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We investigate the computational complexity of the solution w: C--=C of the differential equa-
tion w'(z) = f(z,w(z)), with the initial value w(0) = 0, for a complex function f: C?--»C,
which is analytic in (0,0). We show that w is polynomial time computable in a neighborhood
of 0 if f is polynomial time computable in a neighborhood of (0, 0).

1 Introduction

Consider the initial value problem

(A) w'(z) = f(z,w(z)), w(0)=0,

where f: R?-->IR. The computability and complexity of the solution w: IR -->IR has been studied
in a variety of papers. We only state some results that are of interest for our investigations
(for further results see e.g. [Cl169, Mi70]). Here always f is supposed to be defined at least on
[0,1] x [-1,1].

(1) There exists a function f computable on the rectangle [0, 1] X [—1, 1] such that no solution of
(A) is computable on any interval [0,4], § > 0 [Ab71, PoRi79].

(2) If the function f is computable and (A) has a unique solution w, then w also is computable

[PoRi79].

In [Ko83] a polynomial time analogue to (1) in the form ‘There exists a polynomial time computable
f ...” has been shown in addition to the following results:

(3) If f is polynomial time computable and if f satisfies a weak form of a Lipschitz-condition,
then the (unique) solution w is computable in polynomial space.

(4) There exists a polynomial time computable function f satisfying this weak Lipschitz-condition
such that the (unique) solution w is not polynomial time computable unless P = PSPACE
(for the P = PSPACE-problem see e.g. [HoU179]).

For a polynomial time computable f satisfying the usual Lipschitz-condition, the complexity of the
solution w of (A) is still unknown.

In the following we treat the initial value problem (A) as a transformation on power series
(a similar approach has been given in [BrKu78|, but for series over a finite field, and neglecting
the complexity of computing the coefficients of the series). We show that, given a polynomial
time computable analytic function f, the solution is again computable in polynomial time. If f is
analytic, then also the solution w is analytic. This allows us to use a classical algorithm for the
computation of the coefficients (cz) of the power series for w from the coefficients (a; ;) of the series
for f (see e.g. [He77]). Suppose we are able to approximate each coefficient a; ; with an error not
exceeding 27" within ¢(n+ ¢+ j) steps, where ¢ is supposed to satisfy certain regularity conditions,



then essentially we are able to compute the coefficients ¢y, ..., c; with an error of at most 27" in
time

Ok t(n+ k%)) .

The result even holds, if f is defined on the complex numbers. Since the complexity of analytic
functions and of their Taylor coefficients is closely related [Mu87, KoFr88, Mu93], this implies the
polynomial time computability of w if f is computable in polynomial time.

Our definition of computability for real functions is taken from [Mu93] and uses dyadic decimals
in a slight extension to the definiton in [Fr84]: A dyadic decimal consists of the symbol + or the
symbol —, followed by a first possibly empty string of 0’s and 1’s, followed by a decimal point
‘e’, followed by a second possibly empty (and possibly infinite) string of 0’s and 1’s. If the first
string is not empty, it must begin with 1. We let D denote the set of all these dyadic decimals. So
any element of D is of the form d+w,, ...wpevy ...v,, which is finite, or *w,, ...weevy ..., which
is infinite, with n,m € IN and w;,v; € {0,1}. Such a dyadic decimal denotes the following real

number:

(£ - O w2t + > v277)
Usually we will make no difference between a decimal and the corresponding real number (although
there may be infinitely many dyadic decimals corresponding to the same real number).

Our notion of computability and complexity of real functions is based on Turing machine com-
putability on D and IN, interpreted as sets of strings. Here natural numbers are supposed to be
in binary form (but this is not essential to the definition). Inputs are read from the left, and the
Turing machines must stop after a finite number of steps to produce a well-defined output. So
although the inputs might be infinite, the output is always finite and only depends on a finite
prefix of the inputs.

1.1 Definition. A function f: IR'-->1R’ is called computable on a set G C IR, if there is a
computable function I': D x IN--»DJ such that I'(Z,n) exists for any Z € D' N G and for any
n € IN, and in addition:

P(z,m) - f(7)] < 27

f is called computable in time ¢ (where t: IN — IN) on G, if there is a multitape Turing machine
M computing the function I" such that for any z € D* NG and for any n € IN the number of steps
M needs to compute I'(z,n) is bounded by t(n). O

The definition of computability is equivalent to the definitions used in [Kr84, We87, Mu86], but
there are slight differences to [Fr84, KoFr82, L.o89] according to a different treatment of domains.

