Constructive aspects of analytic functions
Norbert Th. Miiller !

1 Power Series and Analytic Functions

Power series and their sum functions (‘analytic functions’) are a central topic in the field of (com-
plex) analysis. Obviously they should also be thoroughly examined in constructive analysis.

The following two classical results are the basis for our investigation:

(A) Consider a power series Y52 ax - 2% (with complex numbers aj, and z) converging
absolutely for an arbitrary z # 0.

Then there is a function f : C--=C such that f(z) = 332, ax-z* in a open neighborhood
of zero. f is differentiable (in C) on this neighborhood.

and

(B) Consider a function f : C-->C that is differentiable in a (complex) neighborhood of
zero. Then there is a sequence(ay ) zeny of complex numbers such that f(z) = 32 ag-2*
in a neighborhood of zero.

So, a natural and immediate question is: Which of the following mappings are constructive /
computable / efficient?
(ar)ken — f [ (an)ren

There are several results concerning this topic ([KoFr88, Mu87], see also [Sch90, Ko91, Mu93|), but
they are primarily regarding computational complexity.

As these papers do not contain definitions of computability for operators, the formulations of the
results are inherently non-constructive, e.g. ‘If f is analytic and polynomial-time computable, then
the corresponding sequence (ay) is also polynomial-time computable.” Nevertheless, the proofs are
almost constructive.

In the following we will examine power series from a constructive viewpoint. Basis will be [Mu93].

2 Representations

For a precise examination of constructivity and effectivity we need proper models, especially for
proofs of non-constructivity. The following will be based on the theory of representations [We87].
We will omit many details and concentrate on one central result.

Essentially each object of a set M is viewed as the result of an approximating process in a ‘natural’
topology mas. As starting point, we will use a countable subbase S of ;. In order to examine
computability or complexity, S should have an accepted model of computability or complexity.
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For R, S can e.g. be chosen as the set of open intervals with rational borders. To study complexity,
the set of intervals of the form O, g = (d—27",d+27")forn e Nand d € D := {m-2° | m,e € Z}
(‘dyadic numbers’) is preferable.

Consider a function ¢ : N — § (representing an approximating process). Often, we will be able
to assign an ¢ € M as a ‘limit’ to this process o. If the derived mapping ¢ : (N — §)-->M is
surjective, we say that p is a representation of M and that o is a name for p(c).

Computability of functions I' from (N — S;) to (N — Sy) is defined using oracle Turing machines,
enumeration operators or similar concepts. Given representations p; : (N — §;)-->=M;, we may
derive computability of functions between M; and My: f: M;-->= My is computable iff there is a
computable T" such that fo;(o) = p2I'(0) as soon as fp,(0) is defined.

As a generalization of computability, continuous functions between (N — §1) and (N — S;) can be
defined in a natural way. Essential for the theory of representations is that a function f : My -->= M,
is (or better: may be called) constructive, iff there is a continuous I' such that fo,(o) = p21'(0) as
soon as foi(o) is defined. For a motivation, see e.g. [We87, We94, We95]. Please note the implicit
dependence on the representations and the topology.

A central result of the theory of representations can be formulated as follows: Suppose the topologies
Tam, induced by S; are Ty-topologies and consider ‘standard’ representations g; defined by p;(0) = =
iff {o(n) | n € N} is a subbase of the set of neighborhoods of z. Then a function f : M;-->M; is
constructive (in the sense above) if and only if f is continuous w.r.t. 7as, and 7az,!

The identity between constructivity and continuity is also valid for ‘admissible’ representations, i.e.
representations that are equivalent to such ‘standard’ representations.

In our case, three essentially different spaces are of interest:

Real nu e  Assaid before, the intervals O, 4 1= (d —27",d +27") for n € N and for dyadic
numbers d € D := {m - 2° | m,e € Z} are an appropriate subbase. The corresponding topology is
the natural topology on R.

