Capturing context-freeness

with regular means: Lifting

3.1 Tree sets and algebras

The technique of Lifting now brings us into the realm of universal algebra. The

idea of treating formal language classes with algebraical means first came up

in the late 1950s and has been developed further ever since, a process in which

the results on strings were soon transferred to trees. For this work a point

of special interest is the one at which many-sorted algebras were brought into

the picture1, a thought which was developed further by Engelfriet and Schmidt

(1977, 1978). However, we will sketch the algebraic foundations of Lifting only

crudely and then move on to describe it as a simple translation process in the

next section.

Since Lifting relies on so-called derived algebras, we are bound to at least

briefly introduce the notion of an algebra as such. The following definition is

taken from Morawietz (2003), whereas the remaining definitions and Example

1The first to expand the algebraic treatment of language classes to many-sorted algebras
was Maibaum (1974).
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3 in this section are taken from Engelfriet and Schmidt (1977).

Definition 12 Let S be a set of sorts, and let Σ be a many-sorted alphabet.

A Σ-algebra A consists of an indexed family 〈As|s ∈ S〉 of disjoint sets, the

carriers of A, and each σ ∈ Σw,s is interpreted as a function σA : Aw −→ As,

where Aw = As1 × · · · × Asn and w = s1 · · · sn with si ∈ S.

When reconsidering our first definition of trees (Definition 4, Section 2.1), one

can easily see that this is a definition of the set of all well-formed terms over

a certain signature as well. Trees and terms can be read as synonyms in this

context, which is also the reason why tree grammar types based on this tree

concept (e.g. the ones we defined in Definition 6, Section 2.1) are sometimes

called term-based grammar formalisms. So TΣ is the set of all trees over Σ or

alternatively the set of all terms over Σ. This set can be transformed into an

algebra, or, more specifically, into a term algebra TΣ, which is an algebra where

the carrier sets consist precisely of all the terms that can be generated from

the elements of its signature, in the following way: For every σ ∈ Σw,s, where

s ∈ S and w = s1 · · · sn with si ∈ S, and every t1, . . . , tn ∈ TΣ with ti of sort

si, we simply identify σTΣ
(t1, . . . , tn), the value of the interpretation of σ in TΣ

applied to the arguments t1, . . . , tn, with its corresponding term σ(t1, . . . , tn).

The set TΣ(X) of all trees over Σ containing variables in X is made into a

term algebra TΣ(X) analogously.

The next step is the introduction of derived alphabets. We will omit the

general many-sorted case and restrict ourselves to derived alphabets obtained

from ranked (i.e., single-sorted) ones, since that is the constellation we will

need later on.
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Definition 13 Let Σ be a ranked alphabet. The derived (N∗ × N)-indexed

alphabet of Σ, denoted by D(Σ),2 is defined as follows. Let, for each n ≥ 0,

Σ′
n = {f ′|f ∈ Σn} be a new set of symbols; let for each n and each i, 1 ≤ i ≤ n,

πn
i be a new symbol (the ith projection symbol of sort n); and let, for each

n, k ≥ 0, cn,k be a new symbol (the (n, k)th composition symbol). Then

• D(Σ)ε,0 = Σ′
0;

• for n ≥ 1, D(Σ)ε,n = Σ′
n ∪ {πn

i |1 ≤ i ≤ n};

• for n, k ≥ 0, D(Σ)nkn,k = {cn,k}, and

• D(Σ)w,s = ∅ otherwise.

Thus all the operators in Σ are now treated as constants, which means that

they cannot take arguments anymore. Intuitively, the cs can be interpreted

as an operation that brings these “objectified” functions together with their

arguments explicitly. This operation could be either conceived as the compo-

sition of functions, in which case the πs have to be interpreted as projections3,

or else, if we focus more on the tree perspective, as some kind of tree substitu-

tion, in which case the πs in a tree have to be interpreted as variables, which

will be substituted by other trees the c-operation brings it together with as

arguments. Examples for trees over a derived alphabet can be found in the

next two sections.

2In the many-sorted case, D(Σ) would be ((S∗ × S)∗ × (S∗ × S))-indexed (with S the set
of sorts for Σ). Recall, however, that when S is a singleton we often write N instead of
(S∗ × S), since the one sort s ∈ S only serves as a “counting symbol” – instead of saying
that something is of type 〈sn, s〉 it suffices to indicate its rank n.

3A projection is a function πn
i : A1× · · · ×Ai× · · · ×An −→ Ai (for some sets A1, . . . , An)

that takes an n-tuple and returns the ith element of that tuple.
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Naturally, the set of terms over a derived alphabet can be made into a term

algebra as well. One important instance of an algebra over a derived alphabet

which is not a term algebra is the so-called tree substitution algebra.

Example 3 Let Σ be a ranked alphabet. We denote by DT Σ(X) the D(Σ)-

algebra which is defined as follows. For every n, TΣ(Xn) is the carrier of sort n.

For f ∈ Σn, f ′ is interpreted as the tree f(x1, . . . , xn). For n ≥ 1 and 1 ≤ i ≤
n, πn

i is interpreted as xi. For n, k ≥ 0, t ∈ TΣ(Xn), and t1, . . . , tn ∈ TΣ(Xk),

cn,k(t, t1, . . . , tn) is interpreted as t[t1, . . . , tn], where t[t1, . . . , tn] denotes the

result of substituting ti for xi in t.4

It is obvious that every (variable-free) term over a certain signature Σ can

be evaluated in every algebra A over the same signature. Its value is defined

via a structure-preserving mapping, a so-called homomorphism, between the

term algebra over Σ and A.

Definition 14 If A and B are both Σ-algebras, and S is a set of sorts, a

Σ-homomorphism h : A −→ B is an indexed family 〈hs|s ∈ S〉 of mappings

hs : As −→ Bs such that hs(fA(a1, . . . , an)) = fB(hs(a1), . . . , hs(an)) for every

f ∈ Σw,s with w = s1 · · · sn and every ai ∈ Asi
.

With this definition we can state the fact broached above in the following form:

For every Σ-algebra A there exists a unique homomorphism h : TΣ −→ A
mapping terms in TΣ to elements of the carrier of A.

A special example for this is the evaluation of terms over D(Σ) (for some

signature Σ) in the tree substitution algebra DT Σ(X) from Example 3. The

4Note that this is indeed not a term algebra: Although its carrier does consist of terms (all
the terms over Σ and X), these are not terms over the corresponding signature, D(Σ).
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corresponding unique homomorphism βΣ : TD(Σ) −→ DT Σ(X) is defined as

follows (since we are concentrating on ranked alphabets, let Σ be single-sorted):

βΣ
n (f ′) = f(x1, . . . , xn) for f ∈ Σn

βΣ
n (πn

i ) = xi

βΣ
n (cn,k(t, t1, . . . , tn)) = βΣ

n (t)[βΣ
k (t1), . . . , β

Σ
k (tn)]

for t ∈ TΣ(Xn) and t1, . . . , tn ∈ TΣ(Xk).

This definition obviously reminds one of the interpretation of terms in the tree

substitution algebra. Note that every term t ∈ TΣ(Xn) can be conceived as

an n-ary function (a so-called derived operation) in the target algebra, taking

n other terms as arguments. In this “function-building” respect these struc-

tures are quite similar to terms in lambda-calculus and the way substitution

is used in the third line of the definition bears a distinct resemblance to beta-

conversion in the calculus (which is why this mapping is named β here).

We have now arrived at a point where the concept of Lifting is an easy

continuation of the preceding definitions: For any Σ, this particular homo-

morphism βΣ has a right inverse LIFTΣ, that is, a family of functions LIFTΣ
k :

TΣ(Xk) −→ T k
D(Σ) (where T k

D(Σ) is the set of all terms over D(Σ) of sort k) for

which βΣ
k (LIFTΣ

k (t)) = t holds for any term t ∈ TΣ(Xk). These LIFTΣ
k -functions

obviously map a Σ-term into a corresponding term over the more complex sig-

nature D(Σ) and thus “lift it up to a higher level”. The exact definition of

these lifting functions will be given in the next section.
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With this right inverse of β we can not only lift trees but also entire (context-

free) tree grammars. The concept behind this idea is the following: It is a fact

that under certain circumstances a given system of equations with terms over

some signature can be solved in several different algebras over that signature.

That means that if there exists a homomorphism between two algebras A and

B, systems of equations in B, instead of being solved directly, can be trans-

ferred to A where they are possibly in some respect easier to solve, solved

there, and the solutions can be projected back again into B by the homomor-

phism. This simple principle can be applied to CFTGs as well: The relation

between a formal grammar and the objects it generates can be either described

as derivation – or alternatively, if one takes the productions as equations, as

the solution of a system of equations. A CFTG can be conceived as a sys-

tem of equations where the unknowns (i.e., the nonterminals) range over tree

languages with variables (Engelfriet and Schmidt 1977). This system is then

translated via the family of functions LIFT (“lifted”), solved, and the solutions

are translated back again by the homomorphism β, the only essential differ-

ence in the algebras and mappings used being that we are now dealing with

tree sets instead of single trees (so-called “subset algebras”).5 Why this detour

via Lifting is desirable at all should become clear in the next section. The first

to see that CFTGs can be viewed as a system of regular equations (with tree

substitution as a basic operation) was Maibaum (1974), and he was also the

first to show how to map context-free into regular tree production rules (see

next section).

