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ABSTRACT

The classical method of evaluation of simulations surely is
the batch means method, see e.g. [Bratley et al. 1987], giv-
ing confidence intervals to express the precision of the sim-
ulation results. Unfortunately, it is not suited for rare event

simulation techniques, as they do not produce the necessary

large batches.

As an alternative, the LRE-algorithm has been introduced
in [Schreiber 1984], where the lengthy final analysis of its
basis has just been given in [Schreiber 1999]. Its name is
based on the ‘Limited Relative Error’ that has been chosen
to describe the precision of the results.

In this paper, we present another, much simpler, analysis of
the LRE-algorithm based on sojourn times, which gives a
better understanding of the algorithm and clearly exhibits
certain limitations. Additionally, it allows to create confi-
dence intervals, and so it is possible to compare the results
of the two very different methods.

The LRE-algorithm

The batch means method (e.g. [Bratley et al. 1987]) tries to
construct independent samples from a given time series by
building batches that tend to have lesser autocorrelation than
the original series. So essentially it aims on the reduction
of autocorrelation. It results in confidence intervals for the
mean of the simulation results.

In contrast, the LRE-algorithm, as introduced in e.g. in
[Schreiber 1984] and used in a variety of papers later on,
e.g. [Schreiber 1999, Gorg and Schreiber 1996], measures
the autocorrelation and tries to deduce the precision of the
simulation results from this autocorrelation (instead of re-
ducing it).

In addition, it does not aim at producing mean values, but
tries to estimate the distribution of the results. Additionally,
instead of confidence intervals, the ‘Limited Relative Error’
has been introduced.

In the following, we will briefly recall the LRE-algorithm,
more precisely: version LRE-III for discrete sequences of
real valued random variables,, X5, X3,.... We assume

that these values are identically distributed wklz) =
P(X; < z) independent from the indek but of course
there may be significant autocorrelation.
For simplicity, we just concentrate on the estimation of one
point of the distribution of theX;, as this also is the starting
point of the original analysis. So for one chosen vatuere
try to estimatef’(z) or, equivalently, the inverse distribution
functionG(z) = 1 — F(x).
The LRE-algorithm essentially reduces the original time
series X1, X2, X3,... to a sequenceyy,Ys,Ys,... of
boolean values with; = 1 & X; < z. Please note that the
random variabled’; of this new time series are still iden-
tically distributed and still may be autocorrelated! For the
expectation£[Y] of theY;, we get

ElY] = 1-P(X<z)4+0-P(X > z)
P(X <z)=F(x)

So our original question of estimating(z) has been re-
duced to the estimation df[Y]. To do this, the following
values are computed from the time sel(#s) (i.e. they are
measured during a simulation):

e quantityr = r(n) of valuesY; = 1for1 <i < mn,i.e.
the quantity ofX; with X; < .

e quantitya = a(n) of transitions fromy; = 1toY; . =
0 for1 < i < n, ie. the quantity of observed pairs
(X,', Xi—i—l) with X,’SJJ<X¢+1.

In this chapterp will be treated as fixed, and we will simply
usea andr instead ofa(n) andr(n).

Between any two subsequent transitidfis= 1 — Y, =
0andY; =1 — Yj;;; = 0there must be a third transition
Vi, =0—> Y, =1,i <k <j. Soitis not necessary to
measure the following values, as they can be deduced with
sufficient precision from, a, r:

e quantityv =n —r of valuesY; =0for1 <i <n,li.e.
the quantity ofX; with X; > .

e quantityc ~ a of transitions fromy; = 0toY;;; =1
for1 < i < n, i.e. the quantity of observed pairs
(Xi; Xi—i—l) with X,’>.’IJZX¢+1.

e quantityb ~ r — a of transitions within{ X < z}, i.e.
the quantity of pairgY;, Y; 1) withY; =Y;4 = 1.



e quantityd ~ v — q of transitions withi{ X > z}, i.e.
the quantity of pairgY;, Y; ;) withY; =Y, =0.

Please note that the approximations from above may all be

wrong by at most 1. So in the following we will simply use

c=a,b=r—aandd=v—-—a=n—r—a.

