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Abstract. The connection between analytic complex functions and their Taylor series 1s studied
from the viewpoint of computational complexity. Central result: If an analytic function f
is computable in time #(n), then the coefficients (ag)rew of its Taylor series are uniformly
computable in time (k+1) - t(n+k).

Given a computable real (or complex) function of known computational complexity, it is natural
to ask about the complexity of the roots, the derivatives or the integral. The underlying numerical
transformations on real functions have recently been studied in a variety of papers. The results can
usually be divided into two classes: Sometimes, problems from discrete complexity theory can be
coded into real functions. Some examples are

e Root-finding [KokFr : olynomial time computable functions may have roots of arbitrary
complexity, this result even holds for functions computable in linear time [ u

e i erentiation [Ko : olynomial time computable functions may have noncomputable
derivatives.
e ntegration [Fr : The integral of a polynomial-time computable function is not necessarily

polynomial time computable unless

sually the real functions that are constructed in the corresponding proofs are easy to compute
but they su er from poor analytic properties. n the other hand, su cient analytic properties
usually imply that those transformations lead from polynomial time functions to polynomial time
results [KoFr , u ,Sc .
central analytic property is the expansibility of a function into a power series. n [ u  the
author presented a proof showing a very e ective transformation betweens analytic functions on the
real numbers and their power series, with the following central result: f an analytic function is
computable in time , then the coe cients of its Taylor series are uniformly computable
in time . pplications were shown for integration and analytic continuation. ater,
a similar result has been published by Ko and Friedman [KoFr  showing the uniform polynomial
time computabilty of the series if the function is polynomial time computable (but lacking a more
detailed analysis of the complexity).
n this paper the proof from [ u  is extended to complex analytic functions and to functions
of more than one variable. The author thanks rnold Sch nhage for pointing out to him the idea
of ermite s representation of interpolating polynomials.

ur definition of computability for real functions uses @ ic ecimals in an extension to the
definition in [Fr :  dyadic decimal consists of the symbol  or the symbol , followed by a first
possibly empty string of s and s, followed by a decimal point e , followed by a second possibly
empty (and possibly infinite) string of s and s. f the first string is not empty, it must begin

with . elet denote the set of all these dyadic decimals. So any element  of is of the form
° , which is a finite string, or ) , which is an infinite
string, with and . Such a dyadic decimal  denotes the following real

number



sually we will make no di erence between the dyadic decimal  and the corresponding real
number (although there may be infinitely many dyadic decimals corresponding to the same
real number). n fact, we will always write instead of to increase the readability. The right
interpretation can always be chosen from the context.
ur notion of computability and complexity of real functions is based on Turing machine com-
putability on  and , interpreted as sets of strings. ere natural numbers are supposed to be
in binary form (but this is not essential to the definition). nputs are read from the left, and the
Turing machines must stop after a finite number of steps to produce a welldefined output. So al-
though the inputs might be infinite, the output is always finite and only depends on finite prefixes
of the inputs.

function - is called computable on a set , 1 there is a
computable function --- such that exists for any and for any
, and in addition:

ere  denotes the maximum norm on

is called computable in time (where Jon ,i thereis a multitape Turing machine
computing the function such that for any and for any the number of steps
needs to compute is bounded by
The definition of computability is e uivalent to the definitions used in [Kr , e , u ,but
there are slight di erences to [Fr , KoFr , o according to a di erent treatment of domains.
Several remarks to the definition should be made: sing and the set

consisting only of the empty tuple, the above definition includes a notion of computability for real
tuples. For example, a real number is computable in time , i there is a Turing machine

computing a function , such that steps of are su cient to compute and
holds for any
Furthermore in the definition as well as are used in two di erent interpretations: as

tuples of strings from  and also as tuples of real numbers. s noted above, the interpretation to
choose in each case should be obvious from the context.
Since the inputs might be infinite, the multitape Turing machines should use separate input
tapes (or separate tracks on a single input tape) for each of its inputs.
s examples we consider the elementary arithmetic operations. et
be the complexity bound for fast integer multiplication due to the algorithm by Sch nhage and