An admissible representation ¢ can be defined as follows: ¢ (o) :=  iff for any n there is a d,
such that o(n) = 0,4 and z € 6(n), so d,, approximates z with an error less than 27",

sing a binary notation of the dyadic numbers, ¢ also induces a definition of complexity of real
numbers that is quite natural, and furthermore, ¢ can be interpreted as a formalization of a
computer arithmetic using oating point numbers with varying precision.

e uen e nu e The usual definitions for computability of sequences (ag)rery € (R):=
R are based on approximations dj, such that |dy, —ax| 277,

So here we should use the subbase { r,q4| ,n €N, d € D}, where 4, q:= RF  (d—27",d+
27")  R*™. ence fpq gives us an approximation for just the -th element of the sequence.

The induced topology is obviously of type Ty: If (ax)ren # ( &)ken, then ap #  for some
€ N. et n,d be such that ay € O, 4 but 4 € O, 4. Then 4, ;is a neighborhood of (a;) but
not of ( ).

An admissible representation o can be defined by o (0) = (ax)ken iff for any n, there is
a dy, € Dsuch that o( n, )=O0Oknq anday€o( n, ), sody, approximates a; with an
error less than 27", ere n, denotes the standard bijective pairing function on N2,

un n  Computability of real functions f is usually defined by computable enumerations of
pairs (On,q4,0 ) of intervals such that fO,; O . with the additional property that for any
z € d m(f) and any m € N there must be a pair (0, 4,0 ) with z € O, 4 (implying continuity
of f).



et 4= d—27",d+ 27" . Then an equivalent definition may be based on pairs ( 4,0 )
with f ,4 O ., where for z € d m(f) and m € N now there must be a pair ( , 4,0 ) such
that © € O, 4 still holds.

So for any 2 € , 4, the dyadic number e approximates f(z) with an error less than 2~

Now for any pair ( 4,0 ) let nd, , be the set of all continuous partial functions f: R-->R
satisfying f ,q4 O .

nfortunately, the induced topology is not 7! For example, functions li e fy : (0, ) ( ,2)+—
and fy :(0,2) — share the same neighborhoods. Furthermore, the cardinality of the set (R)
of all continuous partial functions is higher than that of the continuum. So there is no surjective
function from N — § to (R), as long as the subbase S must be countable.

So we are bound to use just a subset of  (R): Often the sets (R)={f:R—R}or (0, )=
{f: 0, — R}areused. Both choices are not appropriate, because analytic functions usually are
partial with varying domains. Furthermore, if f is analytic in x, then there is a neighborhood
of z such that f (or a continuation of f ) is analytic on . So representations based on open sets
seem to be a better choice.

Consider the set O(R) of all continuous partial functions f: R->R with arbitrary open domains
d m(f). et Opgq . be the set of all functions f € O(R) satisfying ,4 d m(f) and
f nd O . (forn,méeN,d eeD).

he topology T induced by{ Opngq, .:n,m € N,d,ec D} isaTy-topology, so
the follo ing representation o is admissible o (o):=fi {o(n):neN}={ Ong .
nd  dm(f) [ ona O .}

Consider f, € O(R) with f # . Then there is an 2 € R such that either 2 €
d m(f) dm()and f(z)# (z)or(wlog)zedm() dm(f):

As z € d m( ), for any interval O . with (z) € O . there is an interval , 4 with 2 € , 4
d m( ) (open domain!) and ( ,4) O . (continuous function!). So O, 4 . isa neighborhood

of .
et f(z) # (x). Then there are such intervals O . and 4 with f(z) €0 ., 50 f¢& Ona ..
etz gd m(f). Then f¢ Ongq .foranyO ., ,qwithze g4

In any case there is (w.l.o.g.) a neighborhood  which is not a neighborhood of f.

In order to be able to construct a o with {o(n) :n € N} ={ Ona, c: nda dm(f) [ na
O .}, it is sufficient to have a subset of the latter set, such that for any 2 € d m(f) and m € N
there is a pair ( ,,,4,0 ) in this subset with z € O, 4. We will often implicitly use this property.

In order to generalize the framewor for complex analysis, it is sufficient to use complex dyadic
numbers {m-2°4+ -m-2° | m,e,m, €€ Z} and corresponding dis s O, ={2€ C:|z—d| 27"}
and ,q={2¢€ C:|z—d| 27"} replacing the real dyadic numbers and intervals from above.
o ,T,0 ,T ,0 ,and T will be the corresponding representations and topologies.
When spea ing of constructive or computable operators, this will always be with respect to these
admissible representations.