5Note, however, that this works for the case of “inside-out” tree substitution only, see
Engelfriet and Schmidt (1977) for details.
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This concludes our algebraic view on Lifting. For more detailed informa-

tion the interested reader is referred to Engelfriet and Schmidt (1977, 1978),

Mönnich (1999), and Morawietz (2003). In the next section we will describe

Lifting as a simple translation process of terms of one kind into terms of an-

other kind, and observe its effects. The next two sections also contain some

examples which will possibly make the Lifting mechanism comprehensible in

a more intuitive way.

3.2 Lifting Context-Free Tree Grammars

Stated again from a non-algebraical, more procedural perspective, lifting a

term over some signature Σ just means translating it into a corresponding

term over D(Σ). After having constructed the derived counterpart of the

signature, the act itself of transforming the term into a lifted term is effected

quite easily by a primitive recursive procedure, which corresponds to the right

inverse of the homomorphism βΣ from the previous section:

Definition 15 (Morawietz 2003) Let Σ be a ranked alphabet. For k ≥ 0,

LIFTΣ
k : TΣ(Xk) −→ T k

D(Σ) is defined as follows:

LIFTΣ
k (xi) = πk

i

LIFTΣ
k (f) = c0,k(f

′) for f ∈ Σ0

LIFTΣ
k (f(t1, . . . , tn)) = cn,k(f

′, LIFTΣ
k (t1), . . . , LIFTΣ

k (tn))

for n ≥ 1, f ∈ Σn and t1, . . . , tn ∈ T (Σ, Xk).
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The result of lifting the term f(g(x1, a), x2, b), for example, can be seen in

Figure 3.1. For simplicity we will often ignore the indices of composition and

projection symbols when they are not needed, as they can be easily recon-

structed. In Figure 3.1 the index k has been left out completely. We will also

leave out “unnecessary” composition symbols, i.e., for which n = 0.

f ′ c2 π2 b′

g′ π1 a′

c3

Figure 3.1: Lifted version of the term f(g(x1, a), x2, b) in tree notation

As has been hinted in the previous section in connection with derived alpha-

bets, the lifting of a term can be seen as a method of spelling out its internal

structure explicitly. However, Lifting has another very useful side effect: If

you note the original term as a tree and then lift it, all the former inner nodes

become leaves. This obviously makes the operation of replacing those nodes

by bigger structures a much easier process, to wit, speaking in terms of formal

language theory, a regular process. It follows from this that Lifting can be used

to “make context-free tree grammars regular”: Any context-free tree grammar

over a signature Σ can be translated into a regular tree grammar over the sig-

nature D(Σ) by lifting the trees on the right hand sides of the productions and,

since all nonterminals have become constants (i.e., leaf labels), by deleting the

variables representing daughters on the left hand sides. In a way we are thus

trading in the simplicity of the signature for more simplicity in the derivation,
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passing from a plain to a derived alphabet on one side and from a context-free

(“inner node replacing”) to a regular (“leaf node replacing”) tree grammar on

the other. As we will see in Section 3.3, the same method can be applied to

TAG, after some transformation.

The tree sets generated by a CFTG and those generated by its lifted coun-

terpart naturally have a very close connection. Mönnich (1999) formulates

and proves the following lemma (already contained implicitly in the work of

Engelfriet and Schmidt (1977)):

Lemma 1 Suppose Γ = (Σ, F, S, X, P ) is a context-free tree grammar and

L(Γ) the tree language it generates. Then there is a derived regular tree gram-

mar ΓL = (D(Σ), D(F), S ′, PL) such that L(Γ) is the image of L(ΓL) under

the homomorphism βΣ.

In particular, not only do the tree languages of the two grammars correspond,

but also their individual derivation steps:

Lemma 2 t′ is derived in ΓL from t in k steps, i.e., t ⇒ t′ via the productions

pL
1 , . . . , pL

k in PL if and only if there are corresponding productions p1, . . . , pk

in P such that βΣ(t′) is derived in Γ from βΣ(t) via those productions.

As an example, we will present a CFTG generating the string language

anbmcndm and its lifted RTG counterpart. The example is taken in a shortened

form from Morawietz (2003).

Example 4 Let Γ = (Σ0 ∪ Σ2 ∪ Σ4, F0 ∪ F4, S, X, P ) be defined as follows:

Σ0 = {ε, a, b, c, d}, Σ2 = {•}, Σ4 = {f}, X = {x1, x2, x3, x4}, F0 = {S},
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F4 = {F}, and

P =





S −→ ε

S −→ F (a, ε, c, ε)

S −→ F (ε, b, ε, d)

F (x1, x2, x3, x4) −→ F (•(a, x1), x2, •(c, x3), x4)

F (x1, x2, x3, x4) −→ f(x1, •(b, x2), x3, •(d, x4))





The corresponding lifted RTG version ΓL = (D(Σ), D(F), S ′, PL) looks like

this: D(Σ)ε,0 = {ε, a′, b′, c′, d′}, D(Σ)ε,2 = {•′}, D(Σ)ε,4 = {f ′, π4
1, π

4
2, π

4
3, π

4
4},

D(Σ)nkn,k = {c} (for simplicity), D(F)ε,0 = {S ′}, D(F)ε,4 = {F ′}, and

PL =





S ′ −→ ε

S ′ −→ c(F ′, a′, ε, c′, ε)

S ′ −→ c(F ′, ε, b′, ε, d′)

F ′ −→ c(F ′, c(•′, a′, π4
1), π

4
2, c(•′, c′, π4

3), π
4
4)

F ′ −→ c(f ′, π4
1, c(•′, b′, π4

2), π
4
3, c(•′, d′, π4

4))





Two example members of L(Γ) and L(ΓL), respectively, can be seen in Figure

3.2. The tree in i) is generated via the second, fourth, and fifth production rule

of Γ, and the tree in ii) via the corresponding rules of ΓL, in the same order.

Note that the tree in i) is also the result of applying βΣ to the tree in ii).

One can state as a summary that – still speaking procedurally – there is an

alternative way for derivation in a CFTG: Instead of constructing the corre-

sponding set of trees directly via the productions, the CFTG can be translated
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•

a b ε c c d ε

• ••

a

i) f

ii)

a′c εc′ε

c c π2 c π4

c

π3c c

π2 d′ π4•′b′•′

a′ π1•′
π1f ′

c′ π3•′

Figure 3.2: Two trees, generated via corresponding rules of Γ and ΓL

into an RTG over the derived counterpart of the original signature. The in-

tended trees over the original signature can then be reconstructed using the

information contained in the “encoded” trees the RTG generates via the β-

homomorphism from the previous section (given here in a simpler form):

rec(f ′) = f(x1, . . . , xn) for f ∈ Σn

rec(πn
i ) = xi

rec(c(t, t1, . . . , tn)) = rec(t)[rec(t1), . . . , rec(tn)]

We are thus able to make derivation regular, i.e., considerably less complex,

without losing any of the intended trees. We will show how this approach can

be adapted to the grammar formalism TAG in the next section.
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3.3 Representing TAGs as CFTGs

As TAG is a powerful instrument for formalizing natural language, we will

now examine how the Lifting method can be used to regularize TAG as well.

Since up to now we have only been able to lift context-free tree grammars, this

is not possible without some transformation. Although adjunction in TAG

is quite similar to the rewriting of symbols in CFTGs, there is an essential

difference, since in TAG all daughters of an expanded node are attached to the

foot node of the inserted tree regardless of their number but with order and

multiplicity preserved, whereas in CFTG the required number of daughters of

the nonterminal to rewrite must be specified, as must the (arbitrarily many)

positions at which they have to occur in the replacing tree. This is the reason

why for the time being TAG trees cannot be labeled by a ranked alphabet,

and CFTG trees have to.

However, it has been proven independently by two parties that TAG is

weakly equivalent to a certain subclass of CFTGs: Mönnich (1999) has shown

that every TAG can be translated into a monadic CFTG, and Fujiyoshi and

Kasai (2000) have shown that every TAG can be translated into a so-called

spinal-formed grammar or spine grammar. In fact, monadic CFTGs are spine

grammars in normal form. In this work we will focus on the translation by

Fujiyoshi and Kasai (2000). A spine grammar is a special kind of CFTG based

on the notion of head-pointing alphabets:

Definition 16 (Fujiyoshi and Kasai 2000) A head-pointing alphabet is a

pair (Σ, h), where Σ is a ranked alphabet and h : Σ −→ N is a function such
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that 0 ≤ h(A) ≤ rank(A) for each A ∈ Σ. The integer h(A) is called the head

of A.

Definition 17 Let Γ = (Σ, F, S, X, P ) be a CFTG such that Σ is a head-

pointing alphabet. For n ≥ 1, a production A(x1, . . . , xn) −→ α in P is spinal-

formed if it satisfies the following conditions:

• There is exactly one leaf in α that is labeled by xh(A). The path from the

root to that leaf is called the spine of α.

• For a node d ∈ Dα, if d is on the spine and α(d) = B ∈ Σ with

rank(B) ≥ 1, then d · h(B) is a node on the spine.

• Every node labeled by a variable in Xn \ {xh(A)} is a child of a node on

the spine.

A CFTG Γ = (Σ, F, S,X, P ) is spinal-formed if every production A(x1, . . . , xn)

−→ α in P with n ≥ 1 is spinal-formed. To shorten the terminology, we usually

say “spine grammar” instead of “spinal-formed CFTG”.