Several remarks to the definition should be made: Using i = 0 and the set G = IR”, the above
definition includes a notion of computability for real tuples. For example, a real number z is
computable in time ¢, if there is a Turing machine M computing a function I': IN — D, such that
t(n) steps of M are sufficient to compute I'(n) and |I'(n) — z| < 27" holds for any n .

Furthermore in the definition z as well as ['(z,n) are used in two different interpretations: as
tuples of strings from D and also as tuples of real numbers. The interpretation to choose should
always be obvious from the context.

Since the inputs might be infinite, the multitape Turing machines should use separate input
tapes (or separate tracks on a single input tape) for each of its inputs.

Let M(n) := nldnld Id n be the complexity bound for fast integer multiplication due to the
algorithm by Schénhage and Strassen [ScSt71] (Here and in the rest of the paper Id denotes a
binary logarithm with natural values: Idn := min{i € IN | 2° > n}). Then the following results
about the elementary arithmetic operations hold.



1.2 Lemma. Let m € IN be given and let G := [-2™,2™] x [-27,2™] C R?, Gy := [-2™,2™] x
([-2™,—27™]u[27™,2™]) C IR®. The computation of the elementary arithmetic operations with
an error not exceeding 27" is possible within the following time bounds: Addition and subtraction
are computable in time O(n+m) on Gy, multiplication is computable in time O(M(n+m)) on
(1 and division is computable in time O( M (n+ m)) on G5. The Turing machines used to show
the complexity bounds can be chosen independent from the sets G resp. Gg. O

Treating complex numbers as pairs of reals, corresponding results hold for the complex opera-
tions.
We will now also define uniform computability and complexity for sequences of numbers.

1.3 Definition. An m-dimensional sequence (aj)zen=, where a; € R, is (uniformly) computable
, if there is a computable function I': IN™ x IN — D7 such that for any £ € IN™, n € IN:

|F(/::,n) — a,—c| <277

(ag) e is called computable in time ¢ (where £: IN — IN), iff there is a multitape Turing machine
M computing the function I' such that for any & = (ki,...,kn,) € IN™ n € IN the number of steps
M mneeds to compute I'(k,n) is bounded by #(ky+...+k,+n). ]

In the whole of the paper we restrict the class of complexity bounds ¢: IN — IN in order to allow
simplifications; we will only use monotone bounds satisfying the following regularity condition for
some constants ¢, m (depending on t) and for any n > m:

2 -t(n) %) t(2n) (%) c-t(n)

Similar conditions have been used in a variety of papers, including [A182, Br75, FiSt74]. From now
on, monotone functions ¢ satisfying these inequalities will be called regular. Part (1) of the condition
implies £(2'm) > 2't(m), so t must grow at least linearly. By part (2),¢(2'm) < c't(m) = (2)'9°(m)
and so t may not grow exponentially. On the other hand, most of the complexity bounds of practical
interest are, indeed, regular, e.g. all functions of the form n' - 1d’n with ¢ > 1 and j > 0. In
particular, the cited complexity bound for integer multiplication, M(n) :=nld nld Id n, is regular.

Part (2) of the regularity condition for a function ¢ implies t o ¢ € O(t) for any function
€ O(n),i.e. alinear increase in the arguments of ¢ has no influence on the asymptotic behaviour.
This allows a simpler formulation of the asymptotic complexity bounds with which we are dealing.

2 The basic algorithm

In this section we formulate a classical algorithm for the solution of an initial value problem in a
way that allows us to determine its complexity in the computational model introduced above.

Let f: C*--»C be analytic in (0,0). Let (a;;) be the coefficients of the Taylor expansion of f
n (0,0). So there are by > 0 and by > 0 such that

f(z,w) = Z ai’jziw]‘
i,j€N
holds for any z,w € C with |z| < by and |w| < by and such that by == 37, ;o || bibé exists.
Then (A) has a unique solution w: C--»C that is analytic in 0 with a radius of convergence
R of at least R > min{by, by/bs} [HeT77].

Let (cx) denote the Taylor coefficients of this solution w, so

w(z) = Z cpzt

kEIN



especially, co = w(0) = 0 and w(2) = Y pyqck - 2". Now choose y € R, 0 < v < R, let T := {t €
C | |t| =}, and let M := max{|w(t)| | ¢t € '}. Then for any k > 0:

1 t
b / mdt‘
27i Jier thtl

k]

1 |w(s)]

— I}dt
< 5 teFmaX{|3k+1||SE }
1 M
= o T
= M.y7*

Choose i € IN such that by < 2#, by,by > 27, v > 27# and M < 2#. So
| < lai g 0505 - b7°by7 < bab by 7 < 20+
and
|ex| < 21w

A reformulation of w'(z) = f(z,w(z)) using the power series for w yields

S e (641) 2 = w(2) = fe () = Y s w(z)

(=0 i,jEIN

For any j, w(z)’ is analytic in 0, again with a radius of convergence of at least R. The coefficients

(7)

of the correspondig series will be denoted by ¢;"’, i.e.