Mechanisms to construct further admissible representations can be found e.g. in [We94|. We will

(implicitly) use the following: If gy, , 0n, are admissible representations of My, , M, then p
defined by (o) := (01(01), ,0n(0s)) is an admissible representation of M; M,,, where
op(m):=a( ,m ). ere ,m denotes the pairing function on N2,



ple entations

To yield wider acceptance of constructive analysis, especially in the field of numerical analysis,

there should be adequate implementations in modern programming languages. Brent’s MP-pac age
[Br78] is too old, FO T AN  is obsolete.

Although representations are a concept of high abstraction, they could easily be implemented as
abstract data types. Oracle Turing machines on the other hand correspond to procedures with
functional arguments, which are allowed in any modern imperative programming language, not to
mention functional programming languages.

A few examples may suffice.  efine types for Nand for D using lists of integers and
implement fast arithmetic on these sets, see e.g. [Sch94] for a Turing machine(!) implementation.
On top of this basic arithmetic there should be a user interface which is simple and intuitive, but
re ects the constructive approach:

Modern functional language li e e.g. ASKE  allow declarations li e the following:

With object oriented programming and especially with overloading of operators allow expressions
i e , where and are of type and is a !

In imperative languages li e C or MO A, it is impossible to compute values that are functions.
So declarations li e the following are necessary (and allowed):

The following chapters should also be read under this algorithmic viewpoint.

a ples o non constructi ity

Consider e.g. the set of converging power series
0:={(ax) € (C)| radius of convergence 0}

and the set of functions analytic at least in 0:

o:={f€ O(Q) | f analyticin 0 € d m(f)}

here is no continuous operator o : (C)--» O(C) summing up po er series
such that  o( o) 0-

(by contradiction) Consider the sequence (a;) 0 (so (ax) € o) and let f:= go((ax)) €
o- Asd m(f) is open and not empty thereisadis , 4 d m(f). The pair ( ,4,000) of dis s



defines a neighborhood O, 40,0 of f (in 7 ). So there should be a neighborhood  of (a) such

that o ) On.,d00- In consequence there must be a finite number of elements ;, », , n
of our subbase for 7 such that n , 80 o1 n) On.,d0,0. But this
intersection obviously contains power series with nontrivial radius of convergence and arbitrarily
large values on the dis  ,, 4, e.g. power series for monomials (z) = .z forlarge and (larger)

here is no continuous operator € o: O(C)--= (C) computing coe cients of
po er series in  such that e o( o) 0-

(by contradiction) Consider f 0,d m(f) = (— , ), and the sequence (a;) 0. Choose

the neighborhood 9 of (az) (giving the information that a; should be in the dis {z : |2| 2}).
If e ( were continuous, there should be a neighborhood  of f such that e ¢( ) 2,1,0- S0 there
must be a corresponding finite set ( 1, 1), ( n, ») such that f( )= {0} for any m. As
the are open, we are able to choose 0 with {z:|2] 2} . Now consider the function
f defined by d m(f) =d m(f) and f(z) = {0, —z?%}. So fis analytic on {z:|z| "} and
[f(z)] for any z € d m(f). ence f€ oand f(0) 2 = ,s0 e (f) & 210

In consequence we will need representations giving additional informations in order to yield con-
structive solutions. There are two central properties that determine most aspects of constructivity,
computability, and complexity concerning f and (ag):

(a) Consider a power series Y 72 ax + 2* (with complex numbers az and z) converging
absolutely for an arbitrary z # 0. As an immediate consequence there are €ER ,
M €R such that Y |ax| * M.

and

(b) Consider f that is differentiable in a (complex) neighborhood of zero. As an im-
mediate consequence there are € R, M € R such that f is differentiable on

{zeC: |z } and M {|f(=)] : |#] }.
There is a simple connection between (M ) and ( ,M ), if (ax) and f correspond: Given
( ,M ), we may choose := and M := M . Given ( ,M ) and an arbitrary € (0, ), we
may choose = ( — Jand M =M

sing the additional information given by ( ,M ) or ( , M ) will be sufficient to find the con-
structive operators

((ak)v aM) = (fa 7M)
and

(f7 aM) — ((ak)v 7M)

In consequence, many important operators on complex functions are constructive (and quite ef-
ficient!) when the functions are given as triples ((ag), ,M ) or (f, ,M). Among these are
integration and solving initial value problems.