Fujiyoshi and Kasai (2000) show that for any TAG Γ = (VN , VT , VL, S,

I,A,−), a weakly equivalent spine grammar Γ′ = (Σ, F, S ′, X, P ) can be con-

structed as follows: Let rmax be the maximal number of daughters figuring in

the elementary trees of Γ. We define the set of nonterminals as F = {S ′} ∪
{〈A, sa, oa, r, h?〉 ∈ VN × 2VL × {0, 1} × N× N|1 ≤ r ≤ rmax and 1 ≤ h? ≤ r},
where rank(S ′) = 0, h(S ′) = 0 and, for each 〈A, sa, oa, r, h?〉 ∈ F \ {S ′},
rank(〈A, sa, oa, r, h?〉) = r and h(〈A, sa, oa, r, h?〉) = h?. The set of terminals

is defined as Σ = VT ∪ {ε} ∪ {〈A, sa, r〉 ∈ VN × 2VL ×N|1 ≤ r ≤ rmax}, where,
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for each a ∈ VT ∪ {ε}, rank(a) = 0 and, for each 〈A, sa, r〉 ∈ Σ \ (VT ∪ {ε}),
rank(〈A, sa, r〉) = r. We have thus constructed a (ranked!) head-pointing

alphabet from the symbols of the TAG.

Before defining the set of productions, we define relations ∼0,∼1, . . . ,∼rmax .

The relation ∼0 ⊆ init(VN , VT , VL) × TΣ∪F is defined as follows. For any α ∈
init(VN , VT , VL) and α′ ∈ TΣ∪F, α ∼0 α′ iff they satisfy the following conditions:

• T(α) = T(α′).

• For each d ∈ T(α), let r be the number of daughters of d and 1 ≤ h? ≤ r.

Then

– if α(d) ∈ VT ∪ {ε}, then α′(d) = α(d),

– if α(d) = 〈A, sa, 1〉, then α′(d) = 〈A, sa, 1, r, h?〉, and

– if α(d) = 〈A, sa, 0〉, then either α′(d) = 〈A, sa, r〉 (a terminal) or

α′(d) = 〈A, sa, 0, r, h?〉 (a nonterminal).

Similarly, for each 1 ≤ n ≤ rmax, the relation ∼n ⊆ aux(VN , VT , VL)×TΣ∪F(Xn)

is defined as follows. For any β ∈ aux(VN , VT , VL) and β′ ∈ TΣ∪F(Xn), β ∼0 β′

iff they satisfy the following conditions:

• T(β) = T(β′) ∪ {ft(β) · 1, . . . , ft(β) · n}.

• For 1 ≤ i ≤ n, β′(ft(β) · i) = xi.

• For each d ∈ T(α), let r be the number of daughters of d and 1 ≤ h? ≤ r,

and if d is on the path from the root to the foot node of β, then d · h? is

as well. Then for β and β′ the same conditions apply as for α and α′ in

the second bullet above.
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The set of productions P is the smallest set satisfying the following:

• For any α ∈ I and α′ ∈ TΣ∪F, if α ∼0 α′, then S ′ −→ α′ is in P .

• For any A ∈ VN , β ∈ A ∩ aux(VN , VT , VL, A), 1 ≤ r ≤ rmax, 1 ≤ h? ≤ r,

sa ⊆ VL, oa ∈ {1, 0}, and β′ ∈ TΣ∪F, if
−
β ∈ sa and β ∼r β′, then the

production 〈A, sa, 0, r, h?〉(x1, . . . , xr) −→ β′ is in P .

Although the form of the elementary trees is preserved, every elementary

tree corresponds to several productions due to the existence of several possi-

bilities of distributing terminals, nonterminals, and heads on the one hand,

and the fact that for every auxiliary tree we get as many new trees as there

are expandable nodes with different numbers of daughters containing that tree

in their sa constraint on the other (since for each of these numbers we have

to attach an equivalent number of variables to its foot node, see the first two

conditions for the relation ∼n, n ≥ 1). Note, however, that because in this

case all variables are attached to the same node, heads are not essential and

can be left out. Obviously the productions thus gained are all spinal-formed.

See Fujiyoshi and Kasai (2000) for the proof that a CFTG constructed in this

manner is indeed weakly equivalent to the original TAG, and that it even ge-

nerates the same tree language if one confines one’s attention to the symbols

of VN ∪ VT contained in the labels.

Fujiyoshi and Kasai base their translation on the TAG definition by Vijay-

Shanker and Weir (1994), but it is easy to see that it can be used on non-strict

TAGs as defined by Rogers (2003a) as well, in an adapted form: For a non-strict

TAG with labelling alphabet V the set of nonterminals would be defined as F =
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{S ′}∪{〈A, sa, oa, r, h?〉 ∈ V×2VL×{0, 1}×N×N|0 ≤ r ≤ rmax and 0 ≤ h? ≤ r}
with the same conditions as above, and the set of terminals would be defined

as Σ = {〈A, sa, r〉 ∈ VN × 2VL × N|0 ≤ r ≤ rmax} with the same conditions

as above. Furthermore, instead of different sets of conditions for n = 0 and

n ≥ 1 for the relation ∼n the second set of conditions would apply for all n ≥ 0

(where n = 0 occurs either for elementary trees that are used as initial trees

or in the case of substitution). For the productions we would have to require

that β ∈ E and A ∈ V . Also note that in order to allow substitution at all

we would have to write 0 ≤ r ≤ rmax, 0 ≤ h? ≤ r instead of 1 ≤ r ≤ rmax,

1 ≤ h? ≤ r in the second bullet. We will concentrate on non-strict TAGs for

the rest of this work.

Since spine grammars are CFTGs, they can be lifted like any other CFTG.

The following example contains a spine grammar which is the result of applying

the translation of Fujiyoshi and Kasai (2000) to the TAG of Example 1 in

Section 2.2, and its lifted version. In this example the labels are reduced to

symbols (indexed with their rank for r ≥ 1).

Example 5 The new CFTG G′ = (Σ0∪Σ1∪Σ3, F0∪F1∪F3, S
′, X, P ) obtained

from the TAG G in Example 1 is defined as follows: Σ0 = {ε, a, b, c, d}, Σ1 =
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{s1}, Σ3 = {s3}, X = {x1, x2, x3}, F0 = {S ′}, F1 = {S1}, F3 = {S3}, and

P =





S ′ −→ s1(ε)

S ′ −→ S1(ε)

S1(x1) −→ s3(a, s3(b, s1(x1), c), d)

S1(x1) −→ s3(a, S3(b, s1(x1), c), d)

S3(x1, x2, x3) −→ s3(a, s3(b, s3(x1, x2, x3), c), d)

S3(x1, x2, x3) −→ s3(a, S3(b, s3(x1, x2, x3), c), d)





In lifted form, this grammar then looks like this: G′L = (D(Σ), D(F), S ′′, PL)

with D(Σ)ε,0 = {ε, a′, b′, c′, d′}, D(Σ)ε,1 = {s′1}, D(Σ)ε,3 = {s′3, π3
1, π

3
2, π

3
3},

D(Σ)nkn,k = {c}, D(F)ε,0 = {S ′′}, D(F)ε,1 = {S ′1}, D(F)ε,3 = {S ′3}, and

PL =





S ′′ −→ c(s′1, ε)

S ′′ −→ c(S ′1, ε)

S ′1 −→ c(s′3, a
′, (s′3, b

′, c(s′1, π1), c
′), d′)

S ′1 −→ c(s′3, a
′, (S ′3, b

′, c(s′1, π1), c
′), d′)

S ′3 −→ c(s′3, a
′, (s′3, b

′, c(s′3, π1, π2, π3), c
′), d′)

S ′3 −→ c(s′3, a
′, (S ′3, b

′, c(s′3, π1, π2, π3), c
′), d′)





Figure 3.3 shows two corresponding trees generated by G′ and G′L.

At the end of this section we would like to examine the nature of these

particular lifted trees in a little more detail and list all the facts we can establish

about them. Morawietz (2003) has formulated several facts about trees that
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have been generated by an ordinary lifted CFTG over some signature D(Σ):

• All inner nodes are labeled by some composition symbol cn,k. No leaf is

labeled by some cn,k.

• Any node labeled with a symbol in Σ′
n,6 n ≥ 1, is on a leftmost branch,

i.e., it is the leftmost daughter of some cn,k.

• For any node p labeled with some projection symbol πn
i there is a unique

node µ (labeled with some cn,k) which properly dominates p and whose

ith sister will eventually evaluate to the value of πn
i under the homomor-

6For the rest of this work, Σ′n stands short for D(Σ)ε,n \ {πn
i |1 ≤ i ≤ n}.

b

a

s3

s3 d

a s3 d

b s3 c

cs1

ε

c

s′3

s′3

s′3

c

c

c

a′

b′ c′

d′

d′c

π2

a′

b′c c c′

π1 π3

s′1 π1

ε

s′3

Figure 3.3: Two trees, generated via corresponding rules of G′ and G′L
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phism β. Moreover, µ will be the first node on a left branch properly

dominating p (see Morawietz (2003) for an explanation).