Z C](Cj) k= w(z)i = (Z - z‘{)

k€N £>0
So cg) = 0 whenever 57 > k. In addition céo) =1, and CECO) =0 for any k£ > 0.
Using v, I' and M as defined above, for any ¢t € ' we get ‘Zke]N ng) -tk| = |w(t)’| < M’, soin
the same manner as above we can show

|Cl(cj)‘ < Mj,),—k < 2(k+j)M

By definition of the cg):

icﬂl'(f‘}‘l)'zé = Z ai,j‘zi‘ (Z cg)-zk)

=0 i,jEN keN
= Y ayed) A
t,5,k€N
= > X wwid’]-
LeN \jeIN,0<k<t
Using c,(cj) = 0 for any 7 > k, a comparison of the coefficients of these series yields
1 (J)
Ol v D DR RAL:

0<j<k<e



To compute a coefficient c,(cj) we only need ¢, with v < k. This leads to the well known recursion
scheme for the computation of the coefficients c,.

Prior to the formulation of the basic algorithm we should consider the coefficients c](j ), where

J

O
kelN k>0
7=1
- (zet) (D
k>0 k>0
— Z =1 Lk Z" k
— ) . . Cp ot 2
keIN k>0
Using cz(-j_l) =0 for i < j—1, we conclude for any j, k with j > 0:
. -
W= 3 I g,
0<i<k
i—1
SRS
j—1<i<k

Now we formulate the algorithm for the approximative computation of the ¢, for 1 < £ < £, where
{ is given as input. As the second input we use n € IN and the algorithm will determine values &
such that ey — ¢ < 27", Let v = max{p+1,3} and m := n + ({+1)% - v. We suppose that, for
given 17, j, we are able to compute approximations to a;; with arbitrary precision. In the following

() ()

algorithm, ¢;°’, a; ;, and ¢; will be approximations to ¢;”’, a; ;, and ¢;, resp.

1. First compute the following values:
(a) Let 580) = 1.

(b) Compute @ such that |ago — ago| < 277

(C) Let 511 = 71,0’0.

2. Forf:=1tof—1 do:

(a) Let 51({0) = 0.
Let &V := ¢,. | |
For 1<j<{ compute EEJ) as an approximation to Z 553—1) -C¢—;, where each operation

j—1<i<t
is computed with an error not exceeding 27,

(b) For 0 < i < ¢ compute d; o—; with |G; o—; — a;—;| < 27™.
1 .
(¢) Compute é4q as an approximation to —— Z yp_p,j * 52]), where again each oper-

0<j<k<t
ation is computed with an error not exceeding 27™.

~(7)

The precision of the approximations ¢
for any £ with 0 < £ < ¢:

(i)

and ¢&; can be determined inductively: We will show that

5;(,” - c;(,j)‘ < 2=m+(+1) ¥ for any i, j with 0< j < i< £



(if) < 2=mH(+1) ¥ for any i with 1 <i < £+ 1
By construction ¢; = ago holds, so |é; — ¢1] = |ao,0 — app| < 277" < 2-m+(1+1) v+ in addition
580) =1= céo). Hence the basis £ = 0 of the inductive proof holds.

Now let £>0. To prove (i) we only have to consider the cases 0 < j < i =/, i.e. we have to
consider the precision of the values computed in step 2.(a) of the algorithm:

e Suppose 7 = 0. Then 5&0) =0= cgo).

e Suppose j = 1: Then 5g1) = ¢, and cgl) = ¢¢. So using (ii) for -1 with i == ({-1) + 1

5':—0':
k3 k3

e — e = fe - ] < 27D ¥
e Suppose j > 1: For any 7, j—1 < i < £, the value —m + (£ — i + 1)%v is negative by definition
of m. So using (ii) for i = £ — i we have |¢j—; — co—;| < g=mt(l=it2) v <
Using |eo—;| < 2U=H08 we get |6_;| < 14 |ep—g| < 2U=FDe+1 ] So we are able to determine
the precision of each summand in step 2.(a). For any ¢ such that j—1 <i < £:

~(j=1) = =1
CZ(J ) i — CZ(J ) Cer;
~(j-1 i—1)| 1~ i—1 -
< [T )‘ | + |V )| Jepmi — il
< 2—m+(i+1) v, 2([—i+1);¢+1 + 2(i+j—1);¢ . 2—m+([—i+1) v
< 2—m-|-£ v+ (64+1)p+1 + 2(2'+j—1)p,—m-|—£ v
< 2—m+€ v+20p+2
In the computation of Ey) in 2.(a), each operation ‘+’, ‘-’ is executed to be correct within