The following approximation is immediate:
Fz)=E[Y]~r/n @)

To estimate the precision of this approximation, the se-

quencegY;) is treated like a two node chain. Then the central

assumption of the LRE-algorithm is as follows:

e (1-LRE) Assume the nodes 0 and 1 to be memoryless,
i.e. treat the system like a discrete homogenous Markov
chain with just the two nodes 0 and 1!

In [G6rg and Schreiber 1996, Schreiber 1999] this chain is
called the F'(z)-equivalent 2-Node Markov chain. This
chain is characterized by its one step transition probabilities:

p;; = Prob(transitions starting ilead toy)

wherei, j € {0, 1}. Resulting from this, there are the steady
state probabilitieg, and p; for being in stated resp. in
statel. So the central assumption of the LRE algorithm
is F(z) = p; and1l — F(x) = p, for these values derived
from the Markov chain.

Later in this paper we will consider the implications of this
central assumption and also discuss its validity. But first
we recall the results from [Schreiber 1999] for this 2-Node
chain. The following graph contains the transition probabil-
ities as well as the steady state probabilities together with
the measured (or derived) values:
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The following estimates are obvious:

p = E[Y]=P(Y;=1) N @
pm=1-EY]=P(¥,=0) ~t=2r (3
po=PY;=0]Y; , =1) %% (4)
pu=PY;=1|Yi1=1) =~]Ix5° Q)
pon =PY;=1]Y;; =0) Sl e (6)
poo=P(Yi=0|Yi1 =0) ~Innr2e  (7)

The analysis of the LRE algorithm from [Schreiber 1999]
is based on an a-posteriori argument for the distribution of

p1, given the measured valuesr, a: Starting point are the
densitiesf,,, and f,,,, of possible valuep;, andpy; that
fit' to n,a,r:

@) =) (D)aa-0r @

v C
@ =@+ (D)aa-0t @
Using these densities, it is shown that the set of vahjes
that ‘fit’ to n,r,a is approximately normal distributed for
sufficiently large values afi, r, v, a, b:
r .
p1~N(—,0%) (10)
n
with
9 2rv

o’ m s (-1 (11)
Instead of defining confidence intervals, thmited relative
error (LRE) T}Ln is proposed. Becaug® +p1 = 1, 0

also is an error measure for the approximatigin of py.

If r/n is significantly larger tham/n, then the relative er-

ror -7 is bigger than_2-. In [GOrg and Schreiber 1996,
Schreiber 1999], the authors suppose to perform a simula-
tion until both values are below.05. For the validity of

the approximations (that are derived via an application of
the central limit theorem), they give only very simple ‘large

sample conditionsn > 1000; r,v > 100; a, b, ¢, d > 10.

Estimation of the sojourn times

Unfortunately, the analysis in [Schreiber 1999] is strictly
concentrated on the statistics of 2-Node Markov chain and
so it does not give hints how good the approximations are in
case that condition (1-LRE) does not hold. In the following
we present a new analysis of the LRE algorithm, where we
will concentrate on confidence intervals instead of the LRE
as error measure. Our analysis is better suited to understand
the pros and cons of the LRE approach.

The time serie?, Y5, Y3, ... defines two sequenc(a@ﬁl))

andGEO) of sojourn times in state 1 resp. state 0 such that
Ggo) G;O)
— —
YivoV3...=1...10...01...10...0...
S—— S~
Ggl) Ggl)
if the initial state happensto 3§ =1 or
Ggo) Ggo)
— —
YiYoV3...=0...01...10...01...1...
S~ S—~—
Ggl) G;l)

if the initial state isY; = 0.

When considering the LRE-algorithm, we see that using the
2-Node Markov chain to model the behavior of the simula-
tion contains three basic assumptions concerning these so-
journ times:



e (2-LRE) The sojourn timengl)) for statel are sup-

posed to have identical geometrical distributiGht)
given by probabilityp;q.

e (3-LRE) The sojourn time(;G;.O)) for state0 are sup-

posed to have identical geometrical distributiGf)
given by probabilitypg; .

e (4-LRE) The random sequencgs!)) and(G\”) are
supposed to be independent.