In the following let  (C) (C) RZ%be the set of all triples ((ay), ,M)suchthaty |az| * M
and let (©) O(C) R? be the set of all triples (f, , M) such that f is differentiable on
{zeCils|  YandM  {fG):ld )



Su ation o Power Series

sing the additional parameters and M, it is quite easy to sum power series:

u et (ar)ren be a sequence of comple numbers, let M € R, M 0, be
given such that Y penlax| * M. orany €R, , and for any n € N let
n M
m( ,n):= nt o MF

hen for any z € C ith |z

keN,k o

sing this result, we are able to compute the sum function of the power series, given its coefficients
and the parameters and M, for any z with |z|

In [Mu93] the complexity of the evaluation of the sum was examined depending on n, M, , and
Nevertheless, M, ,and were not treated as ‘inputs’ of the algorithm, but rather li e ’constant
values’, simplifying the analysis. In consequence, finite representations of these values were used:
M=2, =27 ,and =2 fordyadic numbers o, 7, and

Sometimes it would be close at hand to evaluate certain formulae with a precision of 27" for a
negative n. Because our computational model is only defined for n 0, the notation 2z :=
{ €eN| =z} was chosen.

u et (ap)ren be a sequence of comple numbers and let f(2) == S apz*. et

a natural number o and dyadic decimals T, 0 ith nite representations of length be given

such that )~y |ak| 2=k 2 . hen for any z such that |z| 27 ~, f(z) can be appro imated

ith an error not e ceeding 2™" using appro imations to the rst m coe cients ap ith a precision

of +n+ m-— (r+ ) each. erem:= 1. (n+o+ ). he computational comple ity of

appro imating f(z) is bounded by (m- (n+m+4o+m 7+ )+m-( n+ o+ )) plus the
comple ity of evaluating the coe cients ay.

This result can immediately be reformulated in two ways: As a method to evaluate of power series
and as a method to map a power series to its sum function.

here is a computable operator | : (C) R? C--=C such that 1((ag), ,M,z)=
Sarct for any (@), M,2) it (@), M) € (C) and |7

here is a computable operator o : (C) R*--= O(C) summing up po er
series such that ~ (C) d m( 3) and f:= 5((ag), , M) has domain {z € C: |z| } for any
((ak)a 7M)€ ((C)

If ((ag), ,M)e (C), then (f, ,M)e (C) for f:= 3((ag), ,M),hence:

here is a computable operator  : (C) R%*--= O(C) R? summing up po er
series such that ~ (C) d m( )and ( (C) (C).



o putin oe cients o Series

There are different methods for computing the Taylor coefficients of an analytic function: [KoFr88§]
uses the following method: Y apz® = f(z) can be rewritten as a = f(z) 2% = 3, pa;a'™" —
S pa;xiTF. sing a small z this gives ap  f(z) 2% — 3, L a;27F, so an iterative solution is
possible.

In [Mu87], f was interpolated by suitable polynomials  such that a, = f*(0) k(0) . The
estimation of the interpolating error was based on the mid value theorem which is not applicable
in complex analysis. So the result was only given for real functions f. A generalization to complex
functions using ermite’s representation of the interpolating polynomial can be found in [Mu93].
Again we will cite the main results. et (f, ,M) € (C) be given.

w If s the unigque polynomial interpolating f at m+ distinct points zg,
ith |z , here €R,0 2, then for any m

?

a——- K@) M. TR

In order to allow a fast evaluation of * (0), we may use special points z;. sing only real z
implies that the result below holds for functions f that are given only on the real line. Furthermore
we choose m = 2 . So we may use z; := ( — ). for an arbitrary € R, 0, and any € Z,
0 2 . So the agrangian representation of interpolating polynomials could be used for the
evaluation of the polynomial.