Strassen [ScSt . ( ere and in the rest of the paper denotes a binary logarithm with natural
values: )
et be given and let ,
. Then addition and subtraction are computable in time
on , multiplication is computable in time on and division is computable in
time on . The Turing machines used to show the complexity bounds can be
chosen in e en ent from the sets resp.
Suppose and are given. et and  be the numbers of digits to the left of the
decimal points in  resp. , and let , SO L f , then
(since in  a nonempty string on the left of the decimal point must begin with ).
First we consider addition of reals: f  has less than digits to the right of the decimal

point, then extend  with s to this length. therwise truncate  after the st digit. et



be the result of this manipulation and let  be the corresponding result treating . dd

the finite strings  and  in the standard way to yield a result . Then
. Since both  and  consist of at
most digits, can be computed in steps for some constant . Soif ,
then steps are su cient. The same techni ue can be used for the subtraction of reals.
For the multiplication of reals extend or truncate and  after the nd digit to the right
of the decimal point yielding and . iscard the decimal points in ~ and  (which indeed is
a multiplication of both numbers with and transforms them into integers). Then multiply
these resulting integers using the fast integer multiplication algorithm. nto the integer product
insert a decimal point on the left of the th digit from the right (which indeed is a division

by ) yielding a result with . Then

. f , then both  and  consist of at most digits, so
can be computed in steps.
For the division of real numbers we use the known result that on any e compact set
, where , we are able to divide in time [ r . Suppose , and
are given, again let  be the number of digits to the left of the decimal pointin . .l.o.g.
let both  and  be positive. n order to divide by  we transform into the interval and
into the interval , divide the transforms with the necessary precision and finally retransform
the result: First we compute by moving the decimal point to the beginning of |, so
. Then we move the decimal point in  to the right of the first  (erasing any resulting
leading eroes) yielding a result .y counting the number of necessary movement steps
we determine with . ext, using an algorithm for division on the set ,
we compute with . Finally we determine by moving the decimal
point in  accordingly. So . f ,
then and , S0 can be computed in
steps.

Treating complex numbers as pairs of reals, corresponding results hold for the complex oper-
ations. Furthermore many elementary real functions like , , are computable in
time on any e closed interval in their domains [ r

ater on we will consider relations between analytic functions and their Taylor series, so we will
now also give a definition of computability and complexity for se uences of numbers or functions.

-dimensional se uence of functions --- is called com-
putable on a set , 1 there is a computable function - such that
exists for any and for any , and in addition:
is called computable in time (where Jon ,i thereis a multitape Turing
machine  computing the function such that for any and for any
the number of steps  needs to compute is bounded by
n the whole of the paper we restrict the class of complexity bounds in order to allow
simplifications we will only use monotone bounds satisfying the following regularity condition for
some constants (depending on ) and for any
Similar conditions have been used in a variety of papers, including [ 1 , r ,FiSt . onotone

functions  satisfying the ine ualities will be called regular. art ( ) of the condition implies



, 50 must grow at least linearly. y part ( ), ,
s0 is of order (where is depending on ), and hence may not grow exponentially.
n the other hand, most of the complexity bounds of practical interest are, indeed, regular, e.g.
all functions of the form with and . specially the cited complexity bound for
integer multiplication, , is regular.
art () of the regularity condition for a function implies for any linear
function ,i.e. a linear increase in the arguments of has no in uence on the asymptotic behaviour.
This allows a simpler formulation of the asymptotic complexity bounds we are dealing with.
n order to simplify the formulation of algorithms, we will use the following notation: Suppose

is computable in time on a set , and suppose we know a machine , which is a witness for
the computability of (in the sense of definition . ). Then for and let
be an abbreviation for . So we are able to compute in at most steps, where

. (f is a function with real numbers (not tuples) as values, we have
)

s an example of the application of condition ( ) for regular complexity bounds, we consider
the di erentiation of real functions: Given a function  with su cient analytical properties and
computable in time for a regular , we show that the derivative  is also of complexity

To compute the derivative we use its definition as the limit of di erential uotients, where
the mean value theorem and a ipschit condition for  allow the estimation of the speed of
convergence.