(7—-1)

27" and each operation is executed at most £ times. So with each product ¢; - ¢y_; in the
sum, the error may grow by at most 27™. Since the necessary additions also produce an error
of at most 2™, we get: (please note that in the last step below we use v = max{pu+1,3})

‘5(1') _ c(j)‘ < ¥ |5(_j—1) e — Y e,
j=1<i<t

+£-27™ (multiplications)
+0-27™ (additions)

0. (2—m+é v+20u+2 +2. 2—m)

(approximations)

2—m-|-£ v+28u+241 l+2—m-|-l 41
2—m+€ v+2lu+l 43

VAN VAN VAR VAN

2—m+(€+1) v

To prove (ii), we only need to examine the case i = £ 4 1. So first we consider each summand in
step 2.(c) (with 0 < j <k < 0):

‘@E—m’ e =g C(j)| < aegl - ‘51(3) - Cij)‘ +lar—r,j — ar—;l - ‘Cij)‘
< QU=ktitlu  g=m+(k+l) v 4 9=m  o(k+j)u
_ Uit (1) vy g=met(E+i)a
< 9mmH(E)ut(k+1) v +2—m+24,u
< 9—m+2ptl+(E+1) v



In 2.(c) there are at most (¢+1)? products and additions and each of them is computed with an
error of at most 27™. The final division by /+1 would decrease these errors, if it could be done
exactly. Here we have to take into account that the result of the division also has an error of at
most 27™. So

1
{41
+(£+1)2(2—m+2—m +2—m
(£+ 1) . 2—m+2 ;L+1+(Z+1) v _I_ (QE‘I‘ 3) . 2—m
2—m+2€;¢+1+(€+1) v+l (44+1) + 2—m+1 (26+3)

|Cet1 — cey1] < C((41)2 2T 2tud () v

2—m+2 pt14(04+1) v+l (2¢043)+1

IAINIA

2—m+(€+2) v

This finishes the inductive proof of (i) and (ii).

The definition of m := n 4 ({41)% - v now implies |& — ¢;| < 27+ ¥ < 977 for any i with
1 < i< L. Soindeed the algorithm computes all of these coefficients with the required precision.

To analyse the complexity we have to deal with two essential parts: The computation of the
arithmetic operations with a precision of 27™, where m = n + ((+1)% - v, and the computation of
the approximations @, ; with the same precision 27™.

iven £ and n, the algorithm uses O( 7 ) multiplications, additions and divisions. ach operand

of these operations can easily be shown to be bounded by 2 . So due to Lemma 1.2 and the
regularity of M(n) = nl nl 1 n, the complexity of these operations is bounded by (’)(Z3 .
M(n+7%)).

To determine the complexity of the algorithm we suppose each of the necessary computations
of a; ; with |a; ; — a; ;| <27 can be done in time t(m+i+j) for some bound ¢, that is regular as
defined in section 1. Using m = n+(f+1)%.v and 4, j < £, we have t(m+i+j) < t(n+((+1)?v+20) €

-2 . . . . .
O(t(n+£7)), since t is regular and v is a constant. Then the time to compute these values is

bounded by (’)(f2 . t(n—l—f) ). So our main result may be formulated as follows:

2.1 eo em. If the sequence (a; ;) is computable in time ¢, then the sequence (¢;) of the Taylor
coefficients of the solution of the initial value problem is computable in time

O(k* - t(n+k*) + k- M(n+k?))
o

From [Mu93] we know that polynomial time computability of f in a neighborhood of (0, 0) implies
polynomial time computability of the sequence (a;;), and that, the other way round, the sum
function of a power series defined by a polynomial time computable sequence is also computable
in polynomal time on a neigborhood of 0. This leads to the following reformulation of the above
result:

2.2 Co o a . If fis analytic and computable in polynomial time in a neighborhood of (0,0),
then the solution of the initial value problem (A) is also computable in polynomial time in a certain
neighborhood of 0. O

onclusions

The influences of analytic properties on the complexity of transformations on real functions are
very interesting questions in complexity theory for real functions.



ery often problems of discrete complexity theory can be coded into real functions, implying
intractability for certain questions from complexity theory for real functions. xamples are root
finding and differentiation, where in general polynomial time computable functions may have non-
polynomial roots or derivatives. In the introduction, corresponding results concerning initial value
problems have been cited.
On the other hand, root finding, differentiation, integration, and, as we have shown in this paper,
solving initial value problems, do lead from polynomial time computable functions to polynomial
time computable solutions, as soon as analyticity is introduced as an additional prerequisite.
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