Similar to the summation of power series, finite representations of M and  were sufficient: M =2 |
=27 even for natural ¢ and T.

u
et f: C--=C be analytic in 0, let 2= be less than the radius of convergence of the corresponding
po er series and let 2 {fO) = || =27 } for t o natural numbers o,7 0.  hen any
coe cient ar of the aylor series can be appro imated ith an error not e ceeding 27" by evaluating
fat2 + points from the real interval {z € R:|z| 2~ } ith a precision of 2n+2 7+ +o+
digits.  he computational comple ity of appro imating ay is bounded by (( + )+ (n+ 74+0)+
2o )) plus the time necessary for the 2 + evaluations of f.

A constructive version of this result can be formulated as follows:

here is a computable operator e 1 : O(C) R?--= (C) computing the coe -
cients of po er series such that ~ (C) d m( e 1).

If(f, .M)e (C), thene.q. ((ar), 2,2-M)e (C) for (ax) == e 1(f, , M), hence:

here is a computable operator e 5 : O(C) R*--= (C) R? computing the
coe cients of po er series such that ~ (C) d m( e ) and e o( (C)) (©).

If f is analytic on the whole of its domain, there even is a better result:

here is a computable operator e : O(C)--» (C) computing the coe cients

of po er series such that {f € O(C) : f analytic on d m(f),0€d m(f)} d m( e ).



In our representation p a name for f consists of all pairs of open dis s ( ,4,0 )
with 4 d m(f) and f .4 O .. As d m(f) is open, there must be such a pair with
0 € .4, we may even assume d = 0. So we now that f is analytic on {z € C:|z| 27"} with

f2) Jel427 ie (2742 ) e ().

nfortunately, it is hard to generalize this result to an operator e : O(C)--» (C) R? with
e (f)=((ag), ,M)e (C) for any analytic f: Given f, the sequence (aj) is unique, but this
is not true for and M: Although the values 27", |e|+2~ from above satisfy (f,27", |e|+27 ) €
(C), there are depending on the specific name for f. Of course, we might use this to define a
ind of ‘computable relation’ (instead of a computable function).

anipulatin power series

As the previous chapters show, there are constructive and even quite efficient operators between
analytic functions and their power series. So certain operators mapping functions to functions can
be computed efficiently if we are able to do this evaluation by a transformation to power series, a
manipulation of the series and a retransformation to a function. Among these are integration and
solving initial value problems:

If f(z) =Y ay2*, then | f()d =Y a,z* where ay =0 and ay 1 = a; ( + ). So a formal inte-
gration is easy. In addition, if > |ax *| M ,then S |a, *=S]ax * ' ( 4+ )] Dlax ©

-M.

Therefore, the following way of integration is constructive. (Of course, 2 and 2M may be replaced
by -( — )and M |, see chapter 4.)

(f, »M)e (@ —((a), 22M)e (O
— ((a), 2, -2M)e (O
—(f, 2, 2M)¢ (C)
As shown in [Mu87], this essentially leads from complexity (n) for f to n? . (n) for f, if

satisfies certain (wea ) conditions. Compare this to the exponential complexity of integration that
important numerical algorithms imply!

Initial value problems can be solved in a similar way: Suppose f(z, ) =3 ; z'  and consider

= (2)such that f(z, (2))= (z)and (0)=0. Then (2) =3 azz"is analytic and compar-
ing coefficients in the identity > ; 2(Sapz*) =3 apz"! leads to a recursive, polynomial-time
algorithm for (az) [MuMo93|.

ere we have to deal with functions f : C> — C and two-dimensional series, where appropriate
representations o > of O(C*) and o > of (C*) can easily be defined. As an analogon to
(©) and  (C) wehave  (C)={((a;, ), 1, 2M)|X]a; - 1+ o] M}and (C)=
{((f; 1, 2, M)[f is differentiable on {(z, ) : || nl 2} M {7 = =]
TS

So we have the following way for efficient solutions of initial value problems (for the details of the
construction see [MuMo93]) :

(fa 13 27M)€ (CQ) _)((ai,% 12, 22, 'M)E (CZ)

— (&) » - -Me (O
—>( 1 ' M) € (C)
where = {12, o (M)} ( ;2and M may be replaced by ;-( — )and M 2.