We can add at least two facts to this:

• A composition symbol on a leftmost branch is certain evidence that at

this node a production of the lifted CFTG has been applied. This can

be explained as follows: Lifting a CFTG comprises lifting all the trees

on the righthand sides of the rules. When such a tree is lifted all left-

most daughters of any node in the resulting tree are always labeled with

symbols in Σ′
n (for some n), and never by composition symbols. Con-

sequently, a composition symbol on a leftmost branch in a lifted tree

indicates with certainty that the tree cannot be contained as a whole in

the rules of the grammar (i.e., as the right-hand side of a rule starting

with “S ′ −→ . . .”) but that some production must have been applied

that licenses the rewriting of a leaf by the subtree now rooted at the

node in question (which, however, can contain other rewritings itself).7

• About trees that have been generated by a lifted CFTG which has been

obtained from a TAG via the translation of Fujiyoshi and Kasai (2000):

All nodes labeled by a projection symbol have at least one sister to their

7Although we are able to tell by the composition symbols in the generated trees at which
nodes a production has been applied and, consequently, which inner nodes have been
expanded by adjunction in the original TAG, this is not possible for substitution, i.e., we
cannot tell from a tree which of its subtrees represents a genuine subtree of an elementary
tree and which subtree represents another elementary tree that has replaced a former leaf
in the TAG (unless that leaf is a foot node). We will therefore restrict our attention
to TAGs that do not allow adjunction at leaves from now on (not even at foot nodes –
however, this is no loss, as for every TAG with foot node adjunction there is an equivalent
TAG in which the trees containing the foot nodes in question are adjoined to the roots of
the trees that were adjoined to those foot nodes in the other TAG).
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left, and all sisters but the leftmost are labeled by projection symbols as

well. This is due to the fact that in a CFTG production extracted from

a TAG all variables are attached to the same node, which is the former

foot node of the corresponding elementary tree.

We will resort to these facts in Chapter 5. The next chapter contains an

at first glance altogether different approach of regularizing TAG using three-

dimensional trees, preceded by an introduction to multi-dimensional trees.
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4 Three-dimensional trees and

their yields

4.1 Multi-dimensional trees (Rogers 2003b)

4.1.1 A generalization of the concept of trees

The definitions given in this section are all taken from the work of James Rogers

(1997, 1999, 2003a,b). Starting from ordinary trees based on two-dimensional

tree domains, Rogers extended the concept both downwards and upwards to

trees based on tree domains of arbitrarily many dimensions and defined what

he eventually called multi-dimensional trees (in analogy to equivalent objects

defined by Baldwin and Strawn (1991), see Subsection 4.2.1). In this context,

he found that the grammar formalism TAG and the adjunction operation in

TAG could be seen from a new perspective by resorting to three-dimensional

trees, which allows a derivation and its result to be encoded into a single tree-

like object in a more direct sense than with classical derivation trees. We

will give the necessary definitions and concepts for multi-dimensional trees in

this subsection and show how they can be related to TAG in the next. In
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the next section we will present multi-dimensional trees as defined by Baldwin

and Strawn (1991) (Subsection 4.2.1) and also develop our own definition for

three-dimensional trees (Subsection 4.2.2), which we will use in Chapter 5.

As stated before, Rogers’ multi-dimensional trees are based on a hierarchy

of multi-dimensional tree domains, which we will establish in the following

definition. Of course, this hierarchy has to incorporate the tree domains we

introduced in Section 2.1. One way to make the hierarchy more uniform is to

express the natural numbers in unary, i.e., to write every number i ∈ N as a

sequence of 1s of length i.1 We define the class Td of all d-dimensional tree

domains for some d ∈ N recursively as follows:

Definition 18 Let d1 be the class of all dth-order sequences of 1s.2 0-dimen-

sional tree domains (point domains) are either empty or trivial: T0 := {∅, {1}}.
A (d+1)-dimensional tree domain is a set of hereditarily prefix closed (d+1)st-

order sequences of 1s, i.e., T ∈ Td+1 iff

• T ⊆ d+11,

• ∀s, t ∈ d+11 : s · t ∈ T ⇒ s ∈ T,3

• ∀s ∈ d+11 : {w ∈ d1|s · 〈w〉 ∈ T} ∈ Td.

The leaves of a d-dimensional tree domain are those nodes at addresses that

1Or one could go even further and represent 1 as the empty sequence of order 0, but that
would make the addresses even more difficult to read as well.

2That is, 01 := {1}, and n+11 is the smallest set satisfying (i) 〈〉 ∈ n+11, and (ii) if
〈x1, . . . , xl〉 ∈ n+11 and y ∈ n1, then 〈x1, . . . , xl, y〉 ∈ n+11.

3‘·’ represents concatenation on sequences of equal order. For example, 〈〈1〉〉 · 〈〈1, 1〉〉 =
〈〈1〉, 〈1, 1〉〉. In the following, the empty sequence of any order is represented as ε, but we
will sometimes use subscripts to indicate the order of a sequence.
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are not properly extended by any other address in the tree domain. We will

refer to individual structures in the class Td as Tds.

Apart from the unary representation, the concept of two-dimensional tree do-

mains from Section 2.1 is not changed by this definition: The prefix closure

condition reappears in the second bullet and the left-sister closure condition

results from the second and third bullet taken together, viz. from the fact that

according to the definition above the children of a node in a two-dimensional

tree form a one-dimensional domain which has to be prefix-closed as well. Zero-

dimensional tree domains are just points, and one-dimensional tree domains

can be seen as the structures on which strings are based – the addition here

are tree domains of three or more dimensions.

Rogers’ multi-dimensional trees are tree domains in which every node is

decorated with a label drawn from some alphabet Σ – so-called labeled tree

domains. We already introduced labeled two-dimensional tree domains simply

as trees in Definition 8, Section 2.1. Examples for labeled multi-dimensional

tree domains can be seen in the right hand column of Figure 4.1.

Definition 19 A Σ-labeled Td (d-dimensional tree) is a pair (T, τ) where T

is a d-dimensional tree domain and τ : T −→ Σ is an assignment of labels in

Σ to nodes in T . We will denote the class of all Σ-labeled Td as Td
Σ.

Every d-dimensional tree can be conceived to be built up from one or more

d-dimensional local trees, that is, trees of depth at most one in their major

dimension. Each of these smaller trees consists of a root and an arbitrarily

large (d− 1)-dimensional “child tree” consisting of the root’s children.4 Local

4A more formal definition of the set Td,loc
Σ of all local trees over some alphabet Σ would be
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strings (i.e., one-dimensional trees), for example, consist of a root and a point

as its child tree. Local two-dimensional trees consist of a root and a string

(in which, by the way, the left-to-right ordering of the daughters in the orig-

inal sense is now explicit in the one-dimensional dominance relation5). Local

three-dimensional trees would have a pyramidal form, with a two-dimensional

tree as its base. We will also allow trivial local trees (consisting of a single

root), and even empty ones. Composite trees can then be built from local

ones by identifying the root of one local tree with a node in the child tree

of another (and adapting the addresses in order to incorporate them into the

newly created tree domain). In Figure 4.1 you can see examples of local and

composite trees for the first four steps of our hierarchy. Only the composite

trees have been labeled (and in the 3-dimensional case, only the addresses of

nodes that do not appear in the lowermost local tree as well have been given,

for reasons of clarity). The fact that a d-dimensional tree is composed of local

trees which consist of a root and a (d−1)-dimensional child tree is reflected in

the addresses of its tree domain: An address of a node in a Td is a sequence

of T(d− 1) addresses – the addresses on the path from the overall root to that

node with respect to the (d− 1)-dimensional trees it passes through.

Based on the notion of local trees we are now able to generalize the grammar

concept as well and define grammars that license multi-dimensional trees:

Definition 20 A Td grammar over an alphabet Σ is a finite set of Σ-labeled

for example Td,loc
Σ = {〈T, τ〉|〈T, τ〉 is a Σ-labeled Td, and ∀s ∈ T : |s| ≤ 1}.

5Under the new perspective of this chapter dominance and precedence boil down to a single
relation, which has to be defined separately for every dimension (see Footnote 7 at the
end of this subsection). We will call this relation dominance as well, and, if x dominates
y, we will talk of x as the predecessor of y and of y as the successor of x.
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Figure 4.1: Local and composite trees for d = 0, 1, 2, 3
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local Td. The set of labeled Td licensed by a grammar G ⊆ Td
Σ relative to a set

of initial symbols Σ0 ⊆ Σ (denoted G(Σ0)) is the set of all Σ-labeled Td with a

root labeled by a symbol in Σ0 in which every local Td is an element of G.

Obviously, these grammars license sets of Td trees. Note, however, that local

trees can also be conceived as production rules – productions that license the

rewriting of the root symbol of a local tree as its child tree, that is, rules of

a grammar that generates T(d − 1) trees. When we wish to emphasize the

interpretation of the local trees as productions, we will represent them as pairs

in Σ×Td−1
Σ , where the left member of the pair is the root label of the local tree

and the right member is its child tree. The tree sets licensed by a Td grammar

from the first and second point of view respectively have a close connection:

A Td composed of the local trees of the grammar can be seen as a kind of

derivation tree for the T(d − 1) that is derived by applying the productions

drawn from the same local trees at the same nodes where those are attached

in the Td.

Similarly, we can define automata for Tds. These automata are extensions

of the grammars insofar as the class of tree sets that can be licensed by a

grammar (so-called local sets) is strictly included in the class of tree sets that

can be recognized by an automaton (so-called recognizable sets)6, which is due

to the fact that for automata recognition is not only based on the explicit

labels of the nodes but also on a finite set of states.