et be given such that  exists and such that is ipschit -
continuous on , where . f is computable in time on , where is regular, then
is computable in time on
Since is supposed to be ipschit -continuous, let be an appropriate constant with
for any . J.o.g. let  be such that
and let a fixed with a finite representation be given such that and
et and be given. ompute , SO
Then let . f , then let and , otherwise let
and .y this construction, surely holds.  ow compute approximations
and . Furthermore compute and let
ue to the mean value theorem there exists a between  and  (so ) such that
So is the needed approximation to . bviously, there is a  with since
is compact, there also is a bound  for and . Finally the multiplication

of with is ust a shift of the decimal point. So all operations except the evaluations of



can be computed even in time linear in . ut to compute and
steps are su cient. Since is supposed to be regular, this is in

pplying Theorem . to a polynomial time computable function , that is infinitely often dif-
ferentiable, shows that any derivative of this function is asymptotically of the same complexity
as . Ko and Friedman [KoFr  show that this result is inherently nonuniform: The se uence
might be not uniformly computable in polynomial time. n the other hand, for analytic

real functions, a uniform result has been shown [ u , KoFr . e now extend this result to
complex functions of one or more variables.

n the following let | -=-- | be a function on the complex numbers that is analytic in |
(of course any other easy to compute complex number could be used instead of ). So the Taylor
series

has a radius of convergence  greater than ero. e will use the abbreviation — for
the coe cients of the series.

et be an arbitrary real number such that . Then is analytic in any such that

et | be the circle with radius and let be

the maximal value of  on this circle.
ur aim is to develop complexity bounds for the Taylor coe cients from complexity bounds

for the function . n order to approximate a coe cient with an error not exceeding for

)
given and , we will use polynomials interpolating . Ithough an interpolating polynomial is
uni uely determined by and the points of interpolation, there exist di erent representations of
this uni ue polynomial. So we may use one representation to calculate interpolating errors and
another one to actually compute the polynomial. e first introduce ermite s representation:

et arbitrary distinct points I with be given (for some arbitrary

). e define a polynomial by

The coe cients of will be denoted by , so

ow consider the function defined as

is the uni ue polynomial of degree interpolating  at the points

Ithough this result is well-known, we present a proof. ater on we will use parts of this proof to
determine the interpolating errors.

Since for any



the polynomial is a multiple of . e achieve the following representation:

sing this reformulation we get

So in fact  is a polynomial of degree . Since holds by definition of |, especially we
get

Thus  is the uni ue polynomial interpolating at

s stated above, our aim is to approximate  with a precision of . So we now examine the
-th derivative of  for arbitrary
f is the uni ue polynomial interpolating at distinct points with
, where , , then for any
n order to find a bound for — we consider . sing ermites

representation of  from above we immediately get

This implies



n the other hand

So

ere is the constant defined at the beginning of this chapter. Furthermore
for any : , 8O

y definition of , each coe cient of is bounded by the corresponding

coe cient of the polynomial

This implies

sing ,i.e. , we conclude



This leads to

n order to allow a fast evaluation of , we now choose special points . Since we want
results that also hold for functions that are given only on the real line, we will only use real points
. Furthermore we choose . n fact we use the agrangian representation of interpolating
polynomials: For any , , and any , , let . ater we will
choose such that corresponding to the variable in emma . . e define

so the interpolating polynomial  can now be written as

lease note that from now on  implicitly depends on the parameters and . The value
obviously is a linear combination of the values of at the abscissae

n the following lemma we analyse this formula.

For any there are integers ( ) such that
(a)
(b)
(c) The binary representations of all the coe cients for can be computed in
steps using an ordinary multitape Turing machine (for some constant ).
For any , , define a polynomial of degree  and the corresponding coe cients

through the following identity:



(a) and are related as follows:

ence

bviously

and so

ombining these results we get

So part (a) holds with and
(b) The polynomial is a product of  terms of the form , where always holds. So
the absolute values of the coe cients of are bounded by the corresponding coe cients of the
polynomial
specially, using , holds. For and we get
sing the lower bound (e.g. | e ,page ) we conclude
etter estimates for  like Stirling s formula would only improve the factor but not the essential

factor



(c) For define the polynomial of degree and its coe cients through the identity

Then obviously for any even . Since , we are able to determine
the coe cients for odd  using the following recursion (where ).
for
Since , the coe cients are determined by the following recursion:
for
s in (b) we are able to compare the coe cients of with the corresponding coe cients of
, which shows that is bounded by for any , . So the
binary representations of and each comnsist of at most digits.
sing the recursions to compute the values at most additions and multipli-
cations are su cient. To compute all the from the another additions and mul-
tiplications su ce (for appropriate constants , ). ue to the bound on the length of the binary
representations, each of these operations can be carried out in at most
steps by a multitape Turing machine. Since is regular, we are able to simplify this result
yielding steps as an upper bound for the computation of all the integers
from

ith these prere uisites we are able to show the main result of this chapter.