Analytic continuation

The result on the summation of power series showed, that given ((a;), , M) we may compute the
sum function f on {z : |z }. But if f if defined and analytic on a open and connected set,
then the power series of f in a single point of the domain uniquely determines f on the whole of
d m(f), even it there is no single circle of convergence covering this domain. So the question is:
What is the necessary information to compute f on its domain? First, there is a negative answer.
The ‘local” information given by ((az), , M) is not sufficient!

here is no continuous operator : (©) R2%-->= O(C) summing up po er
series such that ~ (C) d m( ) and such that {z € C: |2| } is a proper subset of d m(f)
Jor some ((llk), aM) € ((C); here f := ((flk), aM)'
(by contradiction) Suppose s continuous and let ((ax), , M) (C) be given such
that {z € C:|z| } is a proper subset of d m(f) for f:=  ((ax), ,M).
As d m(f) is open, the (open!) set d m(f) {z € C:|z| } must be nonempty. So there is a
dis O;q d m(f)with O;q {z€C:|z| = . ereld must hold!

f is continuous, so for d there must exist ,4and O . with ,4 O;q d m(f) and f .4
O . ence fE€ Opg e

is continuous, so there are neighborhoods of (ag), of , and j; of M, such that
( M) Ond, .. In addition, there must be an 0 with M4+ € u,a 0
with - € and an € N such that (a¢;) €  for any sequence (a,) satisfying ar, = «,, for
For arbitrary consider the function (z):=(z ) and the sequence (a, ) witha =a +
and ¢, =apif # . Obviously, 1is analytic (even on C). In addition, w| (d)]=
and o ( — )=0.Sothereisa withboth > |a, ( —)* | ( =)+ |ax *| +M
and f(d)+ (d)¢O ..
So((e ), = M+ )e (O ( m),but  ((a ), = M+ )¢ Ong,

So for a constructive analytic continuation, we must have a ind of global information on (|, M )
for any 2 € d m(f), e.g. in the following form:

here is a computable operator (O O(C)--» O(C) ith follo ing
property If ((ag), M) € (C) O(C) satis es

d m(M) is connected,

there is an f € O(C) ith domain d m(f) =d m(M),

[ is analytic on d m(f),

|f(z)] M(2) €R for any z € d m(M), and
(ax) is the aylor series of f in

o a0 oD

then  ((ar), M) = f.

From any name for M in p , we may derive a sequence 1 of pairs n;,d; such that

nid;  d m(M)and oy Onp, 4, =d m(M). In addition, we get a sequence M of dyadic numbers
m; with M(Z) m; for any z € O,,, 4,.



ue to property (a), we may use sequence ; to construct a sequence o of pairs (n;, d;) with n.d.

d m(M) and ;.yO,, 4 = d m(M) such that additionally d, = 0, and especially d; € :On 4
for 0 hold: Enumerate N* S and, for any ( ,n,d), test whether , 4 ( ; zOn,q;). If thisis
true and d = 0 or d is in the union of open dis s already constructed for 5, then add (n,d) to ».

Proving ;.nO,, 4 = d m(M) can be done with standard arguments for covering sets. Together

with 5, we may construct a sequence M; of dyadic numbers m, with M(z) m, for any z € nod;

ue to properties (b) and (c), f is analytic on these dis s O, ;. With (d) we now that even
|f(z)] m,; for any z € n.d.- 50 now we have the ‘local” information!

sing property (e), (ax), ng, and my, we may compute f on O,, ;. Asdy € O,, 4, we are able to

use ny and mq to compute (a, ) such that Y a;' (z — d1)* = f(2) holds in some neighborhood of
d,. sing n; and m,, we may even compute f(z) on O”udl' sing this argument in an inductive

way shows computability of f on any O,, , , so f is computable on d m(M) = d m(f).

So an analytic function f is determined in a constructive way by a single power series and a function
dominating f. Please note that for our representation this dominating function has information on
the domain! A reverse transformation f — ((ax), M) holds with Theorem .5 and M(z) := | f(z)].
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