Definition 21 A Td automaton over an alphabet Σ and a finite set of states

6However, a set of Σ-labeled Td is the yield of a recognizable set of labeled Ti, for some
i > d, iff it is the yield of a local set of labeled Ti (Rogers (2003b), Lemma 10). See the
end of the subsection for a definition of yield.
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Q is a finite set of pairs in Σ× Td−1
Q . A Σ-labeled Td, T = 〈T, τ〉, is accepted

by a Td automaton A ⊆ Σ× Td−1
Q relative to a set of initial states Q0 ⊆ Q iff

there is a Q-labeled Td, T ′ = 〈T, τ ′〉, in which

• the root is labeled with a symbol in Q0,

• every local Td is included as the right component of a pair in A, and

• for each w ∈ T , τ(w) = σ only if there is a pair in A associating σ with

the local Td rooted at w in T ′.

The Q-labeled tree T ′ is referred to as a run of the automaton. The set of

Σ-labeled Td recognized in this way is denoted A(Q0).

The last concept we would like to adapt with respect to multi-dimensionality

in this subsection is the notion of the yield of a tree, which we introduced at

the end of Section 2.1. The yield of a two-dimensional tree is the string one

obtains by reading off its leaf labels in left-to-right order. In other words,

and from the new perspective that strings are one-dimensional trees, it is a

projection of the tree onto the next lower level, i.e., its dimensions are reduced

by one. Naturally, d-dimensional trees with d ≥ 3 have several yields, one for

each dimension that is taken away, down to the one-dimensional string yield

(which is the smallest “interesting” yield, as the next projection would just

give us the last node of the string). A string yield is obtained by taking the

yield (d − 1) times. However, when taking the yield of a tree with d ≥ 3,

some thought has to go into the question of how to interweave the child trees

of its various local components to form a coherent (d − 1)-dimensional tree,
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since there are often several possibilities (see Figure 4.2). Rogers solves this by

introducing special nodes called heads and defines them such that in the child

tree of every local Ti there is a unique path of heads, called the primary spine

of that child tree, leading from the root (which is not a head) to a leaf. This

leaf is called the foot of the child tree and marks the splicing point, i.e., the

point where the yield of the subtree containing it should be connected to the

remaining part of the overall yield. In Figure 4.3 the ambiguity from Figure

4.2 has been resolved by marking the primary spines.

The yield is taken in two steps: The first step extends the orderings (i.e.,

the direct dominance relation7 /d) in the minor dimensions throughout the

whole structure in a way such that a node inherits from its predecessors in a

dimension i predecessor relationships in dimension (i − 1), but only inherits

successor relationships if it is on the primary spine of the (i−1)th-dimensional

child tree of its direct predecessor. The second step restricts the tree to its

maximal points with respect to the dominance relation in the major dimension,

i.e., its leaves in the dth dimension, ordered by the extended ordering relations

in the minor dimensions.

Definition 22 A Σ-labeled headed Td is a structure T = 〈T, /+
i , Ri, Hi,

Pσ〉1 ≤ i ≤ d, σ ∈ Σ, where T is a Td, /+
i is the extended /i, the set Ri contains the

roots of the local Ti in T , the set Hi contains the i-dimensional heads of T , and

the set Pσ contains the nodes labeled with σ in T . The ith-dimensional yield, for

each 1 ≤ i ≤ d, of a Σ-labeled headed Td T = 〈T, /+
i , Ri, Hi, Pσ〉1 ≤ i ≤ d, σ ∈ Σ

7For all x, y in some Td ∈ Td, x/d y iff y = x · 〈s〉; x/d−1 y iff x = p · 〈s〉 and y = p · 〈s · 〈w〉〉;
... ; x/1y iff x = p ·〈s ·〈· · · 〈w〉 · · · 〉〉 and y = p ·〈s ·〈· · · 〈w ·〈1〉〉 · · · 〉〉 where p ∈ d1, s ∈ d−11,
and so on.
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Figure 4.2: Ambiguity in the yield of higher-dimensional structures

is defined as8

Y ieldi
d(T ) := 〈T i, /+

i |Ti
, Ri

j, H
i
j, Pσ|Ti

〉1 ≤ i ≤ d, σ ∈ Σ

where Ti is the set of nodes in T that are maximal with respect to /+
j for all i <

j < d, and Ri
j and H i

j are images of Rj and Hj in Ti (x/∗d y ⇔ x = y∧x/+
d y):

Imaged(X) =
⋃
x∈X

{y|x /∗d y ∧ ∀z : (x /+
d z ∧ z /∗d y) → z ∈ Rd−1}

See Rogers (2003b) for details. We will see two other definitions of a yield in

the next section. With this concept of yield we can reformulate the connection

between Td grammars consisting of local trees and their interpretation as pro-

ductions: The trees licensed by a grammar according to the second point of

view are exactly the yields of the trees licensed by the same grammar according

8Read ‘|T i ’ as “restricted to the set T i”.
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Figure 4.3: Unambiguous yield due to specified primary spines (bold lines)

to the first point of view.

After having introduced multi-dimensional trees in general, we will restrict

ourselves to trees with d ≤ 3 from now on (except for Subsection 4.2.1 where we

will present an alternative definition of multi-dimensional trees). In Subsection

4.1.2 we will show how three-dimensional trees can be related to TAG.

4.1.2 Three-dimensional trees and TAGs

Admittedly, structures with more than three dimensions are hard to visualize.

However, three-dimensional trees are still imaginable as well as depictable

on paper and can even be of considerable use for the representation of some

relationships in two-dimensional tree formalisms that would otherwise have to

be left implicit. For example, Rogers (2003b) has established a particular link

between three-dimensional trees and the grammar formalism TAG – he proved

the equivalence of T3 automata and non-strict TAG.
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Theorem 23 (Rogers 2003b) A set of Σ-labeled two-dimensional trees is

the yield of a recognizable set of Σ-labeled T3 9 iff it is generated by a non-

strict TAG with adjunction constraints.

His proof is based on the fact that states and sa constraints have approximately

equivalent power. He shows that a T3 automaton can be constructed from a

non-strict TAG by taking the set of states to be (roughly) the powerset of the

set of elementary trees and building a set of local T3 for each elementary tree

with the tree as the child tree of each root and each root labeled by one of the

states including the tree. For the other direction, he essentially converts each

local T3 of the automaton into an elementary tree where the sa constraint for

each node is the set of elementary trees formed from the child trees of those T3

whose roots are labeled by the same state as that node. See Rogers (2003b)

for the full construction and proof.

From a certain perspective, trees accepted by a T3 automaton derived from a

non-strict TAG are but a special sort of derivation trees for that TAG in which

one does not have to resort to tree names since both the elementary trees in

question and the way they are combined can be displayed explicitly in the same

object. There is an easy mapping between these trees and TAG derivation trees

of the standard sort. Their direct yield is the set of the intended trees, and

their one-dimensional yield is the corresponding string language.

Rogers (2003a) goes even further and writes: “It is important to recognize

how direct these constructions are. In a very strong sense the T3 automaton

and the TAG are just alternate presentations of the same object, with the

9i.e., a set of T3 that can by licensed by some T3 automaton
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local relationships of the automaton being expressed in the sa constraints of

the TAG. In essence, states and sa constraints are equivalent mechanisms;

for all intents and purposes T3 automata and non-strict TAG with adjunction

constraints are just notational variants.” If a TAG and a T3 automaton are just

alternate presentations of the same object, then in a certain sense a TAG can

be conceived as a device defining three-dimensional trees as well. According to

Rogers (1999), this is a natural continuation of the way a context-free string

grammar can be seen as a device defining a set of regular trees (its derivation

trees10) if one assumes that every production rule of the grammar licenses the

rewriting of a leaf labeled with the symbol from the left-hand side of the rule

by a tree of depth one whose root is also labeled with that symbol and whose

daughters are labeled with the symbols from the right-hand side of the rule.11

Just as context-free string grammars can be interpreted as grammars defin-

ing regular tree sets, the representation of a TAG via three-dimensional trees

obviously also constitutes a regularization (and hence a reduction of the com-

plexity of derivation): Trees are now constructed by adding local trees at the

outermost frontier of another tree, which is a regular process, instead of in-

serting trees at the interior. The intended trees generated by the original TAG

can then be extracted from the three-dimensional trees via the yield function.

We have thus introduced the second regularization method for TAG.

10Comon et al. (1999), p.63: For every context-free string grammar G, the set of derivation
trees of L(G) is a regular tree language.

11In other words: Leaves are replaced by local two-dimensional trees. There is a clear
analogy to T2 grammars, and in fact T2 grammars with their local trees interpreted as
productions of a string grammar are actually a mild generalization of context-free string
grammars (inasmuch as T2 grammars allow multiple start symbols and as terminals and
nonterminals are not distinguished in the standard way, so that any symbol may be
expanded).
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4.2 Alternative definitions

4.2.1 Baldwin and Strawn (1991)

The idea of tree-like structures of arbitrarily many dimensions has already

been conceived before. Baldwin and Strawn (1991) define multi-dimensional

trees as follows:

Definition 24 The set of nodes over an alphabet Σ, denoted T0(Σ), is the

smallest set such that Σ is a subset of T0(Σ) and ∅ is a subset of T0(Σ).

The set of n-dimensional trees over an alphabet Σ, denoted Tn(Σ), is the small-

est set such that Tn(Σ) = Σ ∪ Σ{n Tn−1(Tn(Σ)) n} for all n ≥ 0.