et | === | be analyticin , let be less than the radius of convergence of the corresponding
power series and let for two natural numbers . Then
any coe cient of the Taylor series can be approximated with an error not exceeding by
evaluating  at points from the real interval with a precision of
digits. The computational complexity of approximating  is bounded by

lus the time necessary for the evaluations of
To approximate with precision we simply compute with corresponding precision.
To approximate  for a given and with an error not exceeding , We compute an approxi-
mation to as follows: sin emma . , weuse points , ,
tointerpolate , where is such that . This implies , S0
each lies in the set . hoosing , ,
, and , we are able touse emma . to control the interpolating error. e compute

as follows:



ompute the following natural numbers:

?

. For any , , compute the integers , and (according to emma . ).
. For any , , compute
. For any , compute , where
. For any , , compute
ompute and output
e begin the analysis of the algorithm considering the values . First note that

, since the maximum value of an analytic function on a circle in its domain
is always found on the border of the circle.

Then

ith the choice of , , , , and ,



we conclude using emmata . and . (a):

To determine the complexity of the algorithm we study its six steps in detail: lease note that
, so we are able to hide any additive constants, e.g. . This allows
significant easier formulations of the complexity bounds.

e The complexity of step . is at most

e The complexity of step . is due to emma
o et and . sin the proof of emma . we normali e and
prior to the computation of : nstead of dividing and directly,
we divide and with a precision of digits and then
multiply the result by (which is done by a mere shift of the decimal point). vy

emma . (b), , SO

So the divisions in step . can be completed in
time . Since is regular, this complexity is bounded by

e v definition, , SO . The
complexity of computing the is bounded by

e s shown above, . oreover by emma . (b)and similar to the treatment of step

e

y emma . ,the complexity of one of the multiplications is bounded by

. So step . can be completed in time
e lkrom the preceding considerations we may conclude
gain using emma . , the complexity of the summation is bounded by

Summing up the complexities of these steps proves the time bound given in the theorem.

n the above result, the overhead will often be domi-
nated by the complexity of the evaluations of . oreover for a fixed , and can be treated as
constants depending on , leading a simplified version of our main result.

et | =—=- | be analytic in . f is computable in time on an arbitrary real
neighbourhood of , where is a regular time bound satisfying , then the
se uence can be computed in time



sing . ,these uence is computable
. Treating and as constant, and using the regularity of , this can be simplified
yielding . Since , both
and are in

This result can easily be generali ed for multidimensional series, which are of interest for example
in solving initial value problems [ u o

et be an -dimensional se uence of complex numbers satisfying
for a real number and let I ---1 be the corresponding sum function, i.e.
f is computable in time on an arbitrary neighbourhood of
, where is a regular time bound satisfying , then the se uence

can be computed in time

e only consider the two-dimensional case, that can easily be generali ed for arbitrary

et , and positive, natural numbers , be given such that and
onsider | ---1 defined by .
For any given  with , we may rearrange the series yielding a power series in
where
So for any fixed , the function is analytic in , where the

corresponding Taylor series has a radius of convergence of at least . n addition



For any given  the function is a power series, too. The radius of

convergence again is at least , although now the maximum value of the sum may vary with

So in applying Theorem . on , we must replace by
ow to approximate for given and with a precision of  digits, we compute the
-th coe cient of the series .y Theorem . ,itissu cient toevaluate this series
at di erent points with a precision of digits.
ach of these evaluations can be done by a computation of the -th coe cient of the power series
belonging to . This can be done by evaluating at points (i.e. we evaluate at
) with a precision of now digits.
ow suppose that is computable in time on the set | for a reg-
ular . 1linall, evaluations of with a precision of

digits are su cient. Since and are fixed and is regular, this is .
Further suppose . Then the overhead to the evaluations of does not violate
the asymptotic bound.