From the properties of the geometric distribution and (2-
LRE) we get

py = E[Gg-l)] =1/p1o (12)

and

0? = Var(Gg-l)) =p11/Pio (13)

The same holds for state 0, where (3-LRE) implies

Ho 1= E[G’;O)] = 1/po1 (14)

and

o5 = VC”"(GS'O)) = poo/Por (15)

1 andpg are the mean sojourn times, so we have

E[Y] M

= 16
M1+ Mo (16)

Now suppose that we perform a simulation exactly until the
first « samples of sojourn timeﬁjl) in state 1 and the first

a sojourn times;§°> in state 0 are completed. We still mea-
sure the same three valuesa,r as above. So in contrast
to the previous chapter, whenewas fixed and: andr were
depending om, nowa is fixed andn = n(a) andr = r(a)
are depending oa! We still usev = n — r. In fact we have

r= Z g](»l) a7)
j=1
v= Z g](-o) (18)
j=1
Now consider
RY :=1/a- > G (19)
j=1
and
RY :=1/a-Y G (20)
j=1

RE}) is the mean value of geometrically distributed ran-
dom variables, that are independent because of (4-LRE). If
a is large enough, we may apply the central limit theorem

stating thatRSLl) has approximately normal distribution with
meanyu; and variance? /a.
Our measured valu€/a is indeed just a samplga = 1/a-

> g§.1) of RYY, so we may deduce confidence intervals

for py

P(|m—rfa<z-o1/Va)<a(z)  (21)
using the well known functiona(z) = norm(z) —
norm(—z) for confidence levels.
A similar result holds fo\”) ando:

P( |po —v/a| < z-09/va ) < a(z) (22)

Using (4-LRE), we see that") and R\ are independent.
But the fraction

R
R + RY

of two normal distributed random variables is certainit
normal distributed! However, this does not contradict the
result of [Schreiber 1999] stating the normal distribution of
p1, as we will show in the following:

(23)

Rz(ll) Ji5
R + RO i+ po
~ RO (u + o) — - (R + RY)
BV +RY) - (w1 + o)
R g — - RY
~(RY +RY) - (1 + po)
(RS = 1) o — pur - (B — o)
(B + B - (w1 + pao)
(R = 1) - pio = o - (B — po)
(1 + po) - (1 + o)

_py.__ M po, M 24
o (p+ po)? (p1 + po)? (e4)

The relative(!) error of this approximation tends to oRif
approacheg:; and RELO) approachegi,. So the precision
of the approximation will increase witt, as the variances
0% /a ando? /a converge to zero.

In consequence, for large the distributions must be very
similar, as soon as their variances are small compargg to
andyg. As the class of normal distributed random variables
is closed under finite sums and multiplication with a con-
stant value, (24) is obviously normal distributed. Its mean
is 0, and its variance turns out to be

2 .o otHe +ogut
7 a(p+ po)!

Substituting the values from (12) to (15), we see that (25)
and (11) are identical w.r.t. the approximations (4) to (7):

(25)

2rv .
(1) o2
n3 (cm ) o
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Putting all things together, we get the following summary:



e Forlargea, (23) is approximately(!) normal distributed
with meanE[Y] and variance (25), and we have the
sampler/n of (23):

r/n = r/e = _rla
nfa  rla+v/a
e Our analysis leads to the same results as

[Schreiber 1999], but now-/n turns out to be a
sample from a normal distribution, while in the
original paper the variance @f was constructed in a
fairly complicated way with an a-posteriori argument
fromn,a,r.

e Itis now clear to see where large sample conditions are
necessaryas should allow application of the the central
limit theorem:

a > 10 (26)
(which should be sufficient, as here we have geomet-
ric distributions), and the approximation (24) should be
sufficiently precise:

o/vVa<<p , oo/vVa<<po (27)
which is equivalent to
S Ul S Gl (28)

adr a’v

Confidence intervals for LRE

Although the a-posteriori analysis from [Schreiber 1999] re-
sults in a normal distribution, the author of [Schreiber 1999]
did not introduce confidence intervals, perhaps because the
proof did not prover/n to be a sample!
But with our approach, it is very natural to construct confi-
dence intervals. In addition, we are now able to compare the
results of the LRE with the batch means method.
Using the well known relationa(z) = mnorm(z) —
norm(—z) for confidence levels we get

a(z) = P(-z<(E[Y]-r/n)/o <2)
P(|EY]-r/n]<z-0)

The valuesx(1.64) ~ 0.9, a(1.96) = 0.95 anda/(2.58) =

0.99 are frequently used to get 90%, 95% or 99% of con-
fidence. Asa(1) =~ 0.68, usingo as error measure corre-
sponds to a confidence level of only 68%!