In their definition, Baldwin and Strawn (1991) use indexed brackets to indi-

cate the major dimension of a tree, expressed here as the dimension of the

connection between the root and its direct subtrees (i.e., the trees rooted at

its children). This concept may be comparable to coloured edges in graphs

(see Figure 4.4). The notation ‘Σ{n Tn−1(Tn(Σ)) n}’ can be read as follows:

A multi-dimensional tree consists of a root labeled by some symbol in Σ on

the one hand and an (n − 1)-dimensional tree of n-dimensional trees over Σ

(the tree’s direct subtrees) on the other. For example, the direct subtrees of a

two-dimensional tree are considered to form a string of two-dimensional trees.

Although at first glance this tree concept differs considerably from the one by

Rogers (2003a,b), both definitions describe similar structures.

An easy extension of Baldwin’s and Strawn’s multi-dimensional trees are

multi-dimensional forests. A multi-dimensional forest can be obtained from a

multi-dimensional tree by removing its root, and then removing the root of
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the result, and so on, an operation which can be repeated arbitrarily often. A

forest of degree k = n − t is an n-dimensional tree where the root has been

removed t times. The formal definition is given below:

Definition 25 The set of multi-dimensional forests over an alphabet Σ of di-

mension n and degree k, denoted T k
n (Σ), is the smallest set such that

T k
n (Σ) =





Σ if k = n + 1,

T k+1
n (Σ) ∪ T k+1

n (Σ){k T k−1
n (Σ) k} if n ≥ k > 0,

T 1
n(Σ) if k = 0.

for all n ≥ 0. Note that T n
n (Σ) = Tn(Σ) for all n.

Based on multi-dimensional forests Baldwin and Strawn (1991) also define

their own yield function which they call the frontier operation. They do so

with the help of a special kind of variable xi, i ∈ N, taken from a partitioned

set X. The partition is indicated by the subscript. xis also have superscripts

containing the path leading to the tree by which they will be replaced when

the frontier operation is applied. These variables fulfil a similar function as

the “feet” in Rogers (2003a,b).
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Definition 26 The frontier function fn
n (α) is defined as

fn
n (α) =





α if α ∈ Σ

cn−1(f
n
n (β0){nf

n
n (β1){n−1 if α = a{nβ0{n−1

fn
n (β2){n−1· · · n−1}n−1}n}) β1{n−1β2 · · · n−1}n−1}n},

xp
k if β = xp

k and k > n.

The concatenate function cn−1 substitutes each xp
n−1 by the (n−1)-dimensional

tree designated by the path p. On the basis of these definitions Baldwin and

Strawn (1991) also define multi-dimensional tree grammars and automata.

Like Rogers (2003a,b), Baldwin and Strawn (1991) do not use the concept of

rank, and they even give explicit reasons for that: They argue that it is both

against intuition and against most applications – in family trees, persons can

have arbitrarily many children, in linguistics an expression can be made up

from an arbitrary number of other expressions, and so on. This leads us to the

following remark: Given the low importance of rank postulated by Baldwin

and Strawn (1991) it is no longer necessary for every single child of a node to

be connected to it. We can choose an alternative way of representing multi-

dimensional trees where each node is connected to the root of the tree formed

by its successors in each dimension only, which is also easier to draw on paper.

In Figure 4.4 you can see the composite three-dimensional tree from Figure

4.1 in such a representation, which by the way is a generalized version of the

one sometimes known as “first-child left-sibling” for two-dimensional trees.
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Figure 4.4: An alternative representation for multi-dimensional trees

4.2.2 A “term-like” definition of three-dimensional trees

Since we would like to compare the objects licensed by regularized TAGs of

both kinds respectively, i.e., lifted12 and three-dimensional trees, directly and

on a formal level in the following chapter, in this subsection we will develop

our own definition for three-dimensional trees with the goal of facilitating the

comparison. In essence we will try to represent three-dimensional trees in a

more “term-like” way, which will (despite Baldwin and Strawn (1991)) include

the concept of rank. We assume that translations between this representation

and the other ones presented in this chapter can be found.

We define three-dimensional trees via a new kind of three-dimensional ob-

jects which we will call antitrunks. Antitrunks can be described as three-

dimensional trees with the root missing, that is, as three-dimensional forests

of degree 2. We will also use a concept similar to that of a direct subtree which

we will call an extension: In an antitrunk a node can have 0 to n extensions

in the second dimension, and one or no extension in the third. The exten-

sions of a node are also antitrunks. Nodes with no extensions in the second

or third dimension are leaves in that respective dimension. We will use rank

12Note that “lifted trees” can also mean “trees generated by a lifted grammar”.
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in a similar way to before, namely in order to indicate the required number

of extensions of a node in the second dimension. However, we will not use

rank in the third dimension since on the one hand it would not make much

sense as we defined extensions in the third dimension in a binary way (a node

either has an extension or not), and on the other it would be rather complex

to define what rank in the third dimension should be. Let Σ be an arbitrary

ranked alphabet. We define the set 3DΣ of three-dimensional trees over Σ as

follows:

• (L, t) ∈ 3DΣ if L ∈ Σ0 and t ∈ 3D+
Σ.13 3D+

Σ is the set of antitrunks, which

will be defined in the following bullets.

• (L, t, 〈t1, . . . , tn〉) ∈ 3D+
Σ if L ∈ Σn, t ∈ 3D+

Σ and ti ∈ 3D+
Σ for 0 ≤ i ≤ n.

• (L, 〈t1, . . . , tn〉) ∈ 3D+
Σ if L ∈ Σn and ti ∈ 3D+

Σ for 0 ≤ i ≤ n. These are

antitrunks where the root has no extension in the third dimension.

An example illustrating the concept of antitrunks can be found in Figure 4.5.

It is our standard example, the three-dimensional composite tree from Figure

4.1, without its root. Each node in it represents the root of another antitrunk.

It may be helpful to recapitulate the differences between the three definitions

of multi- or three-dimensional trees presented in this chapter: Rogers’ (1997,

1999, 2003a,b) concept is based on the decomposition of a tree into local trees

of depth at most one, whereas Baldwin and Strawn (1991) basically divide a

tree into a root and the rest. This representation here also breaks a tree down

13We have included neither the trivial (single-node) nor the empty tree as we prefer not to
have them in our sets later on, but of course they can be easily added to the definition.
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into a root and the rest (consisting of antitrunks), but concentrates on listing

the individual extensions of a node in the second and third dimension.

a

b

d

e

c

f

k

j

g

h

i

Figure 4.5: The concept of antitrunks

Just like Rogers (2003a,b), and Baldwin and Strawn (1991), we will work

with foot nodes. We introduce a binary feature to indicate if a node is a foot

node or not. We postulate the following conditions for foot nodes:

• Foot nodes are leaves (i.e., have no extensions) in the second and third

dimensions.

• Every contiguous two-dimensional tree contained in an antitrunk has to

contain exactly one foot node.

• Leaves in the second dimension have no extensions in the third either.14

For example, (L, 〈〉, 1) for some label L ∈ Σ and t ∈ 3D+
Σ is a foot node,

(L, t, 〈t1, t2〉, 0) for t1, t2 ∈ 3D+
Σ is not, and (L, t, 〈t1, t2〉, 1) is not well-formed.

14Like the exclusion of trivial and empty trees, this condition also restricts the generality
of this representation, but as it has been designed for no other purpose than to facilitate
the comparison in Chapter 5 we prefer to define our sets already exactly as we will need
them later on. This condition accounts for the fact that we excluded TAGs that allow
substitution at leaves from our view.
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The antitrunk in Figure 4.5 would be noted as follows (with the foot nodes

distributed as in Figure 4.3):

(a, 〈(b, 〈〉, 0), (c, 〈(e, 〈〉, 1), (f, 〈〉, 0)〉, (g, 〈(h, 〈〉, 0),

(i, 〈〉, 1)〉, 0), 0), (d, 〈〉, (j, 〈(k, 〈〉, 1)〉, 0), 0)〉, 0).

We will now define our own yield function ydΣ : 3D+
Σ × N → TΣ0 where Σ0

is a ranked alphabet with Σ0
n = Σn ∪ Σ0 for every n ≥ 0 15 and TΣ0 is the set

of all two-dimensional trees over Σ0 (as in Definition 4, Section 2.1).16,17 Let

x1, . . . , xl be elements of a countable set of variables. Let tv, t1, . . . , tm ∈ 3D+
Σ.

grk : Σ0×N→ Σ0 is a function that takes a label of rank 0 and yields another

label consisting of the same symbol, but with the rank given in the second

argument.

ydΣ(t, l) =





L(ydΣ(t1, l), . . . , ydΣ(tm, l)) if L ∈ Σm, m ≥ 0,

t = (L, (t1, . . . , tm), 0)

ydΣ(tv,m)[(ydΣ(t1, l), . . . , ydΣ(tm, l)] if L ∈ Σm, m ≥ 1, t =

(L, tv, (t1, . . . , tm), 0)

Ll(x1, . . . , xl) if t = (L, (), 1) and

for Ll = grk(L, l) L ∈ Σ0

The function is subdivided into three different cases because we have to distin-

15This manoeuvre results in some symbols having multiple ranks, but the ambiguity can be
easily fixed, for example by indexing the symbols with their rank.

16Note that we can use the same alphabet for two- and three-dimensional trees since in our
representation rank only applies in the second dimension.