n|[ u  we showed that the summation of a power series is possible for real
arguments  with , where is a lower bound for the radius of convergence in

e now generali e this result to complex numbers (which is immediate) and especially consider
the in uence of the ratio on the complexity of the summation process. For simplicity we
choose

et be a se uence of complex numbers, let , , be given

such that . For any , , and for any let
Then for any I with

f and , then and



So

sing this result, we are able to compute the sum function of the power series, given its coe -
cients and the parameters and , for any with
Since the disc is not a compact set, we can not expect to find an upper bound
for the complexity of the computation of the sum that holds for any from this disk. The lemma
above indicates, that the computation gets arbitrarily hard as approaches the border of the disk.
n conse uence, we formulate the complexity of the summation not only depending on , but
alsoon , ,and . evertheless, and  will not be inputs to the algorithm below, but
rather be something like a constant . So it is necessary to use finite representations of the values.
should obviously be choosen as large as possible, but  must be smaller than the radius of
convergence of the series. For simplicity we choose for a dyadic decimal with a finite
representation. n one hand, this should be su cient to approximate the radius of convergence,
while on the other hand the complexity of any necessary computations on  are very easy to

estimate. The same holds for , where we also choose for a dyadic decimal with
a finite representation. ere corresponds to a small spot in the center of the disk

corresponds to the whole disk except a small ring at its border. might be any upper bound for

, 80 it is su cient to choose for even a natural number

n the following might be positive (so ) or  might be negative (corresponding

to a large ). n conse uence sometimes it would be close at hand to evaluate certain formulae

with a precision of for a negative ecause our computational model introduced in section

is only defined for , we choose to introduce the symbol to

compensate this.

et be a se uence of complex numbers and let . eta
natural number and dyadic decimals with finite representations of length be given
such that . Then for any such that , can be approximated
with an error not exceeding using approximations to the first  coe cients  with a precision
of each. ere - . The computational complexity of
approximating is bounded by lus

the complexity of evaluating the coe cients

onsider the following Turing machine computing a value  from inputs I and
(where is supposed to be given as a pair of dyadic decimals). consists of five parts executed
in se uence:



() computes the following natural numbers:

()  computes ) and
for any , where

() For any , ,  computes
where

() For any , ,  computes

() Finally = computes

as the output of the algorithm.

n the following suppose I is given such that

shows for any ,

. For (and ) suppose

simple inductive argument

: This ine uality is obviously valid for

. Then:



Since , especially holds. So
. The last ine uation holds
since , and are non-negative. e conclude using

sing emma . (with , , and ) we have

So our Turing machine  indeed computes on the set |

To analy e the complexity of we first determine a bound for the si e of the operands
, and usedin ( ),( )and ( ). s shown above, we have . lso
. Finally

n conse uence, each involved operand is bounded by

The length of the representations of and has in uence upon the computation of , and
the . Surely can be used as an upper bound for the complexity of part
( ) and of the computation of all the in parts () and ( ) together.

n part () we have multiplications.  sing emma . , each of these multiplications
has a complexity of at most . ere

So the complexity of part ( ) is bounded by
n part ( ) we have  multiplications. gain using emma . , this part has a complexity of

art () can be executed in

steps.

So the complexity of the algorithm is bounded by plus the
necessary evalutations of the  in part ().

n part ( ) each coe cient has to be computed with an error of at most . ere

For a fixed computable se uence and fixed values , and , we are able to simplify the
result:

f a se uence is computable in time for a regular with

then its sum function is computable in time on any (fixed) compact subset

of the circle of convergence.



bviously, for fixed , , and , we have - . So

Finally
have

, for . s is supposed to be regular, we

s immediate conse uences of the previous chapters we have

The coe cients of a Taylor series are uniformly computable if and only if
the sum function is computable in a neighbourhood of ero.

and

The coe cients of a Taylor series are uniformly computable in ol nomial
time if and only if the sum function is computable in ol nomial time in a neighbourhood of
ero.

The transformations between the series and the sum were possible using two additional values:

n section we used a lower bound for the radius of convergence and an upper bound for the
value of the sum function on the circle  with radius , while in section we used and  such
that .

The information given by or by is of the same value: Given and , we may
obviously choose any and any . n the other hand, from given and we get
and so for any we may choose —

e suppose that this additional information is necessary for any constructive proof of the
theorems above.
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