So according to the suggestions in [Schreiber 1999] cited
above, a simulation should already be stopped (as being
precise enough), as soon as the 68% confidence interval
has a radius of 5% of the mean value. At that time, the
more usual 95% confidence interval has a radius of about
1.96 - 5%= 9.75% of the mean value! We do not think that
this precision is high enough for applications and suggest
that simulations should be performed without this stopping
criterium.

Discussion and experimental results

Obviously, condition (1-LRE) will not be true in most real
simulation scenarios. On the other hand, the one step tran-
sition probabilities lead to correct values for the LAG-1-
autocorrelation of the serig3;). Unless additional data is
measured from the simulation, the assumption of Markovian
behaviour implies estimates on the higher type autocorrela-
tions that can hardly be improved.

Our sojourn time analysis (25) shows that there is a big in-
flucence of the sojourn time variance on the resulting con-
fidence intervals. If the real variances are smaller than
resp.og, the LRE-algorithm will result in unneccessarily
large intervals. On the other hand, the intervals are too small
if the real sojourn time variances are larger thamesp.oy.

In the following we present the results of a few tests to il-
lustrate this behaviour. Using three different types of time
series(Y;) and for a range of samples frond® to 107 we
measured 99% confidence intervals for the LRE algorithm
and for an implementation of the Law-Carson algorithm for
the batch means method (see e.g. [Bratley et al. 1987]). The
examples were constructed from several discrete Markov
chains(X;) with Y; = 1 & X; € @G, where the set§!
were chosen subsets of the state spaces.

The intervals due to the batch mean method do not rely on
the LRE hypotheses, so they vary correctly with the different
variances of the sojourn times.

We first start with a setting that fits to (1-LRE), i.e. the time
series(Y;) indeed came from a 2-Node Markov chain with
Y; = X;. We chosep; = 0.1 andp;q = 0.06. Please note
that the other transition probabilities are uniquely defined by
p1 andpyo. As expected, the intervals are almost identical:

Confidence intervals, 2-Node-Chain, p_1=0.1
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The second test used a series with sojourn times of signifi-
cant smaller variance. It is based on the following 2k-Node
Markov chain withG = {1, ..., k},i.e.Y; =1 & X; < k.
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We tried this example witlk = 10 andp = 0.99. As ex-
pected, the confidence intervals are much larger than for the
batch means method:

Confidence intervals, Erlang-type chain, p_1=0.1
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The third test used a 4-Node chain with highly variant so-
journ times, wher&7 = {a, c}:
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We tried an example witk = 100, so the sojourn times are
build by mixtures of two geometric distributions differing
by a factor of 100. As expected, the confidence intervals are
way too small in this case:

Confidence intervals, high variance chain, p_1=0.1
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Please note that in all examples, the assumption (4-LRE)
about the independency of the sojourn times is valid! This is
true also for any Markovian birth-death process, so (2-LRE)

and (3-LRE) seem to be more critical than (4-LRE).

5e+06 1le+07

Conclusion

From the examples, the disadvantages of the 2-Node ap-
proach can be clearly seen. On the other hand, this ap-
proach can be easily incorporated into rare event simula-
tions, see e.g. [Gorg and Schreiber 1996]. Here the batch
means method is not applicable at all. So regardless of these
above problems, the LRE algorithm is very useful in this
field.

Our new analysis shows where improvements are possible:
At the time, we are working on an algorithm measuring
oy, and g directly from the times series instead of using
the conditions (2-LRE) and (3-LRE). Initial results on the
gained confidence intervals for non-geometric sojourn times
are very promising.
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