17Recall that t[t1, . . . , tm] denotes the result of substituting ti for xi (1 ≤ i ≤ m) in t.
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guish between foot nodes and non-foot nodes, and among the latter between

nodes that have an extension in the third dimension and nodes that do not

(this distinction is due to the fact that we chose different representations for

leaves and non-leaves in the third dimension). The second argument keeps

track of the number of daughters of the roots in the third dimension so that

when a foot node is reached the correct number of variables can be attached

(which are then substituted by the direct subtrees of the corresponding root).

The function yd works on antitrunks. In order to obtain the yield of a three-

dimensional tree we have to apply a function ydpre
Σ : 3DΣ → TΣ0 first that

detaches the root and initializes the second argument: ydpre
Σ (ta) = ydΣ(t, 0) for

a tree ta = (L, t) with L ∈ Σ and t ∈ 3D+
Σ.

With these technical tools we are now able to treat the equivalence of the two

regularization methods for TAG presented in this and the previous chapter.
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5 Equivalence of Lifting and

three-dimensional trees as

TAG regularization methods

In this chapter we would like to establish the equivalence of the two regula-

rization methods for TAG presented in the previous chapters using a direct

formal translation between lifted and three-dimensional trees. The translation

exploits structural similarities of these objects by finding corresponding points

and making them match.

In the previous chapters we described how a TAG can be transformed either

into a lifted spine grammar or into a T3 automaton. Both devices define tree-

like objects that still include two kinds of information about the originally

intended trees, namely which individual components, i.e., elementary trees

they are composed of (represented by the tree parts between one composition

symbol on a leftmost branch and the next – see the end of Section 3.3 – in one

case and by local trees in the other), and how these are put together. This

is precisely the information needed in order to reconstruct the intended trees
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from the “encoded” ones.

We will now attempt to show the equivalence of Lifting and of three-dimen-

sional trees as regularization methods for TAG by giving a pair of functions

that can be used for the translation of encoded trees of one kind into trees of

the respective other kind, and then proving that the direct decoding of such

a tree and its translation into the other encoding and the decoding of the

result yield exactly the same intended tree (see Figure 5.11; the set LD(Σ) is

explained below). We will assume that three-dimensional trees are given in

the representation introduced in Subsection 4.2.2.

Let us start by giving the function translating lifted into three-dimensional

trees. Let LD(Σ) be a set of trees over D(Σ) characterized by the following2:

• ⋃
n≥0

D(Σ)ε,n ∈ LD(Σ).

• c(f, t1, . . . , tn) ∈ LD(Σ) if f ∈ Σn
′ and t1, . . . , tn ∈ LD(Σ) \{πn

i |1 ≤ i ≤ n}.

• c(f, π1, . . . , πn) ∈ LD(Σ) if f ∈ Σ′
n and n ≥ 1.

• c(t, t1, . . . , tn) ∈ LD(Σ) if n ≥ 1, t, t1, . . . , tn ∈ LD(Σ) \ {πn
i |1 ≤ i ≤ n} and

t contains projection symbols π1, . . . , πn that are not dominated by more

than one composition symbol on a leftmost branch in t.

1Σ represents the ranked version of the labelling alphabet of the TAG, i.e., an alphabet
where every original symbol can have every possible rank up to rmax, the largest number
of daughters figuring in the elementary trees of the TAG. The resulting ambiguity can
easily be fixed, for example as described in Footnote 15 of the previous chapter. We
will assume that the three-dimensional trees figuring in this chapter are labeled by Σ,
and, since Σ is built in an analogous way to the terminal alphabet of a spine grammar
derived from a TAG via the algorithm of Fujiyoshi and Kasai (2000) (if one ignores the sa
component in the label), we will also assume that the lifted trees figuring in this chapter
are labeled by D(Σ). As we are mostly interested in structural correspondence anyway,
labelling will be considered a subordinate problem from now on.

2For notations see Chapter 3.
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3DΣ

TΣ

LD(Σ)

Figure 5.1: Diagram of the relevant connections for the equivalence of Lifting
and three-dimensional trees as TAG regularization methods

It seems clear to us that all trees generated by a lifted CFTG that has been

derived from a TAG via the algorithm of Fujiyoshi and Kasai (2000) and all

their subtrees are contained in LD(Σ).
3 We will therefore take LD(Σ) as the

domain of our translation function. The range will be the set 3D+
Σ.4

The translation function hli : LD(Σ) → 3D+
Σ is a recursion over the term

structure of the trees contained in LD(Σ). Let in the following tv, t1 . . . , tn,

q1, . . . , qm ∈ LD(Σ) for all n,m ≥ 0, and tv, t1 . . . , tn /∈ {πi|i ≥ 1}. gze :

3See Footnote 1 about the labelling.
4Note that the range is 3D+

Σ , and not 3DΣ. Strictly speaking we will translate lifted trees
into antitrunks and vice versa, so that in order to translate a three-dimensional tree into
a lifted tree via this particular translation one will first have to take away its root, and
when translating a lifted tree with this translation one will have to attach a root to the
resulting antitrunk in order to get a three-dimensional tree. However, this is a fortunate
coincidence as TAG derivations start out with an initial tree (which corresponds to the
first contiguous two-dimensional tree in an antitrunk), and not with a start symbol (which
would correspond to the root of a three-dimensional tree), as well.
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⋃
n≥0

Σ′
n → Σ0 is a function that takes a label and yields another label consisting

of the same symbol, but with rank 0.

hli(t) =





(L, (hli(t1), . . . , hli(tn)), 0) if t = c(L, t1, . . . , tn)

with L ∈ Σ′
n and n ≥ 0

(♦, hli(tv), (hli(t1), . . . , hli(tn)), 0) if t = c(tv, t1, . . . , tn),

n ≥ 1, tv = c(q1, . . . , qm)

and m ≥ 1

(L, (), 1) with L = gze(Lf ) if t = c(Lf , π1, . . . , πn)

with Lf ∈ Σ′
n and n ≥ 1.

Like the yield function from Subsection 4.2.2, this function is also subdivided

into three cases. This time we have to distinguish between nodes that have

projection symbols as daughters (the future foot nodes) and nodes that do not,

and among those between nodes whose leftmost daughter is a symbol in Σ′
n and

nodes whose leftmost daughter is the root of another complex term (which is

translated into an extension in the third dimension). As the function does not

depend on the subscripts of the composition symbols (cn,k for some n and k),

they are left out. ♦ is a special symbol for labelling three-dimensional roots,

since the lifted trees generally do not contain the relevant information about

the labels they should have, i.e., the labels the nodes have in the original TAG

before their expansion. ♦ is only a kind of placeholder and can have every

rank (♦ ∈ Σn for all n ≥ 0).
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hli yields antitrunks. In order to translate the elements of LD(Σ) into three-

dimensional trees we have to apply a function pli : LD(Σ) → 3DΣ first with

pli(t) = (♦, hli(t)) that attaches a three-dimensional root and then recurs to

the actual translation function.

Let us now introduce the function that translates antitrunks into lifted trees,

with the set 3D+
Σ as its domain and the set LD(Σ) as its range. The translation

function h3d : 3D+
Σ×N→ LD(Σ) is a recursion over the “term-like” structure of

the objects contained in 3D+
Σ. Let tv, t1, . . . , tm ∈ 3D+

Σ. grk(ε) : Σ0×N→
⋃

n≥0

Σ′
n

is a function that takes a label of rank 0 and yields another label consisting of

the same symbol, but of type 〈ε, n〉, where n is fixed by the second argument.

h3d(t, n) =





cm(L, h3d(t1, n), . . . , h3d(tm, n)) if m ≥ 0, L ∈ Σm,

t = (L, (t1, . . . , tm), 0)

cm(h3d(tv,m), if m ≥ 1, L ∈ Σm and

h3d(t1, n), . . . , h3d(tm, n)) t = (L, tv, (t1, . . . , tm), 0)

cn(L, π1, . . . , πn) if n ≥ 1, Lf ∈ Σ0

with L = grk(ε)(Lf , n) and t = (Lf , (), 1).

The cases for this function are identical to the ones for the yield function from

Subsection 4.2.2. Composition symbols on left branches are translated into

extensions in the third dimension, and foot nodes are translated into nodes

with the right number of sisters (i.e., the number of daughters of the node

that was expanded by the corresponding elementary tree in the original TAG)

labeled by projection symbols. Of the composition symbols cn,k only the index
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n is given (the value of k is not as immediate as the one of n but it can be

easily inferred from the lifted tree afterwards).

h3d takes antitrunks as its input. Therefore, if we want to use h3d to translate

a three-dimensional tree ta = (L, t) with L ∈ Σ and t ∈ 3D+
Σ, we first have to

apply a function p3d : 3DΣ → LD(Σ) with p3d(ta) = h3d(t, 0) that detaches the

root of ta and initializes the second argument of the translation function.

We shall now show the following: (1) For any “closed” lifted tree ts ∈ LD(Σ)

(in the sense that for every projection symbol in ts there is some subtree of

ts it “points to”, i.e., to which it evaluates under the homomorphism β), as

well as (2) for any three-dimensional tree ts ∈ 3DΣ, it is true that the direct

decoding of ts yields exactly the same tree as its translation into the other

encoding and the decoding of the result. We will begin with (1).

(1) We want to show that β(ts) = ydpre(pli(ts)) for all closed lifted trees ts ∈
LD(Σ). Since ydpre(pli(ts)) = ydpre((♦, hli(ts))) = yd(hli(ts), 0), this amounts

to showing that β(ts) = yd(hli(ts), 0). To that end, we will prove the more

general equation β(t) = yd(hli(t),m) (∗) for all subtrees t of ts (including ts)

and any m ≥ 0 in order to cover the recursive cases as well. For each of the

cases, which correspond to the cases of hli, the relevant results are underlined

in order to make it easier to verify that (∗) holds. Assume that (∗) applies for

tv, t1, . . . , tn ∈ LD(Σ) and that tv, t1, . . . , tn /∈ {πi|i ≥ 1}. In the following, h is

short for hli for better readability.
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Case 1: t = c(L, t1, . . . , tn), L ∈ Σ′
n, n ≥ 0.

β(t) = L(x1, . . . , xn)[β(t1), . . . , β(tn)] = L(β(t1), . . . , β(tn)).

h(t) = (L, (h(t1), . . . , h(tn)), 0) and

yd(h(t),m) = L(x1, . . . , xn)[yd(h(t1),m), . . . , yd(h(tn),m)]

= L(yd(h(t1),m), . . . , yd(h(tn),m)) for any m.

Case 2: t = c(tv, t1, . . . , tn), n ≥ 0, and tv = c(q1, . . . , ql), l ≥ 1.

β(t) = β(tv)[β(t1), . . . , β(tn)].

h(t) = (♦, h(tv), (h(t1), . . . , h(tn))) and

yd(h(t),m) = yd(h(tv), n)[yd(h(t1),m), . . . , yd(h(tn),m)] for any m.

Case 3: t = c(L, π1, . . . , πn), L ∈ Σ′
n, n ≥ 1.

β(t) = L(x1, . . . , xn).

h(t) = (L, (), 1) and yd(h(t),m) = L(x1, . . . , xm).  

Obviously, Case 3 seems to be a problem, as (∗) only holds for m = n. This

can be resolved as follows: Since c(L, π1, . . . , πn) is not a closed lifted tree,

t = c(L, π1, . . . , πn) must be a genuine subtree of ts, and, since we postulated

that ts be closed, the projection symbols π1, . . . , πn in t must of necessity
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point to some n subtrees of ts whose roots are sisters to the right of some

node q labeled by a composition symbol on a left branch dominating the root

r of t.5 The subtree rooted at the mother of q is covered by Case 2, where

the translation of the subtree rooted at q itself (containing t) is fed into the

first and the number n is fed into the second argument of the yd function.

According to the definition of LD(Σ), the path from q to r may not contain any

other node labeled by a composition symbol on a left branch (which would

cause the second argument of yd to be changed to the number of sisters of

that node), and thus n is passed down the path until the point where the

first argument of yd is the translation of t. Consequently, when yd(h(t),m) is

compared to β(t) in Case 3, the value of m is always n. ¤

(2) For the other direction, we want to show that ydpre(ts) = β(p3d(ts)) for

all ts ∈ 3DΣ. Since ydpre(ts) = yd(tp, 0) and β(p3d(ts)) = β(h3d(tp, 0)) for

ts = (L, tp), L ∈ Σ, this amounts to showing that yd(tp, 0) = β(h3d(tp, 0)) for

all tp ∈ 3D+
Σ. We prove the more general equation yd(t, m) = β(h3d(t,m)) (∗∗)

for all t ∈ 3DΣ and any m ≥ 0 in order to cover the recursive cases, as above.

Again, the cases here correspond to the cases of h3d, and the relevant results

are underlined. Assume that (∗∗) applies for tv, t1, . . . , tn ∈ 3D+
Σ. h is short

for h3d.

5The dominance relation may have to be reflexive here, for q = r.
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Case 1: t = (L, (t1, . . . , tn), 0), L ∈ Σ′
n, n ≥ 0.

yd(t,m) = L(x1, . . . , xn)[yd(t1,m), . . . , yd(tn,m)]

= L(yd(t1,m), . . . , yd(tn,m)) for any m.

h(t,m) = c(L, h(t1,m), . . . , h(tn,m)) and

β(h(t,m)) = L(x1, . . . , xn)[β(h(t1,m)), . . . , β(h(tn,m))]

= L(β(h(t1,m)), . . . , β(h(tn, m))) for any m.

Case 2: t = (L, tv, (t1, . . . , tn), 0), L ∈ Σ′
n, n ≥ 1.

yd(t,m) = yd(tv, n)[yd(t1,m), . . . , yd(tn,m)] for any m.

h(t,m) = c(h(tv, n), h(t1,m), . . . , h(tn,m)) and

β(h(t,m)) = β(h(tv, n))[β(h(t1,m)), . . . , β(h(tn,m))] for any m.

Case 3: t = (L, (), 1), L ∈ Σ′
0.

yd(t,m) = L(x1, . . . , xm) for any m.

h(t,m)) = c(L, π1, . . . , πm) and β(h(t,m)) = L(x1, . . . , xm) for any m. ¤
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We have proven that β(ts) = ydpre(pli(ts)) for all closed lifted trees ts ∈ LD(Σ)

and ydpre(ts) = β(p3d(ts)) for all trees ts ∈ 3DΣ. Under the assumption that

the domains of the two translation functions given in this chapter do in fact

include all the sets of trees defined by the matching kind of regularized TAG

respectively this is also a proof for the equivalence of the two regularization

methods for TAG presented in this work in the sense that trees in each of the

two encodings corresponding to the two methods can be translated into the

other encoding without loss of essential information about the intended trees,

and that consequently decoding a tree directly or taking the detour via the

other encoding are options that lead to the same result.

We also believe an even stronger equivalence in the sense of a bijection to

hold: Let A be the set of trees generated by a lifted spine grammar that is the

regularized version of a TAG, and let B be the set accepted by a T3 automaton

that has been extracted from the same TAG. Then pli(A) = B and p3d(B) = A,

and even, for some tree t1 ∈ A, p3d(pli(t1)) = t1 as well as pli(p3d(t2)) = t2 for

some tree t2 ∈ B.6 The proof is left to the interested reader.

Figure 5.2 shows two encoded trees and the corresponding intended tree,

which is an element of the set generated by the TAG from Example 1 in

Section 2.2 (where its derivation is shown in Figure 2.2). The lifted tree in

the lower right corner is an element of the set generated by the regularized

version of that TAG as given in Example 5 in Section 3.3, and in the upper

right corner is the matching three-dimensional tree.

6Note that this only holds as long as adjunction at leaves is excluded. Moreover,
pli(p3d(t2)) = t2 for some tree t2 ∈ B is only true if one disregards the labels of the
roots in the third dimension in t2 or assumes that they are all labeled by ♦.
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Figure 5.2: Two encoded trees and the corresponding intended tree
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This concludes the comparison of Lifting and three-dimensional trees as

regularization methods for TAG.
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6 Conclusion

In this work, we have presented two regularization methods for TAG. Regu-

larized TAGs of both kinds define sets of “encoded” trees, which, however,

contain the information necessary in order to reconstruct the intended trees

defined by the original TAG. Both methods operate by transforming the com-

ponents of a TAG in a way that turns all inner nodes into leaves, thereby

making it possible to expand these nodes by means of a regular mechanism.

In doing so, both methods exploit a side effect of the theoretical concepts they

are based on – algebraic Lifting on the one hand, and the notion of multi-

dimensional trees on the other – since neither of those was developed with the

primary intention of regularizing the grammar formalism TAG.

However, the methods described here have even more in common: The two

different kinds of objects generated by regularized TAGs exhibit a number of

structural similarities, which enabled us to give a direct formal translation

between them and eventually to show the equivalence of the two methods.

Moreover, objects of both kinds are built in such a way that they comprise

the derivation of the originally intended tree, and it is only natural that this

should be somehow related to regularization in that derivation trees, which are
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composed starting from a root and adding every further step of the derivation

somewhere at the leaves, are a special kind of regular trees – recall that regu-

larity generally represents a mode of constructing an object where one element

after the other is added at the frontier of that object, and not somewhere in

between. Note that in addition to gaining knowledge about how the properties

of derivation as such can be modified, the study of regularization may thus give

further insight about derivation in the formalism in particular as well.

There are of course questions that have been left open by this work. For

example, one might want to know about the exact complexity of both regula-

rization methods, or about the complexity of the two corresponding decoding

operations in order to ascertain whether the process of deriving a tree in a

regularized TAG and its subsequent decoding taken together are in fact less

complex than its derivation in the original TAG. As an answer, although a de-

crease of the overall complexity cannot be guaranteed, it can at least be said

that, in the former case, for both steps of the process the classical advantages

of regularity apply, which certainly does not hold for derivation in the latter.

Another continuation of this work could be to search for more regularization

methods for TAG and then determine if the structure of the objects created in

the process resembles the structure of the objects treated here, i.e., of lifted and

three-dimensional trees. One could even conjecture that every similar effort of

reducing the complexity of derivation must result in similar properties, that

is, in objects that are directly translatable into lifted or three-dimensional

trees as well. And eventually one could try to extend certain hierarchies of

correspondencies we have encountered during this work, like for example the
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analogy between the relationship of CFGs and regular tree sets on the one hand

and TAGs and regular three-dimensional tree sets on the other mentioned by

Rogers (2003a), to the supposed next steps of those hierarchies and then repeat

the analysis to see whether analogous results can be produced.
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